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1 Question

Let A,B be sets, and let idA, idB denote the identity funtions over A and B
respetively. Assume f ∈ (A → B) and g ∈ (B → A) be funtions satisfying

g ◦ f = idA and f ◦ g = idB. Prove that f is a bijetion (i.e., injetive and

surjetive).

1.1 Answer

We an use the two assumptions to prove that f is a bijetion; in partiular the

�rst one will be used to prove the injetivity property (1.) and the seond one

to prove the surjetivity property (2.).

1. We de�ne the injetivity as ∀x, y ∈ dom(f).f(x) = f(y) ⇒ x = y and

assume that f is not injetive. So if we apply f to two elements x, y ∈ A , even

if f(x) = f(y) they an be di�erent elements that leads to the same value by

applying the funtion. Beause of that, when we try to apply the g funtion, we

an get a di�erent element from the one passed to f and this is not an identity

funtion. In partiular we an have (g ◦ f)(x) = y and(g ◦ f)(y) = x.
2. We de�ne the surjetivity as ∀b ∈ B.∃a ∈ A.f(a) = b or, alternatively, if

the odomain is equal to the image and assume that f is not surjetive. We

de�neb ∈ B.b /∈ img(f). So, the g funtion an be applied to element b and we

get an element a ∈ A. But, if we try to apply the funtion f to this element, we

annot get b beause it is not part of the image of f and so the identity funtion

is not equal to f ◦ g.

By these, the funtion must be injetive and surjetive and so bijetive.
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2 Question

Let A,B be sets, and let f ∈ (A ↔ B) be a bijetion. De�ne a bijetion

g ∈ (P(A) ↔ P(B)) and prove it is suh.

2.1 Answer

The idea is that if exists a bijetion between the two sets, alled f , we an group

elements of A (more preisely they are P(A)) and do the same with the orre-

sponding elements in B, where the math is given by the funtion f . So we an

de�ne X ∈ P(A) and the funtion g(X) = {y ∈ B | ∀x ∈ X.f(x) = y}. (RZ:

maybe g(X) = {y ∈ B | ∃x ∈ X.f(x) = y}) Now we an prove the bijetion (1.

for injetion and 2. for surjetion):

1. Assume that g is not injetive and take Y = g(X) = g(X ′) but X 6= X ′
. By

that and by the de�nition of g, ∃x ∈ X, x′ ∈ X ′.f(x) = f(x′) = y with x 6= x′

but in this ase we have a ontradition beause f must be injetive.

2. Assume that g is not surjetive. So by de�nition of g we have that an exist

an element y that annot be reahed by applying f to a general x. But this is

a ontradition beause, by hypothesis, f must be surjetive.

So, in general, if we use the funtion f all elements are onneted and not

exists an element is B that annot be found applying f (beause, in this ase,

the initial bijetion is not preserved) so the injetion and surjetion is ensured.

3 Question

Let A,B be two sets, and let b 6∈ B. De�ne a bijetion f between the set of

partial funtions (A B) and the set of total funtions (A → B ∪ {b}). Prove
that is is suh.

3.1 Answer

We have to �nd a funtion that an �transform� a partial funtion to a total

funtion. The inlusion of the b element allow us to map all the non-de�ned

elements in the given funtion to it. So f is a funtion that take in input a fun-

tion and returns its transformation: take g ∈ (A B), so f(g) = g′ where g′ is

de�ned as g′(x) =

{

g(x) if g(x) is defined

b otherwise
. Now we an prove the bijetion

(1. for injetion and 2. for surjetion):

1. Assume it is not injetive. So we an have that f(g) = f(h) = i but

g 6= h. In this ase i(x) = g(x) and i(x) = h(x) but there must exists a ase in

whih g(x) is di�erent from h(x) (by assumption) and so the two i annot be
equal.
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2. Assume it is not surjetive. So we an have a funtion g ∈ (A → B ∪ {b})
suh that it annot be mapped from any funtion in (A B). But always exists
an element in the total funtions set that an be found from the partial funtion

set, beause take a total funtion; if ∀x ∈ A.g(x) = b we set the funtion as

unde�ned, we reate a new funtion that map some elements (subset) of the set

A to elements of the set B\{b}, that is in partiular (A B).

Note.

The exerises below are harder. Feel free to skip them if you �nd them too hard.

