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1 Question

In this exer
ise, p(x) and q(x) will be two unary properties over natural numbers,

and P and Q will denote the sets P = {x ∈ N : p(x) holds} and Q = {x ∈ N :
q(x) holds}. If possible, for ea
h of the 
ases below �nd two properties p(x) and
q(x) su
h that ∀x ∈ N. p(x) ⇒ q(x) and

1. P ⊂ Q (stri
t in
lusion);

2. Q ⊂ P (stri
t in
lusion);

3. P \Q 6= ∅;

4. Q \ P 6= ∅.

If for some of the above 
ases it's impossible to �nd su
h properties, provide a

brief explanation of why is it so.

1.1 Answer

Answer:

1. p(x) = (x % 4 = 0), q(x) = (x % 2 = 0);

2. If element x satis�es property p, it satis�es property q, whi
h means that

it is inserted both in P and in Q, then Q 
ould have other elements that

do not satisfy property p, but at the very least, it 
ontains all the elements

that verify p, and therefore all the elements in P, whi
h would make it at

the very least equal to Q;

3. Same reason given above: if Q 
ontains at the very least exa
tly the same

elements as P, it follows that subtra
ting those from P would give ba
k

the empty set;
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4. (x) = (x % 4 = 0), q(x) = (x % 2 = 0).

2 Preliminaries

Given an in�nite sequen
e of sets (Ai)i∈N, we de�ne

⋂
∞

i=0
Ai =

⋂
{Ai | i ∈ N} =

{x | ∀i ∈ N x ∈ Ai} and

⋂k

i=0
Ai =

⋂
{Ai | i ∈ N ∧ i ≤ k} = A0 ∩A1 ∩· · ·∩Ak.

3 Question

Assume (Ai)i∈N to be an in�nite sequen
e of sets of natural numbers, satisfying

N ⊇ A0 ⊇ A1 ⊇ A2 ⊇ A3 · · · (∗)

For ea
h property pi shown below, state whether

• the hypothesis (∗) is su�
ient to 
on
lude that pi holds; or

• the hypothesis (∗) is su�
ient to 
on
lude that pi does not hold; or

• the hypothesis (∗) is not su�
ient to 
on
lude anything about the truth

of pi.

Justify your answers (brie�y).

1. p1: ∀k ∈ N. Ak =
⋂k

i=0
Ai;

2. p2: if ∀i ∈ N. Ai is �nite, then there exists j ∈ N su
h that Aj = Aj+1;

3. p3: for all i, if Ai is �nite, then Ai = Ai+1;

4. p4: if ∀i ∈ N. Ai 6= Ai+1, then

⋂
∞

i=0
Ai = ∅;

5. p5: if ∀i ∈ N. Ai is �nite, then
⋂

∞

i=0
Ai is �nite;

6. p6: if ∀i ∈ N. Ai is in�nite, then
⋂

∞

i=0
Ai is �nite;

7. p7: if ∀i ∈ N. Ai is in�nite, then
⋂

∞

i=0
Ai is in�nite

3.1 Answer

Answers: need to ask about the di�eren
e between �the impli
ation doesn't

hold� and �no su�
ient information to 
on
lude�, seem to 
oin
ide.

1. Hyp su�
ient to 
on
lude that it holds, be
ause ⊇is transitive and the

k-th A set is the one 
ontained in every other set of the list;
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2. Hyp su�
ient to 
on
lude that the impli
ation holds, be
ause if the 0-th

A 
ontains a �nite number of elements, and the others sets are its subsets,

and they are an in�nite number, in the subsequent sets either the number

of elements de
reases, but only for a �nite number of times (equal to

the number of elements 
ontained in the 0-th A set), in whi
h 
ase when

rea
hing zero there will be a repetition (all empty set), or it wont, in whi
h


ase we will immediately en
ounter a repetition (sin
e the next set in this


ase would be a subset with the same number of elements, the two sets

are equal);

3. Hyp not su�
ient to 
on
lude that the impli
ation holds, be
ause the i+1-

th set 
ould be a proper set of the i-th A, and 
ontain one less element;

4. Hyp su�
ient to 
on
lude that the impli
ation doesn't hold, sin
e subse-

quent elements 
ould be not equal, and still have an in�nite number of

elements (for example, all the natural numbers and all odd natural num-

bers), thus there is not quarantee that the number of elements in a set

will steadily de
rease until rea
hing the empty set (being the number of

sets in�nite, rather, this would 
ontradi
t the hypothesis that the i-th and

i+1-th sets would not be equal, be
ause when the number of elements in

a set would rea
h zero, all subsequent sets will also be equal to the empty

set);

5. Hyp su�
ient to 
on
lude that the impli
ation holds, the interse
tion

will 
ontain at most a number of elements equal to that of the 0-th A

(spe
i�
ally, in the 
ase that all the sets are equal);

6. Hyp su�
ient to 
on
lude that the impli
ation doesn't hold: sin
e ea
h

subset is 
ontained in the previous one, there are no elements in the i+1-

th set that are not present in the i-th set (meaning that the interse
tion

won't 
ontain less elements than the number of elements in the i+1-th set,

whi
h is in�nite);

7. Hyp su�
ient to 
on
lude that the impli
ation holds, for the reason given

at point 6.
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