
Computability Assignment
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Please keep this �le anonymous: do not write your name inside this �le.

More information about assignments at http://disi.unitn.it/∼zunino/teahing/omputability/assignments

Please do not submit a �le ontaining only the answers; edit this

�le, instead, �lling the answer setions.

1 Question

Remember that for all A ⊆ N, A = N \A, and idA is the identity funtion on A.

Let f ∈ (N → N) and let A = {f(n)|n is a prime number}.

1. Charaterize the elements of the set A (i.e. �nd a property p suh that

A = {n|p(n)}). Notie that p ould be a onjuntion of many �simpler�

properties.

2. De�ne a funtion g ∈ (A → N) suh that f ◦ g = idA.

1.1 Answer

1. Sine f is a total funtion from N to N itself, f must be de�ned also for

all those n ∈ N suh that n is not a prime number � i.e. n is a omposite

number, or more formally n ∈ N | ∃a, b ∈ N.ab = n. Having no more

information about f , we have to take into aount that f(n), for those
n's omposite, an go to both the sets A and Ā. But sine A ontains all

the f(n)'s with n prime, Ā annot ontains other f(x)'s with n prime, so

it must ontains all the f(n)'s with n omposite. Finally we an say that

p is just this property, � i.e. p = ”n is a composite number” � and so

Ā = {f(n) | p(n)}.

2. g(n) =

{

f−1(n) if n is a prime number

undefined otherwise
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2 Question

Let A = {n|∃m ∈ N. n = m2} and B = {2n|n ∈ N}. Following the steps

outlined below, de�ne a bijetion f ∈ (N → N) suh that f(A) = B and

f(A) = B.

1. Provide a bijetion g ∈ (A → N).

2. Provide a bijetion h ∈ (N → B).

3. Argue that there exists a bijetion g′ ∈ (A → N).

4. Provide a bijetion h′ ∈ (N → B).

5. Prove that the funtion f ∈ (N → N) de�ned as

f(n) =

{

(h ◦ g)(n) if n ∈ A

(h′ ◦ g′)(n) if n ∈ A

satis�es all the desired properties.

2.1 Answer

1. g(n) =
√
n, whih is bijetive (surjetivity holds within the onstraints of

having A as domain).

2. h(n) = 2n, whih is bijetive.

3. It's possible to �nd a suh g′beause, thanks to the enumeration method,

we an assert that it's always possible to �nd a bijetion between N and

any its subset.

4. h′(n) = 2n+ 1, whih is bijetive.

5. We an simply reason as follows:

(a) n ∈ A =⇒ f(n) = h(g(n)) =⇒ f(A) = h(g(A)) = h(N) = B;

(b) n 6∈ A =⇒ f(n) = h′(g′(n)) =⇒ f(Ā) = h′(g′(Ā)) = h′(N) =
¯B = N \B.
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