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1 Question

In this exerise, p(x) and q(x) will be two unary properties over natural numbers,

and P and Q will denote the sets P = {x ∈ N : p(x) holds} and Q = {x ∈ N :
q(x) holds}. If possible, for eah of the ases below �nd two properties p(x) and
q(x) suh that ∀x ∈ N. p(x) ⇒ q(x) and

1. P ⊂ Q (strit inlusion);

2. Q ⊂ P (strit inlusion);

3. P \Q 6= ∅;

4. Q \ P 6= ∅.

If for some of the above ases it's impossible to �nd suh properties, provide a

brief explanation of why is it so.

1.1 Answer

1. First of all I prove that 1. is equivalent to 4. and 2. is equivalent to 3., so

that I will answer only at two questions.

(a) (1. ⇒ 4.) P ⊂ Q means that ∀x ∈ P ⇒ x ∈ Q and ∃x ∈ Q suh

that x /∈ P . Let's all suh a x, for example, x0. By de�nition

Q \ P = {x|x ∈ Q ∧ x /∈ P}. By onstration Q \ P 6= ∅beause it

ontains at least x0;

(b) (4. ⇒ 1.) Q \ P = {x|x ∈ Q∧ x /∈ P} 6= ∅ so ∃x suh that x ∈ Q and

x /∈ P , then P ⊂ Q;

() An analogous proof shows that 2. ⇔ 3. .

1

http://disi.unitn.it/~zunino/teaching/computability/assignments


2. Now I give an example of p(x) and q(x) suitable for 1. ⇔ 4. .

(a) Let's de�ne p(x) := (x+1

2
∈ N) and q(x) := (x− 1 ∈ N);

(b) Then I prove that p(x) ⇒ q(x). If p(x) holds means that x is odd,

then x ould be at least 1, from whih it's obvious that q(x) holds

too;

() Finally I prove 1. ⇔ 4. . In this ase, P = {x ∈ N|x ≡ 1(mod 2)},
the odd naturals, and Q = N

+ = {n ∈ N|n > 0}. P ⊂ Q beause

every odd natural is greater than 0 and, for instane, 2 ∈ Q beause

2 > 0 but 2 /∈ P beause 2 is even.

3. Finally I prove the non-existene of an example suitable for 2. ⇔ 3. .

(a) Let's take x0 ∈ N suh that x0 ∈ P and x0 /∈ Q. This means

that p(x0) holds and q(x0) doesn't. But this is a ontraddition to

p(x0) ⇒ q(x0).

2 Preliminaries

Given an in�nite sequene of sets (Ai)i∈N, we de�ne

⋂
∞

i=0
Ai =

⋂
{Ai | i ∈ N} =

{x | ∀i ∈ N x ∈ Ai} and

⋂k

i=0
Ai =

⋂
{Ai | i ∈ N ∧ i ≤ k} = A0 ∩A1 ∩· · ·∩Ak.

3 Question

Assume (Ai)i∈N to be an in�nite sequene of sets of natural numbers, satisfying

N ⊇ A0 ⊇ A1 ⊇ A2 ⊇ A3 · · · (∗)

For eah property pi shown below, state whether

• the hypothesis (∗) is su�ient to onlude that pi holds; or

• the hypothesis (∗) is su�ient to onlude that pi does not hold; or

• the hypothesis (∗) is not su�ient to onlude anything about the truth

of pi.

Justify your answers (brie�y).

1. p1: ∀k ∈ N. Ak =
⋂k

i=0
Ai;

2. p2: if ∀i ∈ N. Ai is �nite, then there exists j ∈ N suh that Aj = Aj+1;

3. p3: for all i, if Ai is �nite, then Ai = Ai+1;

4. p4: if ∀i ∈ N. Ai 6= Ai+1, then

⋂
∞

i=0
Ai = ∅;

5. p5: if ∀i ∈ N. Ai is �nite, then
⋂

∞

i=0
Ai is �nite;

6. p6: if ∀i ∈ N. Ai is in�nite, then
⋂

∞

i=0
Ai is �nite;

7. p7: if ∀i ∈ N. Ai is in�nite, then
⋂

∞

i=0
Ai is in�nite.
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3.1 Answer

1. True: For any hoie of n ∈ N I have that An+1 ⊆ An so that An+1∩An =

An+1. Then

⋂k

i=0
Ai = A0 ∩ ... ∩ Ak = Ak sine Ak ⊆ ... ⊆ A0.

2. True: Let's hoose i0 ∈ N suh that Ai0 is �nite, that is to say Ai0 =
{n1, ..., nt} ⊂ N. Then Ai0 ⊇ Ai0+1 ⊇ Ai0+2 and so on. They are all

�nite sets so that #Ai0 ≥ #Ai0+1 and so on. If there's a point in whih

#Aj = #Aj+1 I'm done, else I ontinue restriting the sets untill I arrive

at Aj = {nj} with nj ∈ Ai0 . Now I an't ontinue restriting the sets, so

I'm done.

3. Unknown: Let's take Ai = {1, ..., i}, whih is �nite. Then Ai+1 ould be

{1, ..., i − 1}. It's trivial that Ai 6= Ai+1. On the other hand, if I hoose

A0 = A1 = ... = {0, .., n}, p3 holds.

4. Unknown: If Ai are in�nite is true. Intuitively, that's beause the empty

set is the only subset of all sets. This implies that by taking an in�nite

intersetion of a hain of sets, the empty set is the only one whih an be

inluded in all the previous ones. But if Ai are �nite sets, there are some

problems. Suppose to take A0 = {1, ..., n}, A1 = {1, ..., n− 1}and so on. I

will arrive at An−1 = {1} and I have to �nd a proper subset of An, whih

has to be the empty set. From now, the only subset of the empty set is

the empty set itself, so that starting from n, the following hain holds:

An = An+1 = ... . This ontradits the hypothesis of p4.

5. True:

⋂
∞

i=0
Ai is a subset of all the Ai, whih are �nite. There annot

exist an in�nite subset of a �nite set.

6. Unknown: Let's take ∀i ∈ N.Ai = A0. In this ase

⋂
∞

i=0
Ai = A0, whih

is in�nite. Otherwise, if I take only strit subset in the hain I obtain that

the intersetion is the empty set, as intuitively prooved in 4.

7. Unknown: See 6.
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