
Computability Assignment

Year 2012/13 - Number 10

Please keep this �le anonymous: do not write your name inside this �le.

More information about assignments at http://disi.unitn.it/∼zunino/tea
hing/
omputability/assignments

Please do not submit a �le 
ontaining only the answers; edit this

�le, instead, �lling the answer se
tions.

1 Question

Prove that the set

A = {n | φn(5 + n) = 7}

is RE .

1.1 Answer

...

(Answered in previous uploaded �le)

2 Question

Prove that the set A de�ned above is not re
ursive, following the sket
h below:

1. Prove that g(n, x) = 7 · χ̃K(n) is a re
ursive partial fun
tion.

2. Prove that f(n) = #

(

λx.

{

7 if n ∈ K

undefined otherwise

)

is a re
ursive total

fun
tion.

3. Prove that χK(n) = χA(f(n)) for all n. (If n ∈ K then ... If n /∈ K then

...)

4. Prove that is A were re
ursive, then the set K would be re
ursive as well.

5. Con
lude that A 
an not be re
ursive.
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2.1 Answer

...

1. The set K ∈ RE\R, hen
e its 
hara
teristi
s funtion χ̃K is a re
ursive

partial fun
tion. The 
omposition of this fun
tion with the produ
t (re
ursive

total fun
tion) returns a re
ursive partial fun
tion. Hen
e g(n, x) is a re
ursive

partial fun
tion.

2. If n ∈ K then f(n) = #(λx.7), sin
e (λx.7) ∈ R there exists an index

i su
h that ϕi = (λx.7) ∧ i = #(λx.7), hen
e f(n) is de�ned. If n /∈ K then

f(n) = #(λx. ↑), sin
e (λx. ↑) ∈ R there exists an index j su
h that ϕj = (λx. ↑
) ∧ j = #(λx. ↑), hen
e f(n) is de�ned. (RZ: not a good reasoning. Written

like this, it seems that f is implemented as �if n ∈ K then return i else return j�

whi
h is wrong be
ause K is not re
ursive. It is important here to use the smn

theorem and 
he
k that the body b(n, x) =

{

7 if n ∈ K

undefined otherwise

is re
ursive

partial, hen
e h is re
rusive total (and inje
tive)) As a 
onsequen
e ∀n.f(n) ↓,
i.e. f is a total re
ursive fun
tion.

3.

n ∈ K =⇒ ϕn(n) ↓ ∧XK(n) = 1
(n ∈ K =⇒ f(n) = #(λx.7)) ∧ ((λx.7) ∈ R =⇒ ∃i.ϕi = (λx.7)) =⇒

ϕi(5 + i) = 7 ∧ XA(n) = XA(i) = 1
n /∈ K =⇒ ϕn(n) ↑ ∧XK(n) ↑
(n /∈ K =⇒ f(n) = #(λx. ↑)) ∧ ((λx. ↑) ∈ R =⇒ ∃j.ϕj = (λx. ↑)) =⇒

ϕj(5 + j) ↑ ∧XA(n) = XA(j) ↑
Hen
e χK(n) = χA(f(n)) .
(RZ: why don't you write ϕf(n)(x) = . . .? It's not 
ompletely 
lear that i

and j stand for f(n) in these two 
ases)

4. Let's suppose by 
ontraddi
tion that A is re
ursive, and 
onsider the

following fun
tion:

ψ(x, y) =

{

7 x ∈ K

↑ o.w.
, sin
e K ∈ RE the guard 
he
k is a partial re
ursive

fun
tion (RZ: it's not a fun
tion, it's a property/predi
ate. and it is not even

re
ursive! It is only RE), 1 is re
ursive (RZ: why 1?) and ↑is re
ursive (RZ: this
is not enough. When the guard is only RE, to apply the �if-then-else� lemma

you need this to be exa
tly �undef� � just being re
ursive is not enough (unless

the guard is re
ursive)) ψ is re
ursive as well.

Then, by s-m-n theorem there exists a re
ursive (total) fun
tion g s.t.

ψ(x, y) = ϕg(x)(y). Then we have:

(RZ: your g was meant to be the f above (not an error, but just a remark))

x ∈ K =⇒ ψ(x, y) = ϕg(x)(y) = 7 =⇒ ∀y ∈ N.ϕg(x)(y) = 7 =⇒ ϕg(x)(5 +
g(x)) = 7 =⇒ g(x) ∈ A

x /∈ K =⇒ ψ(x, y) = ϕg(x)(y) ↑=⇒ ∀y ∈ N.ϕg(x)(y) ↑=⇒ ϕg(x)(5 +
g(x)) ↑=⇒ g(x) /∈ A

So we obtained that K � A, but A ∈ R for hypothesis therefore K ∈ R.

5. However we know that K /∈ R, therefore A /∈ R as well.
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3 Question

Prove whether the set Ā is RE , with A as de�ned above.

3.1 Answer

...

(Answered in previously uploaded �le)

V'Ger
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