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1 Question

In this exercise, p(z) and ¢(z) will be two unary properties over natural numbers,
and P and @ will denote the sets P = {x € N: p(z) holds} and Q@ = {z € N :
q(z) holds}. If possible, for each of the cases below find two properties p(z) and
q(z) such that Yz € N. p(z) = ¢(x) and

x)

1. P C Q (strict inclusion);
2. Q C P (strict inclusion);
3

. P\ Q#0;
4. Q\ P #0.

If for some of the above cases it’s impossible to find such properties, provide a
brief explanation of why is it so.

1.1 Answer

2 Preliminaries

Given an infinite sequence of sets (A;);en, we define ;2 A; = {4; | i € N} =
3 Question

Assume (A;);en to be an infinite sequence of sets of natural numbers, satisfying

NDAy DA DA DAz (%)

For each property p; shown below, state whether
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e the hypothesis (x) is sufficient to conclude that p; holds; or
e the hypothesis (x) is sufficient to conclude that p; does not hold; or

e the hypothesis (%) is not sufficient to conclude anything about the truth
of p;.

Justify your answers (briefly).
1. p1: VEeN. A, = ﬂf:o A;;
2. po: if Vi € N. A; is finite, then there exists j € N such that A; = A;,1;
3. ps: for all 4, if A; is finite, then A; = A;41;

4. py: if Vi € N. A; # A;yq, then ﬂ;’io A; =0

ot

ps: if Vi € N. A, is finite, then ;2 A; is finite;
6. pe: if Vi € N. A; is infinite, then ;2 A; is finite;

7. pr: if Vi € N. 4; is infinite, then (2, A; is infinite.

3.1 Answer

1 p: VEeN. Ap = ﬂf:o A;;  the hypothesis (%) is sufficient to conclude that
p; holds;
Since we have
N2 Ag2D A 2 A2 A3+ (%)

so that Ag N Ay = A1, AgN Ay N A3 = Az, and
AgNAIN..NA, = Ay =N, A So piholds

2 po: if Vi € N. A, is finite, then there exists j € N such that A; = A;,1;

the hypothesis (x) is sufficient to conclude that psholds

Choose abitrary j = 0. Let A; = Ay = {0,1,2,3}, and Aj1; = A =
{0,1,2,3}. Apand A;both satisfies the hypothesis (x), and Ag = A;. So the
paholds.

3 ps: for all 4, if A; is finite, then A; = A;1;

the hypothesis (x) is not sufficient to conclude anything about the truth of
p3

Looking back into problem 2, we know that there exists ¢ € N such that
A; = A;y1. So the ps holds for this case.

However, there are cases that psdoesn’t hold. For example, if we choose a
sequence of sets like this

Ao =1{0,1,2,3}, A; = {1,2,3}. Then it’s clearly that Ay # A;.



4 py: if Vi e N. A; 75 Ai+1, then ﬂzo A; = @;

the hypothesis (x) is sufficient to conclude that psdoes not hold.

From hypothesis () and the condition of ps, we know thatVi € N. A;4; C
A;C...CACN

And A; # Obecause if A; = (), then A;1 = @, which does not satisfy the
hypothesis A; # A; 1

We can always choose an abitrary € A;y;1 since A;11 # 0. According to
the preliminaries, we have (2, A; # 0 since (;-, A; always have at least 1
element x.

There for pydoes not hold.

5 ps: if Vi € N. A; is finite, then ;2 A; is finite;
the hypothesis (x) is sufficient to conclude that ps holds;
According to the preliminaries
Since A;is finite, ;= A; is a set that contains elements that appear in all set
A;, Vi € N, so that we can always count the number of elements in set ﬂ;’io A;.
So the psholds.

6 pe: if Vi € N. A; is infinite, then ()~ A; is finite;
the hypothesis (x) is not sufficient to conclude that pgdoes not hold

7 pr:if Vi € N. A; is infinite, then (72, A4; is infinite.
the hypothesis (x) is sufficient to conclude that prholds
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