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1 Question

Let A,B be sets and suppose that A ↔ B (i.e. there exists a bijetion f ∈
(A → B)). Show that for all sets C, (C → (A×A)) ↔ (C → (A×B)).

1.1 Answer

By hypothesis ∃f ∈ (A ↔ B). I de�ne g ∈ ((A × A) → (A × B)) suh that

g(a1, a2) = (a1, f(a2)). Of ourse g is a bijetion, sine its omponent are

bijetions (identity and f).

Now I de�ne H ∈ ((C → (A×A)) → (C → (A×B))) suh that H(q) := g◦q.
q ∈ (C → (A × A)), so that it makes sense to do H(q). Sine g ∈ ((A × A) →
(A×B)) and q ∈ (C → (A×A)) then g ◦ q ∈ (C → (A×B)). Hene H is well

de�ned.

Now I proove that H is a bijetion:

1. H injetive: Let q1, q2 ∈ (C → (A × A)) suh that H(q1) = H(q2) and
q1(c) = (a11, a12), q2 = (a21, a22). I want to proove that q1 = q2.

(a) H(q1)(c) = g ◦ q1(c) = g(q1(c)) = g((a11, a12)) = (a11, f(a12));

(b) H(q2)(c) = g ◦ q2(c) = g(q2(c)) = g((a21, a22)) = (a21, f(a22));

() By setting H(q1) = H(q2), we obtain diretly that a11 = a21 and

f(a12) = f(a22). Hene, by the fat that f is injetive we are done.

2. H surjetive: Let p ∈ (C → (A×B)) suh that p(c) = (a, b) where b ∈ B.

Sine f is surjetive we know that ∃ab ∈ A suh that b = f(ab). Then, if
I take q(c) = (a, ab) ∈ (C → (A × A)) we have that H(q)(c) = g ◦ q(c) =
g(q(c)) = g((a, ab)) = (a, b) = p(c).
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2 Question

1. Doeas a surjetive funtion f ∈ (N → (N → {0, 1, 2, 3})) exist?

2. Does an injetive funtion f ∈ (P(N) N) exist?

3. Does an injetive funtion f ∈ (P(N) → N) exist?

Justify your answers.

2.1 Answer

1. No: Let f ∈ (N → (N → {0, 1, 2, 3})). Let's de�ne g ∈ (N → {0, 1, 2, 3, 4})

suh that g(n) :=

{

0 if f(n)(n) = 4

f(n)(n) + 1 if f(n)(n) 6= 4
. I want to proove

that f isn't surjetive, i.e. ∀n ∈ N.g 6= f(n). By ontraddition let

g = f(n) for some n. Then g(n) = f(n)(n). We have now two ases:

(a) f(n)(n) = 4 ⇒ g(n) = 0. Sine g(n) = f(n)(n) I obtain 4 = 0, whih
is absurd;

(b) f(n)(n) 6= 4 ⇒ g(n) = f(n)(n) + 1. Sine g(n) = f(n)(n) I obtain
f(n)(n) = f(n)(n) + 1, whih is absurd too.

2. Yes: f({n}) = n is the requested funtion beause f ∈ (P(N)  N) and
it's injetive. Note that it is a partial funtion beause it takes as input

only the subsets of N of the form {n} and beause f(∅) is unde�nied.

3. No: By ontraddition f is injetive. Then f |F is bijetive where F =
ran(f) ⊆ N. Then F ↔ P(N). But F is an in�nite subset of N, then

F ↔ N. Absurd.

3 Question

Let A,B be nonempty sets and let f ∈ (A → B). De�ne a funtion g ∈ (B  A)
suh that dom(g) 6= ∅ and for all b ∈ dom(g), (f ◦ g)(b) = b.

3.1 Answer

The unique onstraints that has to be putted on g is that dom(g) = f(A). Of

ourse dom(g) 6= ∅ and ∀b ∈ dom(g) g(b) ∈ f−1(b), so that f◦g(b) = f(g(b)) = b.
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