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1 Question

Let A,B be two sets. Prove that the properties below are equivalent.

• A = ∅ ∨B = ∅

• A×B = ∅

1.1 Answer

To prove this we have two possible 
ases:

1. Assume the �rst property to be true. By de�nition, the 
artesian produ
t

between two sets is A×B = {(a, b) | a ∈ Aandb ∈ B}. So, if one of the two sets
(or both) is empty, there are no pairs between their elements and the produ
t

is an empty set as well.

2. Assume the se
ond property to be true. By the same de�nition, if the two

sets are both not empty (they have at least one element ea
h), we 
an de�ne

pairs between elements. The only possible way to get an empty produ
t set is

to have at least one of the two sets empy and this 
ondition is expessed in the

�rst property.

2 Preliminaries

Given an in�nite sequen
e of sets (Ai)i∈N, we de�ne

⋃
∞

i=0
Ai =

⋃
{Ai | i ∈ N}

and

⋃
k

i=0
Ai =

⋃
{Ai | i ∈ N ∧ i ≤ k} = A0 ∪ A1 ∪ · · · ∪ Ak.
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3 Question

Assume (Ai)i∈N to be an in�nite sequen
e of sets of natural numbers, satisfying

A0 ⊆ A1 ⊆ A2 ⊆ A3 · · · ⊆ N (∗)

For ea
h property pi shown below, state whether

• the hypothesis (∗) is su�
ient to 
on
lude that pi holds; or

• the hypothesis (∗) is su�
ient to 
on
lude that pi does not hold; or

• the hypothesis (∗) is not su�
ient to 
on
lude anything about the truth

of pi.

Justify your answers (brie�y).

1. p1: ∀k ∈ N. Ak =
⋃

k

i=0
Ai

2. p2: for all i, if Ai is in�nite, then Ai = Ai+1

3. p3: if ∀i ∈ N. Ai 6= Ai+1, then

⋃
∞

i=0
Ai = N

4. p4: if ∀i ∈ N. Ai is �nite, then

⋃
∞

i=0
Ai is �nite

5. p5: if ∀i ∈ N. Ai is �nite, then

⋃
∞

i=0
Ai is in�nite

6. p6: if ∀i ∈ N. Ai is in�nite, then

⋃
∞

i=0
Ai is in�nite

3.1 Answer

1. By de�nition, Ak = A0 ∪A1 ∪ . . . ∪Ak. So the hypothesis (∗) is su�
ient

to 
on
lude that this property must be true be
ause if Ak 
ontains all the

previous sets, at the end we have that Ak = Ak.

2. The hypothesis does not give any hint on the truthness of pi (if hypothesis

is true, the property 
an be either true or false). We 
an use two di�erent


ases. In the �rst just take ∀i ∈ N, Ai = N. The hypothesis is true and the

property is satis�ed. In the se
ond 
ase take Ak = N \ {0} and Ak+1 = N

for a k ∈ N and su
h that all the sets satis�es (∗) (for example, before

setk they are equal to setk and after setk + 1 they are equal to setk + 1).
The hypothesis is still valid and they are in�nite but they are not equal,

in parti
ular when the set k is relationed with the next set k + 1.

3. Even in this 
ase, the hypothesis does not give us information about the

property. Consider two 
ases. In the �rst we 
onsider A0 = {0}and
∀i ∈ N, Ai = Ai−1∪{i} (intuitively Ak 
ontains all natural number less or

equal to k) so if we assume (∗) than the property holds be
ause the union

at the end will be equal to N and all the sets are di�erent. But, in the

se
ond 
ase, take A0 = {1}and ∀i ∈ N, Ai = Ai−1 ∪ {i + 1} (intuitively,
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every set is like the previous one but with a new element and every set do

not 
ontains zero). So all the sets are di�erent and even if the 
ondition(∗)
is veri�ed, the union of them will not be equal to N (be
ause it 
ontains

also zero).

4. In general, the union of in�nite �nite sets is not �nite (for example if we

de�ne∀i ∈ N, Ai = {i}, the union will be just N), but, in this 
ase due to

the (∗) 
ondition, we have that every set is 
ontained into the next set. By

this we have that the union will tend to be equal to the last (RZ: there is

no last element of an in�nite sequen
e) of the Aisets that is �nite for the

de�nition so the hypothesis is su�
ient to state that the property holds.

5. For the reasons explained in the previous point, the hypothesis implies

that the property does not hold.

6. This property is always satis�ed be
ause the union of sets that are in�nite

(we need just one of them) is in�nite so the hypothesis does not really

help and the property is always true.
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