
Computability Assignment

Year 2012/13 - Number 2

Please keep this �le anonymous: do not write your name inside this �le.
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hing/
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1 Question

In this exer
ise, p(x) and q(x) will be two unary properties over natural numbers,

and P and Q will denote the sets P = {x ∈ N : p(x) holds} and Q = {x ∈ N :
q(x) holds}. If possible, for ea
h of the 
ases below �nd two properties p(x) and
q(x) su
h that ∀x ∈ N. p(x) ⇒ q(x) and

1. P ⊂ Q (stri
t in
lusion);

2. Q ⊂ P (stri
t in
lusion);

3. P \Q 6= ∅;

4. Q \ P 6= ∅.

If for some of the above 
ases it's impossible to �nd su
h properties, provide a

brief explanation of why is it so.

1.1 Answer

I de�ne this answers:

1. For this 
ase I just �nd this simple property that satisfy the request :

p(x) := xmod 4 and q(x) := xmod 2

2. For this 
ase I just �nd this simple property that satisfy the request :

p(x) := xmod 2 and q(x) := xmod 4

3. For this 
ase I just �nd this simple property that satisfy the request :

p(x) := xmod 4 and q(x) := xmod 2

4. For this 
ase I just �nd this simple property that satisfy the request :

p(x) := xmod 2 and q(x) := xmod 4
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2 Preliminaries

Given an in�nite sequen
e of sets (Ai)i∈N, we de�ne

⋂
∞

i=0
Ai =

⋂
{Ai | i ∈ N} =

{x | ∀i ∈ N x ∈ Ai} and

⋂k

i=0
Ai =

⋂
{Ai | i ∈ N ∧ i ≤ k} = A0 ∩A1 ∩· · ·∩Ak.

3 Question

Assume (Ai)i∈N to be an in�nite sequen
e of sets of natural numbers, satisfying

N ⊇ A0 ⊇ A1 ⊇ A2 ⊇ A3 · · · (∗)

For ea
h property pi shown below, state whether

• the hypothesis (∗) is su�
ient to 
on
lude that pi holds; or

• the hypothesis (∗) is su�
ient to 
on
lude that pi does not hold; or

• the hypothesis (∗) is not su�
ient to 
on
lude anything about the truth

of pi.

Justify your answers (brie�y).

1. p1: ∀k ∈ N. Ak =
⋂k

i=0
Ai;

2. p2: if ∀i ∈ N. Ai is �nite, then there exists j ∈ N su
h that Aj = Aj+1;

3. p3: for all i, if Ai is �nite, then Ai = Ai+1;

4. p4: if ∀i ∈ N. Ai 6= Ai+1, then

⋂
∞

i=0
Ai = ∅;

5. p5: if ∀i ∈ N. Ai is �nite, then
⋂

∞

i=0
Ai is �nite;

6. p6: if ∀i ∈ N. Ai is in�nite, then
⋂

∞

i=0
Ai is �nite;

7. p7: if ∀i ∈ N. Ai is in�nite, then
⋂

∞

i=0
Ai is in�nite.

3.1 Answer

1. This impli
ation is true be
ause we have that p1 is only a rewriting in a

di�erent way of the hypothesis(*).

2. This property is true bea
use to veri�y the hypothesis the 
hain of sets

N ⊇ A0 ⊇ A1 ⊇ A2 ⊇ A3 · · · (∗)

is in�nite so for maintain the 
ostrain of in
lusion ⊇ with set that 
ontain

an �nite number of element for a 
ertain point we have that the 
hain of

sets 
ontain the same element/s.
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3. I 
an say nothing about this property be
ause this works olny in parti
ular


ase for example with a set 
omposed of single number or in the 
ase the


hain is 
omposed only with the same set.

4. That property is true be
ause we have that in the 
hain there is no equal

set so in this 
ase if we interse
t every time somethig �small� at the end

we go to have the empty set.

5. If we interse
t something that is �nite the result is a set that is �nite.

6. An interse
tion of in�nite set must generate an in�te set so the property

is false.

7. Is true for the pre
edent solution.
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