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1 Preliminaries

Re
all that an equivalen
e relation ∼ over a set A is a binary relation that

satis�es all of the following:

1. ∀x ∈ A. x ∼ x (re�exivity);

2. ∀x, y ∈ A. x ∼ y ⇒ y ∼ x (symmetry);

3. ∀x, y, z ∈ A. x ∼ y ∧ y ∼ z ⇒ x ∼ z (transitivity).

If A is a set and ∼ is an equivalen
e relation over A, then for all x ∈ A one


an de�ne the equivalen
e 
lass of x with respe
t to ∼, that is the set [x] =
{y|y ∈ A ∧ x ∼ y}. We will denote by A/∼ the set of all equivalen
e 
lasses of

elements of A, that is A/∼ = {[x]|x ∈ A}.

2 Question

Let A be a set and ∼ an equivalen
e relation over A. Show that, for all x, y ∈ A,
either [x] = [y] or [x] ∩ [y] = ∅. Hint: remember that, by the law of ex
luded

middle, for any 
hoi
e of x, y ∈ A, either x ∼ y or x 6∼ y (where x 6∼ y means

¬(x ∼ y)).

2.1 Answer

By the law of ex
luded middle, ∀x, y ∈ A ⇒ x ∼ y ∨ x ≁ y:
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1. If x ∼ y, sin
e [x] = {y|y ∈ A∧x ∼ y}, then y ∈ [x]. Sin
e ∼ is a transitive

relation, ∀z ∈ A.y ∼ z ⇒ x ∼ z. It follows that z ∈ [x]. Sin
e z ∈ [y],
then [y] ⊆ [x]. With the same tri
k, we 
an prove that even [x] ⊆ [y],
therefore [x] = [y].

2. If x 6= y, sin
e [x] = {y|y ∈ A∧x ∼ y}, then y /∈ [x]. Sin
e ∼ is a transitive

relation, x ≁ y ⇒ x ≁ z ∨ z ≁ y for some y. Suppose z ∼ y, then x ≁ z.
We 
an state that ∀z.z ∼ y ⇒ z ≁ x ⇒ z /∈ [x], i.e. ∀z.z ∈ [y] ⇒ z /∈ [x],
therefore [y] ∩ [x] 6= ∅.

3 Question

Let f ∈ (N → N). For ea
h of the relations below, prove whether it is an

equivalen
e relation over N:

1. x ∼ y if and only if f(x) = f(y);

2. x ∼ y if and only if f(x) 6= f(y);

3. x ∼ y if and only if f−1(x) ∩ f−1(y) 6= ∅.

3.1 Answer

1.

• Re�exivity: x ∼ x i� f(x) = f(x) OK

• Symmetry: x ∼ y ⇒ f(x) = f(y) ⇒ f(y) = f(x) ⇒ y ∼ x OK

• Transitivity: x ∼ y, y ∼ z ⇒ f(x) = f(y) ∧ f(y) = f(z) ⇒ f(x) =
f(z) ⇒ x ∼ z OK

This is an equivalen
e relation.

2.

• Re�exivity: x ∼ x i� f(x) 6= f(x) NO

This isn't an equivalen
e relation.

3.

• Re�exivity: x ∼ x i� f−1(x) ∩ f−1(x) 6= ∅. Sin
e f−1(x) ∩ f−1(x) =
f−1(x), the property holds i� f is surje
tive. It follows that, in

general, the relation ∼ is not a re�exive relation.

Sin
e the relation is not always re�exive, it's not even an equivalen
e

relation.
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4 Question

Let {ϕn}n∈N be an enumeration for the set of re
ursive partial fun
tions from

N to N, and let ∼ be the equivalen
e relation over N de�ned as follows: i ∼ j if

and only if ϕi = ϕj . Moreover, let e ∈ (N×N N) the partial fun
tion de�ned

as e(a, b) = ϕa(b).
Prove that, if i ∼ j, then ∀b ∈ N, e(i, b) = e(j, b).

4.1 Answer

i ∼ j ⇒ ϕi = ϕj ⇒ ∀b ∈ dom(ϕi) = dom(ϕj), ϕi(b) = ϕj(b). Sin
e e(a, b) =
ϕa(b), ∀b ∈ dom(ϕi), e(i, b) = ϕi(b) = ϕj(b) = e(j, b).
∀b.b /∈ dom(ϕi) ⇒ b /∈ dom(ϕj). Sin
e b /∈ dom(ϕa) ⇒ (a, b) /∈ dom(e),
(i, b) /∈ dom(e) ∧ (j, b) /∈ dom(e), i.e. e(i, b) = e(j, b) = undefined.

5 Remark

Noti
e that, by what you have proved in the previous exer
ise, it 
an be dedu
ed

that one 
an obtain a well-de�ned partial fun
tion f ∈ (N/∼ ×N N) by posing
f([a], b) = e(a, b).
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