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1 Question

Prove by indu
tion that ∀k ∈ N. 9k − 2k is a multiple of 7. Follow the steps

outlined below.

1. Prove that, if k = 0, then 90 − 20 is a multiple of 7. This is the basis of

the indu
tion.

2. Now, suppose that for a generi
 natural number n, it is true that 9n − 2n

is a multiple of 7. By only using this indu
tive hypothesis, prove that

9n+1 − 2n+1
is a multiple of 7. To do so, use the identity:

9n+1
− 2n+1 = 9n+1

− 9n · 2 + 9n · 2− 2n+1

and a 
lever fa
torization of the right-hand side of the equality. Remember

that, at some point, you are expe
ted to use the indu
tive hypothesis.

1.1 Answer

1. 90 − 20 = 1− 1 = 0 whi
h is of 
ourse a multiple of 7, in fa
t 7 · 0 = 0.

2. 9n+1 − 2n+1 = 9n+1 − 9n · 2+ 9n · 2− 2n+1 = 9n · (9− 2) + 2 · (9n − 2n) =
9n · 7+ 2 · (9n − 2n). The �rst addend is obviously a multiple of seven. By

the indu
tive hypothesis, the se
ond is a multiple of seven too. It means

that ∃n ∈ N.(9n−2n) = 7 ·n. Then we have 9n+1−2n+1 = 9n ·7+2 ·7 ·n =
7 · (9n + 2 · n). We have �nally that 9n+1 − 2n+1

is a multiple of seven.
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2 Preliminaries

Let P (k) be the property �∀n,m ∈ N. max(n,m) = k implies n = m�. The

following is a proof by indu
tion that ∀k ∈ N.P (k).

1. Basis of the indu
tion: if max(n,m) = 0 then n = m = 0, as we wanted.

2. Indu
tive step: suppose that P (k) is true for a generi
 natural number

k; we want to prove that this implies P (k + 1), i.e. that for all natural

numbers n,m su
h that max(n,m) = k + 1, n = m. So, let n,m ∈ N

satisfy max(n,m) = k+1. Then max(n− 1,m− 1) = max(n,m)− 1 = k.

By the indu
tion hypothesis, it follows that n− 1 = m− 1, and therefore

n = m. This proves P (k + 1), so the indu
tion step is 
omplete.

3 Question

Is the above proof 
orre
t? If not, 
an you tell what is wrong with it?

3.1 Answer

No, it isn't. For example, we have max(4, 5) = 5 whi
h of 
ourse doesn't imply

that 4 = 5. We take two generi
 elements n,m ∈ N, whi
h means that also zero

is allowed. The problem rise when we take n − 1,m − 1, whi
h aren't in N if

one or both are equal to zero. This 
ould suggest to proove P (k) in Z but, of


ourse, it's wrong also there: in Z it isn't even possible to proove the basis of

the indu
tion!
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