
Computability Assignment

Year 2012/13 - Number 11

Please keep this �le anonymous: do not write your name inside this �le.

More information about assignments at http://disi.unitn.it/∼zunino/tea
hing/
omputability/assignments

Please do not submit a �le 
ontaining only the answers; edit this

�le, instead, �lling the answer se
tions.

Note

Remember that undefined 6> x for any natural x.

1 Question

Consider the set

A = {n | ∀x ∈ N. φn(x) > x}

Prove that K ≤m A.

1.1 Answer

We write

h(n) = # (λx.|φn(n)|+ x+ 1)

We see that h ∈ R total (RZ: ok, in an exam add more justi�
ation). Then

we show it is a redu
tion from K to A.

• if n ∈ K, φn(n) is de�ned, |φn(n)| > 0, thus ∀x.φh(n)(x) > x + 1 > x, i.e.
h(n) ∈ A

• if n /∈ K, φn(n) is unde�ned, φh(n)(x) is also unde�ned for any x, thus
h(n) /∈ A.

Thus K 6m A.
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2 Question

Prove that K̄ ≤m A, with the above A.

2.1 Answer

We write

h(n) = #

(

λx.

{

undefined if φn(n)stops within xsteps

x+ 1 o.w.

)

Su
h h is in R total. We show h redu
es K̄ to A.

• if n ∈ K̄, φn(n) is unde�ned, thus it never stops, ∀x.φh(n)(x) = x+1 > x,
i.e. h(n) ∈ A

• if n /∈ K̄, φn(n) halts in some k steps,

φh(n)(x) =

{

undefined k 6 x

x+ 1 o.w.

h(n) /∈ A, sin
e some x are unde�ned.

3 Question

Consider the set

B = {pair(n,m) | φn(0) = φm(0)}

Prove that K̄ ≤m B.

3.1 Answer

Let's try K 6m B̄, where

B̄ = {pair(n,m) | φn(0) 6= φm(0)}

We de�ne

C = {f(n)|∀n.f(n) = # (λx.φn(n)) ∧ dom(f) = N}

D = {g(n)|∀n.g(n) = # (λx.φn(n) + 1) ∧ dom(g) = N}

(RZ: the notation above seems to be more 
omplex than needed. It looks

equivalent to
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C = {#(λx.φn(n)) | n ∈ N}

D = {#(λx.φn(n) + 1) | n ∈ N}

Isn't it simpler to avoid de�ning C,D and dire
tly de�ne

f(n) =# (λx.φn(n))

g(n) =# (λx.φn(n) + 1)

?)

Suppose we 
an build f : K → C, g : K → D, where f, g ∈ R, then

h(n) = pair(f(n), g(n)) ∈ R, pair is an arithmeti
 operation (∈ R), and h is a

redu
tion from K to B̄. Then a

ording to the negation lemma, K̄ 6m B.

We show f, g are the redu
tions from K to C,D respe
tively.

• For f , take the de�nition in C, n ∈ K ⇒ ∀x.φf(n)(x) = φn(n) ⇒ f(n) ∈ C,

o.w. n /∈ K ⇒ ∀x.φf(n)(x) is unde�ned, but dom(f) = N , thus f(n) /∈ C

• For g, take the de�nition in D, n ∈ K ⇒ ∀x.φg(n)(x) = φn(n) + 1 ⇒
g(n) ∈ D, o.w. due to the same reason, g(n) /∈ D.

They are indeed the needed redu
tions. Also

• n ∈ K.φf(n)(0) = φn(n) 6= φn(n) + 1 = φg(n)(0), and pair(f(n), g(n)) ∈ B̄

• n /∈ K ⇒ φf(n), φg(n) unde�ned ⇒ h(n) /∈ B̄

So h is indeed the redu
tion. Hen
e proven.
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