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1 Question

Reall the notions of image and preimage of a set with respet to a funtion:

formally, if A ⊆ X , then f(A) = {f(x)|x ∈ A} ⊆ Y and that, if B ⊆ Y , then

f−1(B) = {x|x ∈ X ∧ f(x) ∈ B} ⊆ X . (Note that here A and B are not points

in the domains of f, f−1
, but rather sets of suh points)

1. For A ⊆ X , determine the relation (⊆,=,⊇) between A and f−1(f(A)).

2. For B ⊆ Y , determine the relation (⊆,=,⊇) between B and f(f−1(B)).

3. If C ⊂ A ⊆ X , is it always true that f(C) ⊂ f(A)?

4. If C ⊂ B ⊆ Y and f−1(B) 6= ∅, is it always true that f−1(C) ⊂ f−1(B)?

1.1 Answer

1. It depends on f:

(a) if f is an injetive funtion A = f−1(f(A))

(b) otherwise A ⊇ f−1(f(A))

2. It depends on f:

(a) if f is a surjetive funtion B = f−1(f(B))

(b) otherwise B ⊇ f−1(f(B))

3. No, beause if f(A \ C) = ∅ then f(A) = f(C)

4. No, beause if f−1 (B \ C) = ∅ then f−1(B) = f−1(C)
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2 Question

Let A,B be sets, and let idA, idB denote the identity funtions over A and B

respetively. Assume f ∈ (A → B) and g ∈ (B → A) be funtions satisfying

g ◦ f = idA and f ◦ g = idB , where as usual ◦ denotes funtion omposition.

Prove that f is a bijetion (i.e., injetive and surjetive).

2.1 Answer

1. Proof of injetivity of f.

We assume that: ∀x ∈ A.x = g(f(x))
Suppose that ∃xy.f(x) = f(y) ∧ x 6= y

then x = g(f (x)) = g (f (y)) = y beause f(x) = f(y) and the funtion g

with the same argument returns the same value: x = y.

But we suppose that x 6= y. Contradition.

Therefore ¬∃xy.f(x) = f(y) ∧ x 6= y

∀xy.¬ ((f (x) = f (y)) ∧ ¬ (x = y))
∀xy. (¬ (f (x) = f (y)) ∨ (x = y))
∀xy. (f (x) = f (y)) ⇒ (x = y)
So, to ompose the funtions g and f in order to have IA it is neessary

the injetivity of f.

2. Proof of surjetivity of f.

f ◦ g = IB ⇒ ∀y ∈ B.∃x ∈ A.(x = g(y) ∧ f(x) = y)
A funtion f is surjetive if ∀y ∈ B.∃x ∈ A.f(x) = y

We prove by ontradition that if f in not surjetive

¬∀y ∈ B.∃x ∈ A.f(x) = y

∃y ∈ B.∀x ∈ A.¬(f(x) = y)
∃y ∈ B.∀x ∈ A.¬f(g(y)) = y

But f ◦ g = IB ⇔ ∀y ∈ B.∃x ∈ A.(x = g(y) ∧ f(x) = y). Contradition.

3. If f is injetive and surjetive, as proved, f is bijetive.

3 Question

(This question is more hallenging.) Find two funtions f, g ∈ (N → N) that
satisfy all the following onditions:

1. ran(f) 6= N and ran(g) 6= N;

2. ran(f) and ran(g) are in�nite sets;

3. ran(h) = N where h(n) = f(n) + g(n);

4. ∃n ∈ N. ran(g ◦ f) = {n}.
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3.1 Answer

f(x) =

{

x ∃n∈ N.2n = x

0 o.w.
g(x) =

{

x ∃n ∈ N.2n+ 1 = x

0 o.w.

1. ran(f) is all the even natural numbers and ran(g) is all the odd natural

numbers, but their ran is di�erent from N

2. ran(f) and ran(g) are both in�nite

3. ran(h) = N beaause is the union of all even and odd natural numbers

4. The number n is 0
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