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1 Question

Prove that the following set is not A-definable.

A={#M |IneN. M™n™" =4, 57}

1.1 Answer

e (sem. closed) #M € A= In.M ™n" =g, "5 VN.M =5, N = M "™n" =g,
NTnmV=g, "57= #N c A

e (not empty) #(An."57) € A
e (not N) #(An.m07) ¢ A

By Rice’s theorem, A is not A-definable.

2 Question

Prove that the following set is semantically closed. Then, prove that it is A-
definable.

A={#M|VN €A NM=4,1}


http://disi.unitn.it/~zunino/teaching/computability/assignments

2.1 Answer

e (sem. closed) #M € A = VN € ANM =g, IVM' € AM =5, M' =
NM =4, NM' =4, 1
(RZ: you don’t need this!)

e We prove A = @. Suppose IM.YN € ANM =g, I, Let N' = A\m.KQm €
A, we have N'M =g, Q. Hence V4 = An.F.

Note.

The following exercise is harder. Feel free to skip it.

3 Question

Prove whether the following set is A-definable.

A= {#M | MTM" =5, M}

(Note: there is at least one simple solution to this. You do not need to try
huge formulae for this.)

3.1 Answer

Due to the result we had during the lecture, this set is not semantically closed
(from M =g,, N, we can hardly have "M™ =g, "N 7). It seems a hard set.

Let’s suppose it is A-definable. Then we can write a verifier V4.

Thus B = {#M | KM =g,, M} is A-defined by

Ve = An.V4(AppKn)
(RZ: should be Vg = An.V4(App K (Num n)))
We show that such a Vp does work. Indeed,
KMTKM" =5, KM = KM =5, M

(RZ: ok, a bit more details about why Vg works (in the exam, at least))
However, B is not A-definable according to Rice’s theorem:

e B is sem. closed. M =pBn N ANKM =pBn M = KM =pBn KN =g M =pan
N

e B is not empty, by Tarski, take M = OK.
e Bisnot N, KK #A3, K

We reach a contradiction, hence A is not A-definable.
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