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1 Question

Remember that for all A C N, A = N\ 4, and id4 is the identity function on A.
Let f € (N— N) and let A = {f(n)|n is a prime number}.

1. Characterize the elements of the set A (i.e. find a property p such that
A = {n|p(n)}). Notice that p could be a conjunction of many “simpler”
properties.

2. Define a function g € (A — N) such that fog=id4.

1.1 Answer

L. Let’s denote P := {p € N|p is prime} in such a way that f(P) = A.
A={neNn¢ A} = {f(n) € N|n is not a prime number} = {f(0)} U
{F(U}U{f(n) € NIp.q'€ P such that f(n) = p-a).

2. We want that Vn € A.n = f(g(n)). But since n € A, by definition Jp €
P.n = f(p). The first condition becomes n = f(g(n)) = f(g(f(p))). Hence
g(f(p)) has to be equal to p. This is easily done by taking g € (A — N)
such that go (f |p) =idp.

2 Question
Let A = {n|3m € N. n = m?} and B = {2n|n € N}. Following the steps

outlined below, define a bijection f € (N — N) such that f(A) = B and
f(A) =B.
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. Provide a bijection g € (A — N).

Provide a bijection h € (N — B).
Argue that there exists a bijection ¢’ € (A — N).
Provide a bijection h' € (N — B).

Prove that the function f € (N — N) defined as

n) — (hog)(n) ifneA
rin) {(h'og'><n> ifned

satisfies all the desired properties.

Answer

. Vn € A let’s define g(n) = g(m?) = m.

Vn € Nlet’s define h(n) = 2n.

Very intuitivly we can write A = {0,1,4,9,16,25,...} then A = {2,3,5,6,7,8,10,...}.

Hence we can define ¢'(2) =0, ¢'(3) =1, ¢'(5) =2, ¢’(6) = 3 and so on.
This is a bijection.

B = {2n|n € N} then B = {2n + 1|n € N}. Hence ¥n € N we define
W(n) =2n+1.

We have to do two proofs:

(a) n € A: f(n) = h(g(n)) = h(g(m?)) = h(m) = 2m € B.
(b) n€ A: f(n) =h(g'(n)) = h'(m) =2m + 1 € B for some m € N
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