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1 Definition

If ~ is an equivalence relation over a set A, a set B C A is closed under ~ if
Vee BVye A (y~x=ye€ B).

2 Question

Let ~ be the relation over N defined as x ~ y if | — y| is a multiple of 3. Show
that ~ is an equivalence relation and determine all sets of natural numbers
closed under ~.

Hint 1: there is only a finite number of such sets.

Hint 2: take a look at question 3 below.

2.1 Answer

In order to show that ~ is an equivalence relation, we have to check that the
properties of reflexivity, simmetry and transitivity are satisfied:

1. reflexivity: x ~ z if |z — x| = 3k, k € N, which is true since 0 = 3 x 0.

2. simmetry: if  ~ y then y ~ 2. But|z — y| = 3k,k € N, then |y — z| =
3k,k € N, since |z —y| = |y — z|.

3. transitivity: if x ~ y and y ~ z then © ~ z. But if x ~ y then |z — y| =
3k,k € N,if y ~ z then |y—z| = 3h,h € N. Now, |z—z| = |[(z—y)+(y—2)|
and we know that |z — y| and |y — z| are multiples of 3. This means that
x—y = +3n,and y —z = +£3m, thus | —y| = [3(£n+tm)| = 3|£ntm| =
3k, k € N.
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There are three equivalence classes of elements of N: [0], [1],[2]. For n € N, we
have that either |n — 0| = 3m for some m € N, thus n € [0], or |n — 0| # 3m for
m € N, thus we can only have |n — 0] = 3m + 1 or |n — 0| = 3m + 2 (otherwise
n would have been a mutiple of 3). In the first case we have that n = 3m + 1,
thus n—1 = 3m, thus |n— 1| = 3m, thus n € [1], in the second case n = 3m + 2,
thus n — 2 = 3m, thus |n — 2| = 3m, thus n € [2]. From (3.1) we know that a
set B of natural numbers is closed under ~ iff it is the (possibly empty) union
of equivalence classes of elements of A. The set of such equivalence classes on
which the union is computed is a subset of {[0],[1],[2]}, thus the number of
possible sets is finite, and equal to 23 = 8.

3 Question

Let ~ be an equivalence relation over a nonempty set A. Prove that a subset B C
A is closed under ~ if and only if it is a (possibly empty) union of equivalence
classes of elements of A (for the definition of equivalence class of an element of
A, see point 1 of jassignment 8).

3.1 Answer

If B = (), thus the empty union of equivalence classes of elements of A, then the
statement is trivially true, because for all the elements of A (which is nonempty),
there is no « € B such that y ~ x, thus the implication y ~ x = y € B is true
because the premise is false, and, on the other hand, if Vx € BVy € A (y ~ x =
y € B) is verified because B = (), then B can be seen as the empty intersection
of equivalence classes of elements of A. If B # (), then if B C A is closed under
~, then Vo € BVy € A.(y ~2 = y € B). By definition of equivalence class,
[z] = {yly € ANz ~ y}. By contradiction, if we suppose that B is not the union
of equivalence classes of elements of A, then there exists at least one element ¢
such that t € [x].x € B, but t € A\B. Butt € [z] = z ~t = ¢~ z, but,
since B is closed under ~, since Vo € B.Vy € A.(y ~ & = y € B), we have
that (t ~x At € ANx € B) = t € B, a contradiction. On the other hand, if
B is the union of equivalence classes of elements of A, then if z € B, then x € [h]
for a certain h € A, and since [h] = {y|ly € AN h ~ y}, all the elements y € A
such that y ~ h (and therefore such that h ~ y) also belong to the equivalence
class [h], which means that they belong to B, which is therefore closed under
~. They are all the sets B such that B = (J,.;a with J C {0, 1,2}.
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