
Computability Assignment

Year 2012/13 - Number 9

Please keep this �le anonymous: do not write your name inside this �le.

More information about assignments at http://disi.unitn.it/∼zunino/teahing/omputability/assignments

Please do not submit a �le ontaining only the answers; edit this
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1 Question

Assume that f is a reursive partial funtion satisfying the following property:

∀n,m ∈ N. f(2n3m) =

{

m+ 1 if φn(m) = 0

0 otherwise

(Note that the above makes no guarantees on e.g. what f(7) atually is).

Prove that:

1. The set A = {n | φn(5 · n) = 0} is reursive.

2. (Harder, feel free to skip it)

The set B = {n | φn(2) = 5} is reursive.

(Note: atually f is a non reursive funtion, and A,B are non reursive sets.

Still, I'm interested in how one proves the above portion of a redution argu-

ment.)

1.1 Answer

...

1.

We shall de�ne a veri�er vA for A:

vA(x) =

{

1 if f(2x35x) = 5x+ 1

0 o.w.

(RZ: don't onfuse a harateristi funtion with a veri�er (whih is a pro-

gram implementing the har.funtion))
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The veri�er of A is reursive under the assumption of f being reursive

(whih is not).

(RZ: ok, note that f(2n35n) = 5x+1 is reursive beause f is reursive and

f(2n3m) is de�ned. If the latter ould be unde�ned, then that prediate would

not be reursive.)

Let's hek that it's also properly de�ned:

vA(x) = 1 ⇐⇒ f(2x35x) = 5x+ 1 ⇐⇒ ϕx(5x) = 0 ⇐⇒ x ∈ A
vA(x) = 0 ⇐⇒ f(2x35x) = 0 ⇐⇒ ϕx(5x) 6= 0 ⇐⇒ x /∈ A
(RZ: OK. Formally, the �rst hain of ⇐⇒ is enough. In an exam, I'd expet

more justi�ation � here it's OK.)

2.

De�ne

ψ(x, y) =

{

0 if ϕx(y) = 5

↑ o.w.

it's easy to see that ψ is reursive (RZ: ok, in an exam, state why (e.g. using

the �if-then-else� lemma on RE prediates)), hene by s-m-n theorem there

exists a (total) reursive funtion g s.t. ψ(x, y) = ϕg(x)(y).
Now we an de�ne vB for B in the following way:

vB(x) =

{

1 if f(2g(x)32) = 3

0 o.w.

Again, the veri�er of B is reursive under the assumption of f being reursive

(whih is not). Let's hek that it's also properly de�ned:

vB(x) = 1 ⇐⇒ f(2g(x)32) = 3 ⇐⇒ ϕg(x)(2) = 0 ⇐⇒ ϕx(2) = 5 ⇐⇒ x ∈ B

vB(x) = 0 ⇐⇒ f(2g(x)32) = 0 ⇐⇒ ϕg(x)(2) ↑⇐⇒ ϕx(2) 6= 5 ⇐⇒ x /∈ B

V'Ger
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