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Note

Remember that unde fined # x for any natural x.

1 Question

Consider the set

A={n|VzeN. ¢,(x) >z}
Prove that K <,,, A.

1.1 Answer

We write
h(n) = # (A\z.|¢n(n)| + 2z + 1)

We see that h € R total (RZ: ok, in an exam add more justification). Then
we show it is a reduction from K to A.

e if n € K, ¢,(n) is defined, |p,(n)| = 0, thus Vo.dpmy(7) > 2 +1 > 2, ie.
h(n) € A

e if n ¢ K, ¢,(n) is undefined, ¢p,(,)(x) is also undefined for any =z, thus
h(n) ¢ A.

Thus K <,,, A.
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2 Question

Prove that K <,, A, with the above A.

2.1 Answer

We write

r+1 o0.w.

hn) = # <)\x. {undefined if ¢, (n)stops within xsteps)

Such A is in R total. We show h reduces K to A.

e if n € K, ¢, (n) is undefined, thus it never stops, Va.ppm () =2 +1 >,
ie. h(n)e A

e if n ¢ K, ¢,,(n) halts in some k steps,

undefined k <z

(bh(") (z) = {:E +1 o.w.

h(n) ¢ A, since some z are undefined.

3 Question
Consider the set

B = {pair(n,m) | $»(0) = ¢,,(0)}
Prove that K <,,, B.

3.1 Answer
Let’s try K <,,, B, where
B = {pair(n,m) | ¢ (0) # ¢m(0)}
We define

C = {f)|¥n.f(n) = # (A2.6,(n)) A dom(f) = N}
D = {g(n)|¥n.g(n) = # (\.n(n) + 1) A dom(g) = N}

(RZ: the notation above seems to be more complex than needed. It looks
equivalent to



C = {# (\.6,(n) | n e N}
D = {# (\a.gu(n) +1) | n € N}

Isn’t it simpler to avoid defining C, D and directly define

f(n) =# (Az.¢n(n))
g(n) =# (A\z.dp(n) + 1)

7)
Suppose we can build f : K — C, g : K — D, where f,g € R, then
h(n) = pair(f(n),g(n)) € R, pair is an arithmetic operation (€ R), and h is a
reduction from K to B. Then according to the negation lemma, K <,, B.

We show f, g are the reductions from K to C, D respectively.

e For f, take the definition in C, n € K = V1.¢4)(7) = ¢n(n) = f(n) € C,
ow. n ¢ K= Vr.¢ru (x) is undefined, but dom(f) =N, thus f(n) ¢ C

e For g, take the definition in D, n € K = Vr.dy,)(z) = ¢n(n) +1 =
g(n) € D, o.w. due to the same reason, g(n) ¢ D.

They are indeed the needed reductions. Also

o n ¢ K= ¢f(n),¢g(n) undefined = h(n) ¢ B

So h is indeed the reduction. Hence proven.
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