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1 Question

Recall the notions of image and preimage of a set with respect to a function:
formally, if A C X, then f(A4) = {f(z)|zr € A} CY and that, if B C Y, then
fYB)={z|z € X A f(x) € B} C X. (Note that here A and B are not points
in the domains of f, f~!, but rather sets of such points)

1. For A C X, determine the relation (C,=, D) between A and f~1(f(A)).
2. For B C Y, determine the relation (C,=, D) between B and f(f~1(B)).
3. If C C AC X, isit always true that f(C) C f(A)?

4. f C C BCY and f~1(B) # 0, is it always true that f~%(C) C f~4(B)?

1.1 Answer

1. We know that Vo € A. f(x) € Y. Applying to this y = f(z) the function
f~1, we can have two different cases:

(a) ye Y\ B = f~1(f(z)) is not defined because f(z) ¢ B;

(b) ye B = f71(f(z)) € X, which means that = f~!f(z))
can belongs either to X \ A or A. So we can say that A C f~1(f(A))
because it’s possible that 3z € A. f~1(f(z)) € X \ 4 (or, in other
words, it’s not sure that Vo € A. f~1(f(x)) € A).

2. Following the same reasoning in (1.b), B C f(f~!(B)) because there is
B.

c
the possibility that Jy € B. f(f~*(z)) € Y\
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3. No because we haven’t any information about the injectivity or surjectivity
of f. So we have the following cases:

@) f(O) S fA)SY\BCY = [(CO)Zf(A)
(b) f(C)Cf(A)cBCY = [f(C)Z f(4)
() f(C)cfAcB

4. Again, not necessarily because we have no information about the injectiv-
ity of f~1, so we could have the case where f~1(C) = f~1(B).

2 Question

Let A, B be sets, and let id4, idg denote the identity functions over A and B
respectively. Assume f € (A — B) and g € (B — A) be functions satisfying
go f =1ids and f o g = idg, where as usual o denotes function composition.
Prove that f is a bijection (i.e., injective and surjective).

2.1 Answer
Let’s prove the injectivity (1.) and surjectivity (2.) of f.

1. The function f is injective because of this reasoning. Vx,y € A. f(x) #
fly) = = #y. Beingidy = g(f(2)), ids = g(f(y)) and f(z) # f(y),
then g(f(2)) # 9(f(y)) = ida(z)#idp(y) = z#y.

2. The function f is also surjective because it’s just necessary to apply g
after f to go back the same domain’s value, since go f = ids. So Vy €
B.3zeAlgly) =f"(y) ==

3 Question

(This question is more challenging.) Find two functions f,g € (N — N) that
satisfy all the following conditions:

1. ran(f) # N and ran(g) # N;

2. ran(f) and ran(g) are infinite sets;
3. ran(h) = N where h(n) = f(n) + g(n);
4. 3n € N. ran(go f) = {n}.

3.1 Answer
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