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Please keep this �le anonymous: do not write your name inside this �le.
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Please do not submit a �le ontaining only the answers; edit this

�le, instead, �lling the answer setions.

1 Question

Reall the notions of image and preimage of a set with respet to a funtion:

formally, if A ⊆ X , then f(A) = {f(x)|x ∈ A} ⊆ Y and that, if B ⊆ Y , then

f−1(B) = {x|x ∈ X ∧ f(x) ∈ B} ⊆ X . (Note that here A and B are not points

in the domains of f, f−1
, but rather sets of suh points)

1. For A ⊆ X , determine the relation (⊆,=,⊇) between A and f−1(f(A)).

2. For B ⊆ Y , determine the relation (⊆,=,⊇) between B and f(f−1(B)).

3. If C ⊂ A ⊆ X , is it always true that f(C) ⊂ f(A)?

4. If C ⊂ B ⊆ Y and f−1(B) 6= ∅, is it always true that f−1(C) ⊂ f−1(B)?

1.1 Answer

1. f−1(f(A)) = f−1({f(x)|x ∈ A}) = {x|x ∈ X ∧ f(x) ∈ {f(x)|x ∈ A}} =
{x|x ∈ X ∧ x ∈ A} = A.

2. f(f−1(B)) = f({x|x ∈ X ∧ f(x) ∈ B}) = {f(x)|x ∈ {x|x ∈ X ∧ f(x) ∈
B}} = {f(x)|x ∈ X ∧ f(x) ∈ B} = {y ∈ B|∃x ∈ X. f(x) = y} ⊆ B.

3. No. For example, let X = {0, 1}, A = X, C = {1}and letf(0) = f(1) =
42; then C ⊂ A ⊆ X but still f(C) = f(A) = {42}.

4. No. For example, let X = {0}, Y = {8, 9}, B = Y, C = {8}, f(0) = 8;
then C ⊂ B ⊆ Y and f−1(B) = {0} 6= ∅, yet f−1(C) = {0} = f−1(B)
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2 Question

Let A,B be sets, and let idA, idB denote the identity funtions over A and B

respetively. Assume f ∈ (A → B) and g ∈ (B → A) be funtions satisfying

g ◦ f = idA and f ◦ g = idB , where as usual ◦ denotes funtion omposition.

Prove that f is a bijetion (i.e., injetive and surjetive).

2.1 Answer

• (Injetive) By ontraddition, suppose f not injetive i.e. ∃x, z ∈ A. (x 6= y ∧ f(x) = f(z));
let x, z be suh numbers and note that beause f(x) = f(z) theng(f(x)) =
g(f(z)); However, x 6= z ⇒ idA(x) 6= idA(z) ⇒ g(f(x)) 6= g(f(z)), whih
ontraddits the previous statement.

• (Surjetive) By ontraddition, suppose f not surjetive i.e. ∃y ∈ B. ∄x ∈
A. f(x) = y; let y be suh number and let z = g(y) and note z ∈ A.

Then by hypothesis f(z) = f(g(y)) = idB(y) = y, but the existane of z

ontraddits the initial statement.

3 Question

(This question is more hallenging.) Find two funtions f, g ∈ (N → N) that

satisfy all the following onditions:

1. ran(f) 6= N and ran(g) 6= N;

2. ran(f) and ran(g) are in�nite sets;

3. ran(h) = N where h(n) = f(n) + g(n);

4. ∃n ∈ N. ran(g ◦ f) = {n}.

3.1 Answer

Let f(n) =

{

n if n even

0 if n odd

, g(n) =

{

0 if n even

n if n odd

. Conditions 1 and 2 are

obviously satis�ed. Note h = idN, thus 3 is also satis�ed. Finally, onsder

g ◦ f : f maps any natural to an even number and g maps any even to 0, thus
ran(g ◦ f) = {0}.
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