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Year 2012/13 - Number 4

Please keep this �le anonymous: do not write your name inside this �le.

More information about assignments at http://disi.unitn.it/∼zunino/tea
hing/
omputability/assignments

Please do not submit a �le 
ontaining only the answers; edit this

�le, instead, �lling the answer se
tions.

1 Preliminaries

A partial fun
tion g is said to be a restri
tion of a partial fun
tion f , written

g ⊆ f i�

∀x ∈ dom(g). g(x) = f(x)

Note: this notation �overloads� the symbol ⊆. Indeed, we shall write A ⊆ B

to express a subset relation between two sets, and g ⊆ f to express a restri
tion

relation between two fun
tions.

(From a formal point of view, sin
e we de�ned fun
tions as set of pairs the

two notions 
oin
ide: the restri
tion relation above is equivalent to requiring

that 〈a, b〉 ∈ g =⇒ 〈a, b〉 ∈ f for all a, b, whi
h indeed states that g is a

�subset� of f).

2 Question

Let F be the set of partial fun
tions {f ∈ (N N)|∀x ∈ N. f(2 · x) = x}.

• De�ne two distin
t partial fun
tions f1, f2 whi
h belong to F . (I.e, provide

two su
h examples.)

• De�ne two distin
t partial fun
tions g1, g2 whi
h do not belong to F . (I.e,

provide two su
h examples.)

• De�ne a partial fun
tion f ∈ F , and 
onsider the set of its �nite restri
-

tions G = {g ∈ (N N)|g ⊆ f ∧ dom(g) �nite}.

� De�ne two distin
t partial fun
tions h1, h2 whi
h belong to G. (I.e,

provide two su
h examples.)
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� Prove whether F ∩ G = ∅.

2.1 Answer

(RZ: the question was about partial fun
tions f ∈ (N N), not from A to B)

• f1 : A → B where A = {0} ∧B = {0}.

• g1 : A → B where A = {2} ∧B = {4}, g2 the same with an other domain

and range di�erent from f1.

• the examples of g1 also applyes for h1 and h2.

• Let assume that F ∩ G = ∅, take g1 ∈ F ∧ h1 ∈ G as de�ned before. But

g1 = h1 ⇒ F ∩ G 6= ∅.

Note.

The next part is an advan
ed exer
ise. I'd suggest to skip it, unless you want

an extra 
hallenge.

3 Preliminaries

Let R be a set of inferen
e rules over elements of a set A. Then, R indu
es a

fun
tion R̂ ∈ (P(A) → P(A)) given by

R̂(X) = {y | ∃(
x1 . . . xn

z
) ∈ R ∧ y = z ∧ ∀i ∈ {1, . . . , n}.xi ∈ X}

4 Question

Let m,n range over natural numbers. Consider the following set of inferen
e

rules R

n m

n ·m 1

n

n · 2

an the sets

E = {2 · n | n ∈ N} O = {2 · n+ 1 | n ∈ N}

Then, answer the questions below.

1. State whether R̂(O) ⊆ O

2. State whether O ⊆ R̂(O)

3. State whether R̂(E) ⊆ E
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4. State whether E ⊆ R̂(E)

5. State whether R̂(N) ⊆ N

6. State whether N ⊆ R̂(N)

7. State whether R̂(E ∪ {1}) ⊆ E ∪ {1}

You may whish to exploit the answer for some question when answering another.

Finally:

1. Chara
terize the minimum �xed point of R̂, i.e.

⋂
{X | R̂(X) = X}

2. Chara
terize the maximum �xed point of R̂, i.e.

⋃
{X | R̂(X) = X}

4.1 Answer

Following the numeration above:

1. No, be
ause applying the se
ond and the third roule you 
an always

indrodu
e 2 in the set, whi
h is not present in the set O.

2. No, be
ause is not possible to generate 3 whit the three roules above.

3. No, be
ause the se
ond roule introdu
es 1.

4. No, be
ause is not possible to generate 6.

5. Yes, be
ause with the �rst and the se
ond roule you 
an always de
ompose

a number in its prime fa
tors, so you 
an generate every number. (S
omposizione

in fattori primi, non so se si tradu
a 
osì)

6. Yes, with the same motivaion above.

7. Yes, be
ause is not possible to generate odd numbers rather than 1

without addition.
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