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1 Question

In this exercise, p(z) and ¢(z) will be two unary properties over natural numbers,
and P and @ will denote the sets P = {x € N : p(x) holds} and Q = {z € N :
q(z) holds}. If possible, for each of the cases below find two properties p(x) and
¢(z) such that Vz € N. p(z) = ¢(z) and

1. P C Q (strict inclusion);
2. ) C P (strict inclusion);
3. P\Q#0;
4 Q\P+0.

If for some of the above cases it’s impossible to find such properties, provide a
brief explanation of why is it so.

1.1 Answer

1. If we define that p(z) holds when z is a multiple of 4 and g(z) holds when
z is an even number, we have the set P that contains the multiples of 4
and the set Q that contains the even numbers. In this case we have that
both Vz € N. p(z) = ¢(x) and P C Q are valid.

2. In this case is impossible to find a valid definition for p(z) and ¢(z) that
satisfies both Va € N. p(z) = ¢(z) and @ C P. The reason is the following:

QCP=3xeNzxzecPrr¢Q=3xecN pa)Aqx) = VreN px)=q(x)

3. Starting from the definition of set-theoretic difference, P\ Q # 0 = 3z €
N. z € PAz ¢ Q. For this reason, whatever is the definition of p(z) and
q(x), Vo € N. p(z) = ¢(z) is not valid.
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4. A valid definition for p(x) and ¢(z) for this case is the same as in case 1
because since we have P C @ this implies @ \ P # 0.

2 Preliminaries

Given an infinite sequence of sets (A;);en, we define ()2, A; = {4; | i € N} =

3 Question

Assume (A4;);en to be an infinite sequence of sets of natural numbers, satisfying

NDAy2A DA D Az--- (%)

For each property p; shown below, state whether

e the hypothesis (x) is sufficient to conclude that p; holds; or

e the hypothesis (x) is sufficient to conclude that p; does not hold; or

e the hypothesis (%) is not sufficient to conclude anything about the truth
of Di-

Justify your answers (briefly).

1. p1: Vk e N. A = ﬂfzo Ay

2.
3.
4.

b2

p3:

Pa:

Pbs:

DPs:

pr:

if Vi € N. A, is finite, then there exists j € N such that A; = A;j41;
for all 4, if A; is finite, then A; = A;y1;

if Vi e N. A; # A1, then (2 A = 0;

if Vi € N. A, is finite, then ;2 A; is finite;

if Vi € N. A, is infinite, then ;2 A; is finite;

if Vi € N. A; is infinite, then ;2 A; is infinite.

Answer

. The hypothesis (x) is sufficient to conclude that p; holds because of the

definition of intersection.

k
NDAg DA DA DAz DA = Ay =) A
=0



. The hypothesis (x) is sufficient to conclude that ps holds because, since all
the sets are finite and the inclusions are not strict then there exists j € N
such that A; = A;41. An example should be a set Ay with cardinality 3
and since we have N D Ag D A; D Ay D Aj then if Az # () it means that
E'] eN. 0 <3< 3 such that Aj = Aj+1.

. The hypothesis (x) is not sufficient to conclude anything about the truth
of p3 because, even if all the sets are finite and the inclusions are not strict
then it is not a rule that in this situation all the sets are equal. It may be
possible that all the sets are equal, but it may be also not possible.

. The hypothesis (x) is sufficient to conclude that ps holds because of the
definition of intersection and since in this case all the sets are different
then the intersection among them is empty.

. The hypothesis (x) is sufficient to conclude that ps holds because in the
worst case the intersection will be empty, so it is finite anyway.

. The only case in which pg holds is when the intersection of all sets is
empty (L.e. ;= A; is finite) and this happens when all sets are different.
Otherwise the hypothesis () is not sufficient to conclude anything about
the truth of pg.

. Here the only case in which p7 holds is when all the sets are equal (the
hypothesis () allows this) and, as consequence, the intersection of all
sets is infinite. Otherwise the hypothesis () is not sufficient to conclude
anything about the truth of p7.
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