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Preliminaries 1. Reall that for a, b ∈ N,min{a, b} is the least element

between a and b. Reall also that a set C ⊆ N is alled upward losed i�

∀x ∈ C.∀y ∈ N(y > x ⇒ y ∈ C).

Question 2. Let g, h ∈ R, and de�ne

f(x) =

{

g(x) whenever x ∈ K

min{g(x), h(x)} + 1 otherwise

Is it possible to �nd g and h suh that f ∈ R and total? If it is so, provide

g, h, and the proof that f ∈ R and total; otherwise, provide a proof of why

f /∈ R or not total regardless of the hoie of g and h.

Answer 2.1. We laim that f annot be reursive and total regardless of

the hoie of g and h. By ontradition, suppose f ∈ R total. Consider the

set A = {n|f(n) = min{g(n), h(n)} + 1} and notie that f is total i� g is

total, sine f(n) depends on g(n) for all n ∈ N. We laim that A ∈ R, sine

we are able to build a veri�er for A:
VA(n) : ompute f(n) = x; ompute g(n) = y; if x =
y then return 0 else return 1

(Pay attention: it is always possible to ompute f(n) and g(n) sine they

are reursive total funtions. Furthermore f(n) = g(n) i� n ∈ K beause if

n /∈ K then f(n) = g(n) + 1 or f(n) = h(n) + 1.)
We onlude that A ∈ R. Sine A = {n|n /∈ K} = K, it follows that it

should be K ∈ R, whih is impossible beause we have already proved that

this set is not reursive. We reahed a ontradition, therefore f /∈ R total.

It is possible to �nd g and h suh that f ∈ R or suh that f is total:
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• f ∈ R: pik g ∈ R total and h(x) = undefined for all x ∈ N. Then

f(x) =

{

g(x) whenever x ∈ K

undefined otherwise

By the if-then-else lemma on RE sets f ∈ R (g is reursive, undefined
is reursive and K ∈ RE , therefore I an apply the lemma).

• f total: pik g, h ∈ R total.

Question 3. Prove or disprove: there exists an upward losed set C /∈ RE .

Answer 3.1. Let C be a non-empty upward losed set (C = ∅ is learly a

RE set). Consider the funtion

f(n) =

{

1 if n ≥ k

undefined otherwise

We laim that f is a harateristi funtion of C, sine we have already

proved that a upward losed set C an be seen as C = {n|n ≥ k} for some

k ∈ N. By the if-then-else lemma on RE sets, f ∈ R ⇒ C ∈ RE . We

onlude that ∄C upward set suh that C /∈ RE .

Question 4. Prove or disprove: the funtion f de�ned below belongs to R.

f(n) =

{

(ϕn(n))
n
whenever ϕn(n)is de�ned

77 otherwise

Answer 4.1. We laim that f /∈ R. By ontradition, suppose that f ∈ R.

Therefore the set A = {n|f(n) = 77} ∈ R, sine we are able to build a

veri�er for A:
VA(n) : ompute f(n) = z if z = 77 then return 1 else return 0

(Pay attention: it is always possible to ompute f(n) beause f ∈ R total.)

Notie that A = {n|ϕn(n) unde�ned} = K. Sine A ∈ R, it should be

K ∈ R CONTRADICTION! We already know that K /∈ R. We onlude

that f /∈ R.
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