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1 Question

Recall the notions of image and preimage of a set with respect to a function:
formally, if A C X, then f(A) = {f(z)|x € A} CY and that, if B C Y, then
f71(B) ={z|zr € X A f(z) € B} C X. (Note that here A and B are not points
in the domains of f, f~!, but rather sets of such points)

1. For A C X, determine the relation (C, =, D) between A and f~1(f(4)).
2. For B C Y, determine the relation (C,=, D) between B and f(f~(B)).
3. If C ¢ AC X, is it always true that f(C) C f(A4)?

4. f C C BCY and f~1(B) # 0, is it always true that f~1(C) C f~1(B)?

1.1 Answer

1. AC f~Yf(A)): Let’s take a € A C X. Then f(a) € f(A). Now I have
that f~1(f(A)) = {z|r € X A f(z) € f(A)}. Then a € f~1(f(4)). On
the contrary, let’s call f(A) = C. I could take o’ € X \ A such that it is
mapped by f into an element of C'. In this case a’ € X, f(a’) € C = f(A)
then o’ € f~1(f(A)) but, by constraction, a’ ¢ A. This case is possibile
since f, in generale, is not injective.

2. f(f~Y(B)) C B: Let’s take b € f(f~*(B)). This means that b € {f(z)|z €
f~Y(B)}. Let’s say that b = f(a) for some a € X. Then a € f~1(B) =
{z|r € X A f(z) € B}, which means that b = f(a) € B. On the contrary,
Let’s take b € B such that fa € A.b = f(a). This is possibile since
f, in general, is not surjective. Then VC C X.b ¢ f(C), in particular

b f(f71(B)).
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3. No: If I take b € Y and I define a function f € (X — Y) such that
Va € A.f(a) =, then f(A4) = {b} = f(C).

4. No: I define a function f € (X — Y) such that Vb € B\C.$a € X.b = f(a).
Then f~1(B) = {z|z € XA f(z) € B} = {z|lz € XAf(z) € C} = f~1(O).

2 Question

Let A, B be sets, and let ida,idp denote the identity functions over A and B
respectively. Assume f € (A — B) and g € (B — A) be functions satistying
go f =1ids and fog = idg, where as usual o denotes function composition.
Prove that f is a bijection (i.e., injective and surjective).

2.1 Answer

1. f injective: Let’s take ai,as € A such that f(a1) = f(a2) and I want to

show that a1 = as. a1 = ida(a1) = go f(a1) = g(f(ar)) = g(f(a2)) =
go f(az) =ida(az) = ag. Then f is injective.

2. f surjective: Let’s take by € B, I want to show that Jag € A.f(ag) = bo.
bo = idp(bg) = fog(by) = f(g(bo)). But g € (B — A) and this means
that Vb € B.3la € A.g(b) = a. I call ag = g(bo). Then f is surjective.

3 Question

(This question is more challenging.) Find two functions f,¢g € (N — N) that
satisfy all the following conditions:

. ran(f) # N and ran(g) # N;

. ran(f) and ran(g) are infinite sets;

O N

ran(h) = N where h(n) = f(n) + g(n);

~

. ImeN.ran(go f) ={n}.

3.1 Answer

Let’s define:
nif nis odd

04f niseven

_J nifniseven ) B
f(n)—{ 0¢f nisodd ,g(n)—{

Now I proove that theese two functions satisfy all the previous conditions:

1. By definition, ran(f) = {n € N|n is even} # N and ran(g) = {0} U{n €
Nin is odd} # N;

2. It is obvious from 1. ;



3. If n is even then h(n) = n + 0 = n, otherwise h(n) = 0 +n = n. Then
h = idy, which implies that ran(h) = N.

4. gof(n)=g(f(n)). ¥1find that Vn € N.go f(n) = 0 then ran(go f) = {0}.
Let’s try:

(a) n even = g(f(n)) = g(n) =0
(b) n odd = g(f(n)) = g(0) =0
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