4 Question

De�ne a bijetion f ∈ [(P(A)× P(B)) ↔ P(A ⊎B)]. Prove that is is suh.

4.1 Answer

The produt of a subset of A with a subset of B must be in bijetion with a

subset of the disjoin union of the two sets. We an de�ne the bijetive funtion

as f(〈X,Y 〉) = X
⊎

Y with X ⊆ A, Y ⊆ B. A requirement is that the values

of the disjoin union must be onstruted in a way that we an �nd the set they

belong. This is simply done by using the same method that we saw in lass, so

by adding to the value the name of the set (or a value that identify it). With

this we an eventually �go bak� and retrieve the pair from the disjoint union

set. Proof that it is bijetive (1. for injetive, 2. for surjetive):

1. Assume it is not injetive. So exists two pairs 〈X,Y 〉, 〈W,Z〉 with X,W ⊆
A, Y, Z ⊆ B suh that f(〈X,Y 〉) = f(〈W,Z〉) but 〈X,Y 〉 6= 〈W,Z〉 (for some

elements, the two pairs are di�erents). The way in whih we de�ned the ele-

ments in the disjoin union allow us to know from whih set they are took. For

instane we ensure that the two pairs 〈{0}, {1}〉, 〈{1}, {0}〉 do not lead to the

same union. By that, X
⊎

Y and W
⊎

Z annot be equal as long as X 6= W or

Y 6= Z, so this is in ontradition with the assumptions.

2. Assume it is not surjetive. So exists a set U that has no orresponding value

in the pairs set. But, if we onstrut two sets as X = {x | 〈0, x〉 ∈ U} and

Y = {y | 〈1, y〉 ∈ U} (assuming that we identi�ed with 0 the elements of the set

A and with 1 the elements of the set B) then we have that X ⊆ A,X ∈ P(A)
and Y ⊆ B, Y ∈ P(B). So we an �nd a orrespondant set in the pair set and

this is a ontradition.
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5 Question

De�ne a bijetion f ∈ [((A ⊎B) → C) ↔ ((A → C)× (B → C))]. Prove that is
is suh.

5.1 Answer

De�ne g : (A⊎B) → C). We an �fore� g to use an element in a partiular set

instead of an element in the disjoin union set. So we an de�ne f(g) = 〈h, i〉
where h(x) = g(〈0, x〉), i(x) = g(〈1, x〉) and, like before, we assume that we

identify the set A with value 0 and the set B with value 1 and the elements in

the disjoin union are onstruted as always. Proof that it is bijetive (1. for

injetive, 2. for surjetive):

1. Assume it is not injetive. So exists two funtions g, h suh that f(g) = f(h)
but with g 6= h. If we onsider the de�nition of the pair of funtion that f
returns, we an easly see that all the value omputed by them are based on the

de�nition of g and h and so they an lead to the same results only if they are

equal but, for the assumption they are not. This is a ontradition.

2. Assume it is not surjetive. So exists a pair of funtions that annot be

reahed by any element in the set (A ⊎ B) → C). Take〈h, i〉as this partiular

element. We an onstrut a funtion suh that g(〈x, y〉) =

{

h(y) if x = 0

i(y) otherwise
.

This new funtion it an always be reated if we have the pair〈h, i〉and it is

indeed an element of the set (A ⊎ B) → C) so this is a ontradition with the

assumptions.

6 Question

De�ne a bijetion f ∈ [((A → (B × C)) ↔ ((A → B)× (A → C))]. Prove that

is is suh.

6.1 Answer

Similarly as what we have done before we an set g : (A → (B×C)) and de�ne

f(g) = 〈h, i〉where h(a) = b and i(a) = c with g(a) = 〈b, c〉. Proof that it is

bijetive (1. for injetive, 2. for surjetive):

1. Assume it is not injetive. Then exists two funtions g, h suh that f(g) =
f(h) but with g 6= h. By the de�nition of f , all the funtions that are omputed

with g and h, are based on these two funtions. So, if g and h are di�erent,

the two pair of funtions returned by f will produe di�erent values on some

partiular input and this is a ontradition with the assumption.

2. Assume it is not surjetive. Then exist a pair of funtions〈h, i〉 suh that
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it does not have a orrespondent element in the set (A → (B × C)). Take

g(a) = 〈b, c〉with b = h(a) and c = i(a). As we an see g : (A → (B × C))
and it always an be reated so this element will always exists and that is in

ontradition with the assumption.
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