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1 Question

In this exer
ise, p(x) and q(x) will be two unary properties over natural numbers,
and P and Q will denote the sets P = {x ∈ N : p(x) holds} and Q = {x ∈ N :
q(x) holds}. If possible, for ea
h of the 
ases below �nd two properties p(x) and
q(x) su
h that ∀x ∈ N. p(x) ⇒ q(x) and

1. P ⊂ Q (stri
t in
lusion);

2. Q ⊂ P (stri
t in
lusion);

3. P \Q 6= ∅;

4. Q \ P 6= ∅.

If for some of the above 
ases it's impossible to �nd su
h properties, provide a

brief explanation of why is it so.

1.1 Answer

Here my answer.

Case 1) Taking p(x):x>0 and q(x):x≥0 we have that the �rst 
ondition is

satis�ed for all x belongs to set N. For all the x>0 we have that x both belongs

to P and Q, while in 
ase of x=0 we have that x belongs to Q and not to P. We


an 
on
lude that P is a subset of Q.

Case 2) The 
ondition 
an not be satis�ed. The sets P and Q need to be

equals, so 
he impli
ation is satis�ed when F->F and T->T. Furthermore, the

impli
ation need to be true also in 
ase of F->T so thinking to the impli
ation

the sets 
an not to be equals.

Case 3) The 
ondition 
an not be satis�ed. Be
ause taking Taking p(x):x>10

and q(x):x<0 we have that P\Q di�erent from empty but for all the x>10 we

have that x belongs to P and not to Q.
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the 
ondition of the impli
ation it is not true. The reason is that taking for

example x=20, P is true, Q is false so the impli
ation is False.

Case 4) Taking p(x):x<0 and q(x):x>10, and having the sets as P={empty

set} and Q={x|x>10}we have that the �rst 
ondition is satis�ed for all x belongs

to set N. Regarding the se
ond 
ondition we have Q\P=Q that is di�erent from

empty set.

2 Preliminaries

Given an in�nite sequen
e of sets (Ai)i∈N, we de�ne

⋂
∞

i=0
Ai =

⋂
{Ai | i ∈ N} =

{x | ∀i ∈ N x ∈ Ai} and
⋂k

i=0
Ai =

⋂
{Ai | i ∈ N ∧ i ≤ k} = A0 ∩A1 ∩· · ·∩Ak.

3 Question

Assume (Ai)i∈N to be an in�nite sequen
e of sets of natural numbers, satisfying

N ⊇ A0 ⊇ A1 ⊇ A2 ⊇ A3 · · · (∗)

For ea
h property pi shown below, state whether

• the hypothesis (∗) is su�
ient to 
on
lude that pi holds; or

• the hypothesis (∗) is su�
ient to 
on
lude that pi does not hold; or

• the hypothesis (∗) is not su�
ient to 
on
lude anything about the truth

of pi.

Justify your answers (brie�y).

1. p1: ∀k ∈ N. Ak =
⋂k

i=0
Ai;

2. p2: if ∀i ∈ N. Ai is �nite, then there exists j ∈ N su
h that Aj = Aj+1;

3. p3: for all i, if Ai is �nite, then Ai = Ai+1;

4. p4: if ∀i ∈ N. Ai 6= Ai+1, then

⋂
∞

i=0
Ai = ∅;

5. p5: if ∀i ∈ N. Ai is �nite, then
⋂

∞

i=0
Ai is �nite;

6. p6: if ∀i ∈ N. Ai is in�nite, then
⋂

∞

i=0
Ai is �nite;

7. p7: if ∀i ∈ N. Ai is in�nite, then
⋂

∞

i=0
Ai is in�nite.
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3.1 Answer

Here there is my answer:

Case 1) The hypothesis is not su�
ient to 
on
lude that p1 holds. I prove it

by a 
ounterexample: taking a generi
 k equal to 2 we have three sets A0,A1,A2.

But it is easy to see that A2 6= A0

⋂
A1

⋂
A2, instead A2 is an emprty set.

Case 2) Not answered.

Case 3) The hypothesis is not su�
ient to 
on
lude anything about the truth

of p3. It depends by whi
h sets we take in 
onsideration. As example, if Ai is

empty set, so �nite, and Ai+1={1,2,3,4,5}, they are �nite sets but di�erent.

Case 4) The hypothesis is not su�
ient to 
on
lude anything about the truth

of p4. For example, a generi
 set have to be an empty set. If A1 has an element

di�erent by another element of A2, it is anyway empty.

Case 5) The hypothesis is su�
ient to 
on
lude that p5 holds. The prove is

that we have an in�nite sequen
e of sets. Taking two sets Ai, Aj where i6=j. If
we 
ompute the interse
tion of Ai with Aj we have starting form the hypothesis

that sets are �nite, so we have a �nite sets (so 
alled a set A�nal = Ai

⋂
Aj).

If we iterate this pro
ess with all the others sets with index di�erent from i and

j, we have again a �nite set.

Case 6) and Case 7) The hypothesis is not su�
ient to 
on
lude anything

about the truth of p6 and p7. It depends by whi
h sets we are taking in 
on-

sideration. For example having in�nite sets but all of them have an 
ommon

elements, so the interse
tion in this 
ase is �nite. On the other hand we 
an

have many sets that have in 
ommon in�nite elements and in su
h 
ase the

interse
tion is an in�nite sets.
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