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1 Question

In this exercise, p(z) and ¢(z) will be two unary properties over natural numbers,
and P and @ will denote the sets P = {z € N: p(z) holds} and @ = {x € N:
q(x) holds}. If possible, for each of the cases below find two properties p(x) and
q(z) such that Vo € N. p(x) = ¢(x) and

1. P C @ (strict inclusion);
2. Q@ C P (strict inclusion);
3. P\Q#0;
4. Q\ P #0.

If for some of the above cases it’s impossible to find such properties, provide a
brief explanation of why is it so.

1.1 Answer

1. p(z)=2"" P={z eN: 2771}
qg(z) =2x Q={r eN: 2z}

2. it is not possible.
We proceed by contradiction
Suppose that Vz € N. p(z) = ¢(z) A Q@ C P. This means that if we take
any © € P, for the definition of P, p(x) holdsand for Vz € N. p(z) = ¢(x)
we have thatg(z)holds and = € Q.
Therefore Vx € N.ox € P = z € (). But this contradicts Q C P
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3. it is not possible.

P\Q#0 = JpeP: p¢dQ = JxeNpk)A—qr) = Jre
N.==(p(x)A—g(x)) = Jx € No=(—p(x)Aq(z)) = Fz € No=(p(z) =
q(z)) = —Vz € Np(x) = q¢(z) which is a contradiction.

2

.plx)=x>2 P={zreN: z>2}

g(z)=2z>1 Q={xeN: z>1}
Q\P = {2}

Preliminaries

Given an infinite sequence of sets (A;);en, we define (2 A; = ({4, | i e N} =
{z|VieNzeAYand (g Ai=N{Ai[ieNAi<k}=AgNAN---NA.

3 Question

Assume (A;);en to be an infinite sequence of sets of natural numbers, satisfying

NDAy DA DAy D Az---(%)

For each property p; shown below, state whether

e the hypothesis (x) is sufficient to conclude that p; holds; or

e the hypothesis (x) is sufficient to conclude that p; does not hold; or

e the hypothesis (x) is not sufficient to conclude anything about the truth
of p;.

Justify your answers (briefly).

L pi: Ve N. A, = N2, As;

2.

N ook @

p2:

ps:

Pa:

Ps:

Ps:

pr:

if Vi € N. A, is finite, then there exists j € N such that A; = A;44;
for all 4, if A; is finite, then A; = A;11;

if Vi e N. A; # Ay, then (2, 4; = 0;

if Vi € N. A; is finite, then (2, A; is finite;

if Vi € N. A; is infinite, then (-, A; is finite;

if Vi € N. A, is infinite, then (72, A; is infinite.



3.1 Answer

1. the hypothesis (x) is sufficient to conclude that p; holds
We proceed by induction.

e k=0
Ao = Mizo Ai = 4o
e inductive step
Suppose pyholdsfor k € N
k=k+1
A =Ny A = (Mo A) N Art1 = Ax N Arga
since Ak D) Ak+1 — Ak nAk+1 = Ak+1

2. the hypothesis (x) is sufficient to conclude that p, holds
Suppose by contradiction —(3j € N: A; = A;41) = Vj € N. 4; #
Aj+1
from this and the assumption (x) we have ND --- D A; D Aj41 D -
We have an infinite sequence of finite sets with strictly decreasing cardi-
nality. Since the cardinality of Agis finite, at some point we have a set
with O-cardinality.
Therefore we will have A; = @and A, ;; = Qand thus A; = A;; which is
a contradiction.

3. the hypothesis (%) is not sufficient to conclude anything about the truth
of Ps3-

[ ] TRUE AQ = @, A1 = (Z)
e FALSE: 4, = {0,1,2,3}, A; = {0,1,2}

4. the hypothesis (x) is not sufficient to conclude anything about the truth
of Pa-

o If A;is finite, A; # A;1is false because of what we have prove in p2.
Hence for implication p4 is true.

e If A;is infinite we find a counter-example that makes p4 false:
Ap = EvenU{1}, A1 = EvenU{1}\{0}, A3 = EvenU{1}\{0,2},...
NizoAi =1

5. the hypothesis (x) is sufficient to conclude that ps holds
We have an infinite sequence of finite sets with strictly decreasing cardi-
nality. Since the cardinality of Apis finite, at some point we have a set
with O-cardinality.
Therefore the resulting intersection will be an empty set which is finite.

6. the hypothesis (%) is not sufficient to conclude anything about the truth
of Pe



e FALSE: if we take N D AO = A1 = AQ = .. — ﬂ?iOAi = Ao =
Ay = ... is infinite

e TRUE: if if we take N D Ay D A1 D Ay D ... = (o, 4; is finite

7. the hypothesis (%) is not sufficient to conclude anything about the truth
of P

e TRUE: if we take N D AQ =A = A2 = .. = ﬂfio A, = Ay =
A1 = ... is infinite
e FALSE: if if we take N D Ag D A1 D Ay D ... = [\i5o4;is

infinite. This is false because of the counter-example seen in p4:
Ao = EvenU {1}, A; = EvenU{1}\{0}, Ay = EvenU{1}\{0, 2},...
ﬂzio Ai=1
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