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Please keep this �le anonymous: do not write your name inside this �le.

More information about assignments at http://disi.unitn.it/∼zunino/tea
hing/
omputability/assignments

Please do not submit a �le 
ontaining only the answers; edit this

�le, instead, �lling the answer se
tions.

1 Preliminaries

Re
all that for a, b ∈ N, min{a, b} is the least element between a and b. Re
all

also that a set C ⊆ N is 
alled upward 
losed i� ∀x ∈ C. ∀y ∈ N (y > x =⇒ y ∈
C).

2 Question

Let g, h ∈ R, and de�ne

f(x) =

{

g(x) whenever x ∈ K

min{g(x), h(x)} + 1 otherwise

Is it possible to �nd g and h su
h that f ∈ R and total? If it is so, provide g,

h, and the proof that f ∈ R and total; otherwise, provide a proof of why f 6∈ R
or not total regardless of the 
hoi
e of g and h.

2.1 Answer

We 
an 
laim that f 
an be re
ursive if the body of fun
tion f is re
ursive by

the if-then-else lemma, that means:

1. both g and h are re
ursive;

2. operator + and 
onstant 1 are re
ursive;

3. the 
onditions are re
ursive.
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Surely point 2 is true, and we 
an easily �nd two fun
tion g,h ∈ R. But f


annot be re
ursive sin
e point 3: in fa
t the 
ondition x ∈ K is out of R.

Let's pro
eed by 
ontraddi
tion: if the 
ondition was re
ursive, than we


ould found a veri�er as the following one:

VA(x) :
r := φx(x)
if r is unde�ned, then return min{g(x), h(x)} + 1
else return g(x)
But if a su
h veri�er does exist, then it would be true that also exists a

veri�er VK for K, and we all know that this is impossible, so we have rea
hed a


ontraddi
tion meaning that f 
annot be re
ursive.

3 Question

Prove or disprove: there exists an upward 
losed set C 6∈ RE .

3.1 Answer

In pra
ti
e we have an in�nite set C = [m. . . ∞) = {n|n ≥ m}. This set is

surely re
ursively enumerable be
ause we 
an build its 
hara
teristi
 fun
tion:

f(n) =

{

1 if n ≥ m

undefined otherwise
. By the if-then-else lemma, f ∈ R =⇒

C ∈ RE .

4 Question

Prove or disprove: the fun
tion f de�ned below belongs to R.

f(n) =

{

(ϕn(n))
n whenever ϕn(n) is defined

77 otherwise

4.1 Answer

No be
ause:

f(n) =

{

(ϕn(n))
n whenever n ∈ K

77 otherwise

and by the if-then-else lemma this fun
tion is not re
ursive (but re
ursively

enumerable) be
ause K 6∈ R (but K ∈ RE), so K 6∈ R =⇒ f 6∈ R.
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