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1 Question

In this exercise, p(z) and ¢(z) will be two unary properties over natural numbers,
and P and @ will denote the sets P = {x € N : p(x) holds} and Q = {z € N :
q(z) holds}. If possible, for each of the cases below find two properties p(x) and
q(z) such that Vz € N. p(z) = ¢(z) and

1. P C Q (strict inclusion);
2. Q C P (strict inclusion);
3. P\Q#10;
4. Q\ P #0.

If for some of the above cases it’s impossible to find such properties, provide a
brief explanation of why is it so.

1.1 Answer

True 3n € N.(x =4n) True xiseven

False o.w. False o.w.

1. Let’s take p(z) = { and ¢(x) = {

2. In this case the property doesn’t holds because Vz € N. p(z) = ¢(x) claims
that if p(z) holds, ¢(z) must holds too. But given that Q@ C P (strict
inclusion), 3z € P.a ¢ Q that given the definition of P and @) means that
Jz € Nup(x) A—g(x) but from that, we know that Jz € N.——(p(x) A—g(x))
that for de morgan’s laws leads to Vo € N.=(p(z) A —¢(x)) , =Vx €
N.(=p(x) V q(x)) , =Va € N. p(z) = ¢(x) that is in contraddiction with
Vz € N. p(z) = q(z).
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3.

2

P\ Q # 0 is similar to the previous one but is more general since that
it can be that there are some elements in ) that aren’t in P, btw it is
true if 3z € P. x ¢ @ that implies 32 € N.x € P Az ¢ @ that implies
Vo € N. -~z € PV € Q that implies =Va € N. p(z) = ¢(z) that is in
contraddiction with Vz € N. p(x) = ¢(x) so is not possible to find any
p(z) or g(x) that satisfy this condition.

. The last one is a case similar to the first one so Q \ P # 0 it can be

satisfied in the special case P C @. So it can be satisfied by p(x) or ¢(x)
defined as in (1.). An interesting property of this is that in contrast with
(1.) it is unsatisfiable in a general case in fact it’s not mandatory that
Vo € P.z € Q in fact it can be that 3z € P.z ¢ @ and that’s the case
of P = {z|xisprime} and Q = {x|z is odd} being prime in fact doesn’t
implies being odd because that 2 € P A2 ¢ Q.

Preliminaries

Given an infinite sequence of sets (A;);en, we define ()2, 4; = {4; | i € N} =
{z|VieNzeA}Yand (g A =N{Ai [ieNAi<k}=AgNAN---NA.

3

Question

Assume (A;);en to be an infinite sequence of sets of natural numbers, satisfying

ND A2 A DA D0 Az--- (%)

For each property p; shown below, state whether

e the hypothesis (x) is sufficient to conclude that p; holds; or

e the hypothesis (x) is sufficient to conclude that p; does not hold; or

e the hypothesis (%) is not sufficient to conclude anything about the truth

of p;.

Justify your answers (briefly).

1.

2
3
4.
)
6
7

pi: VE €N, A, =N, A

. po: if Vi € N. A; is finite, then there exists j € N such that A; = A;4q;
. p3: for all 4, if A; is finite, then A; = A;y1;

py: if Vi € N. A; }é Ai+1, then ﬂfio A; = @,

. ps: if Vi € N. A; is finite, then (2, A; is finite;
. pe: if Vi € N. A; is infinite, then ;2 A; is finite;
. pr: if Vi € N. A; is infinite, then ;2 A; is infinite.



3.1

1.

Answer

the hypothesis (x) is sufficient to conclude that p; holds. In fact for any set
Ay, we have that Ay, C A,_1 C ... C N that means that for the definition of
inclusion and by our assumption p1, Vo € Ax.x € Ap_1A...Ax € AgAx € N
. now let’s suppose by contraddiction that 3k € N. Ay # ﬂf:o A; from
that we can derive that either dx € mf:o Ajx ¢ Ay or 3oz € Ap.x ¢
ﬂ?:o A;. The first alternative is in contrast with the hypothesis in fact
doesn’t exists any set A; such that i < k where A; C Ag. The second one
is in contraddiction with Va € Ag.x € Ap_1 A ... ANz € Ag Ax € N so we
need to distcard Jk € N. Ay # mf:o A; and accept our assumption p;.

the hypothesis () is sufficient to conclude that ps holds. If -3 e N.A; =
Ajiq1 so Vi € NoA; # Ajiq this assumption leads us to restrict the
hypothesis to N D Ay D A; D Ay D Asz--- in this case for the fact that
all the sets A; are finite 3j € N. A; = () but from the restricted hypothesis
we have that A; D A;4; that means that 3z e N.a € A; Az ¢ Ajqq, for
A; = 0 we have 3z € N. False A ¢ Aj;1 that makes it false no matter
what, so we reached a contraddiction. We need to discard the assumption
—3j € N. A; = Aj41 and, because of that, we accept our assumption ps.

the hypothesis (x) is not sufficient to conclude anything about the truth of
p3. In fact ps can be either True or False given the hypothesis. Assuming
that the property holds we have that N D Ay = A; = ... that it’s not
in contraddiction with the hypothesis. Now assuming that the property
doesn’t holds we have that 3i € N. A; # A, that means that either
A; C Ajp1 or A; D A1 must be true, the first is discarded by the
hypothesis but the second case is in line with the hypothesis. So given the
hypothesis we can’t say anything about the truth of ps

. the hypothesis (x) is not sufficient to conclude anything about the truth

of py . If we assume that Vi € N. A; is finite then py is false because that
p2 holds. If indeed we assume that for all i, A; is infinite we can prove
that ps holds. Let’s Ag be an infinite set, for the hypothesis and p; we
have that A; C Ap so there must 3z € Ag. x ¢ A;. let’s call this x. this
can be done for any genericn € N | A, \ A,+1 = {z,}. Now let’s suppose
by contradiction that (;°, A; # 0 so there 3k € N. z;, € (=, 4; but this
is a contraddiction because the element aj, ¢ Apy1 so (o Ai = 0.

the hypothesis (x) is sufficient to conclude that ps holds; If Vi € N. 4;
is finite then (;°, A; is finite. we have that Vi € N.3k € N. |4;| = k,
since that we know that A; is finite we can enumerate each element in
it form wo, ...,z for k = |A;| and that the smallest set into the series
| Apmin| = min . Now let’s assume that (;—, A; is infinite this means that
Tmintl € ﬂioio A; too, but this is in contraddiction with the definition of
intersection because Tpint+1 ¢ Amin that’s is one of the sets into the series
so we discard ;2 A; is infinite and accept ps



6. 7. the hypothesis (x) is not sufficient to conclude anything about the truth
of pg and p7. In fact if N D Ag = A; = As = A3 = ..., the intersection
of infinite set ()2, A; = Ao = A1 = A = A3 = ... thats is infinite, but if
for instance N D Ag D A; D As D A3 D ... we have already proved in the
proof 4. that it’s finite and exactly ;2 A; = 0 so we can say anything
about the property.
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