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Please do not submit a �le 
ontaining only the answers; edit this

�le, instead, �lling the answer se
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1 Question

Re
all the notions of image and preimage of a set with respe
t to a fun
tion:

formally, if A ⊆ X , then f(A) = {f(x)|x ∈ A} ⊆ Y and that, if B ⊆ Y , then

f−1(B) = {x|x ∈ X ∧ f(x) ∈ B} ⊆ X . (Note that here A and B are not points

in the domains of f, f−1
, but rather sets of su
h points)

1. For A ⊆ X , determine the relation (⊆,=,⊇) between A and f−1(f(A)).

2. For B ⊆ Y , determine the relation (⊆,=,⊇) between B and f(f−1(B)).

3. If C ⊂ A ⊆ X , is it always true that f(C) ⊂ f(A)?

4. If C ⊂ B ⊆ Y and f−1(B) 6= ∅, is it always true that f−1(C) ⊂ f−1(B)?

1.1 Answer

1. Sin
e we don't have any assumption of the totality of f , the set generated

by f(A) may only 
ontain the less or equal elements than the ones that

are in A. Sin
e f−1
also may only generate a number of elements less than

or equal than the one spe
i�ed, we 
an 
on
lude that f−1(f(A)) is only a

subset of A. We 
annot say that A ⊆ f−1(f(A)) be
ause it would imply

that f or f−1
generated more elements than their input (whi
h is false for

a proper fun
tion).

2. This is the symmetri
 
ase with respe
t to point 1. B ⊇ f(f−1(B)).

3. This is false, A 
ounterexample is this: suppose f is de�ned for all points

in C, and unde�ned otherwise. Now C ⊂ A, so A will also 
ontain all
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points of C, and f(C) ⊆ f(A). Now, sin
e f is de�ned only for points in

C, f(A) will only 
ontain the results of the points in C, so f(A) = f(C),
In this 
ase the proposition f(C) ⊂ f(A) is not valid, sin
e the two sets

are equal.

4. See the demonstration for point 3, substituting f with f−1
. Simply take

f to be de�ned for all points in C and unde�ned otherwise.

2 Question

Let A,B be sets, and let idA, idB denote the identity fun
tions over A and B

respe
tively. Assume f ∈ (A → B) and g ∈ (B → A) be fun
tions satisfying

g ◦ f = idA and f ◦ g = idB , where as usual ◦ denotes fun
tion 
omposition.

Prove that f is a bije
tion (i.e., inje
tive and surje
tive).

2.1 Answer

To be a bije
tion, a fun
tion needs to be inje
tive and surje
tive. Let's prove

that f is a bije
tion:

• Inje
tion: Suppose that f is not inje
tive. This means that that there

exist at least a point x that is the result of f(a) and f(b). if we apply g to

x, we 
an only obtain a or b, but not both. This means that g ◦ f 6= idA,

whi
h is a 
ontradi
tion. f is inje
tive.

• Surje
tion: Suppose that f is not surje
tive, so that ∃x ∈ B su
h that

∄y . f(y) = x. Now, by assumption f ◦ g = idB, but this is impossible,

be
ause there would exist an element in Bthat 
annot be an output of f .

f is surje
tive.

Sin
e f is surje
tive and inje
tive, it is also bije
tive. Sin
e the de�nitions are

symmetri
, we 
an prove using the same pro
edure that g is also bije
tive.

3 Question

(This question is more 
hallenging.) Find two fun
tions f, g ∈ (N → N) that

satisfy all the following 
onditions:

1. ran(f) 6= N and ran(g) 6= N;

2. ran(f) and ran(g) are in�nite sets;

3. ran(h) = N where h(n) = f(n) + g(n);

4. ∃n ∈ N. ran(g ◦ f) = {n}.

3.1 Answer
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