
Question 1. Let A,B be sets, and idA, idB are identity fun
tions over A,B re-

spe
tively. Assume f ∈ (A → B) and g ∈ (B → A) are fun
tions satisfying

g ◦ f = idA and f ◦ g = idB. Prove that f is a bije
tion.

Solution 1. Suppose by 
ontradi
tion f is either (i) not inje
tive or (ii) not

surje
tive.

Case (i), if f is not inje
tive then there exists a, a′ ∈ A, a 6= a′, with f(a) =
f(a′). This implies that |f(A)| ≤ |A − 1|, whi
h implies that |f(A)| < |A|, now
this implies that |g(f(A))| < |A|, sin
e g is a fun
tion (and not a relation), and

hen
e g(f(A)) 6= A, and hen
e our assumption that g◦f = idA is a 
ontradi
tion.

(RZ: this is 
orre
t only if the sets are �nite, with in�nite sets |A| − 1 = |A|)
Case (ii), if f is not surje
tive then f(A) ⊂ B, hen
e f(g(B)) ⊂ B, hen
e

our assumption that f ◦ g = idB, is a 
ontradi
tion.

Sin
e we proved that the ne
essary 
onditions for f not bieng bije
tive does

not hold, f is bije
tive ⊓⊔

Let A,B be sets, and let f ∈ (A ↔ B) be a bije
tion. De�ne a bije
tion g ∈
(P (A) ↔ P (B) and prove it is a bije
tion

Solution 2. Let g : P (A) → P (B) be su
h that, for any A′ ∈ P (A), g(A′) =
{f(a)|a ∈ A′}, In order to prove that g is a bije
tion, we show that g is (i)

inje
tive and (ii) surje
tive

(i) By 
ontradi
tion if g is not inje
tive then there exists A′ 6= A′′ ⊆ P (A),
su
h that g(A′) = g(A′′), whi
h by de�nition implies that f(A′) = f(A′′), but
sin
e A′ 6= A′′

, our assumption that f is inje
tive is a 
ontradi
tion.

(ii) By 
ontradi
tion if g is not surje
tive then there exists B′ ∈ P (B) su
h
that, for any A′ ∈ P (A), g(A′) 6= B′

, but this implies that f(A′) 6⊆ B, but this

is a 
ontradi
tion to our assumption that f ∈ (A → B).

Sin
e we proved that the ne
essary 
onditions for g not bieng bije
tive does

not hold, g is bije
tive

Question 2. Let A and B be sets, and let b 6∈ B. De�ne a bije
tion f between the

set of partial fun
tions (A  B) and the set of total fun
tions (A → B ∪ {b}).
Prove that it is a bije
tion

Solution 3. for any g ∈ (A B), de�ne f(g) as follows, for any a ∈ A,

f(g)(a) =

{

g(a) ,if g(a) is de�ned
b ,otherwise

We prove that f is a bije
tion by proving (i) f is inje
tive and (ii) surje
tive

(i) If f in inje
tive, then for any g, g′ ∈ (A B), if g 6= g′ then f(g) 6= f(g′).
By 
ontradi
tion, if f(g) = f(g′), then for any (c, d) ∈ f(g), (c, d) ∈ f(g′) and
vi
e versa. But this implies that g = g′, sin
e by 
onstru
tion g and g′ are

respe
tively the sets obtained by removing the pairs (x, b), for any x, from f(g)
and f(g′)) respe
tively. Hen
e (i) is true



(ii) for any g ∈ (A → B ∪ {b}), we know from 
onstru
tion of f , f−1(g) is as
follows, for any a ∈ A,

f−1(g)(a) =

{

unde�ned , if g(a) = b

g(a) , otherwise

, sin
e any su
h f−1(g) ∈ (A B), f is surje
tive

Question 3. De�ne a bije
tion f ∈ [(P (A) × P (B)) → P (A ⊎B)]. Prove that is
su
h

Solution 4. Let 1, 2 be the tags assigned to the elements of sets A,B respe
tively,

for the operation ⊎. Let f be de�ned as follows: for any (A′, B′) ∈ P (A)×P (B),
as

f((A′, B′)) = {(1, a)|a ∈ A′} ∪ {(2, b)|b ∈ B′}

In order to prove f is an bije
tion, we prove (i) f is inje
tive and (ii) f is

surje
tive.

(i) Suppose by 
ontradi
tion, f is not inje
tive then there exists pairs (A′, B′), (A′′, B′′) ∈
P (A) × P (B), su
h that (A′, B′) 6= (A′′, B′′) and f((A′, B′)) = f((A′′, B′′)). If
f((A′, B′)) = f((A′′, B′′)), then, sin
e by 
onstru
tion any element in f((A′, B′))
is of the form (1, a) or (2, b), the set {a|(1, a) ∈ f((A′, B′))} = {a|(1, a) ∈
f((A′, B′))}, and {b|(2, b) ∈ f((A′, B′))} = {b|(2, b) ∈ f((A′′, B′′))}. But this

implies that (A′, B′) = (A′′, B′′), whi
h is a 
ontradi
tion to our assumption.

(ii) In order to prove that f is surje
tive. By 
onstru
tion of f , the inverse

of f , f−1 : P (A ⊎B) → P (A)× P (B) is given as: For any set X ∈ P (A ⊎B)

f−1(X) = {({a|(1, a) ∈ X}, {b|(2, b) ∈ X})}

Now for any X ∈ P (A ⊎ B), one of the following mutually ex
lusive exhaustive


ases is true :

1. X is empty � if this is the 
ase, then f−1(X) = (∅, ∅)
2. {a|(1, a) ∈ X} is not empty, and {b|(2, b) ∈ X} is empty � if this is the 
ase,

then f−1(X) if of the form ({a|(1, a) ∈ X}, ∅)
3. {a|(1, a) ∈ X} is empty, and {b|(2, b) ∈ X} is not empty � if this is the 
ase,

then f−1(X) = (∅, {b|(2, b) ∈ X})
4. {a|(1, a) ∈ X} is not empty, and {b|(2, b) ∈ X} is not empty � if this is the


ase, then f−1(X) = ({a|(1, a) ∈ X}, {b|(2, b) ∈ X})

Sin
e in ea
h of the above 
ases, show that f−1
is de�ned, f is surje
tive

Question 4. De�ne a bije
tion, f ∈ [((A ⊎B) → C) ↔ ((A → C)× (B → C))]

Solution 5. Let 1, 2 be the tags assigned to the elements of sets A,B respe
tively,

for the operation ⊎. We de�ne the bije
tion f as follows: for any g ∈ ((A⊎B) →
C),

f(g) = ({(a, c)|((1, a), c) ∈ g}, {(b, c)|((2, b), c) ∈ g})



In order to prove that f is bije
tive, we prove f is both (i) inje
tive and (ii)

surje
tive.

(i) By 
ontradi
tion, if f is not inje
tive, then there exists g, g′ ∈ ((A⊎B) →
C), g 6= g′ su
h that f(g) = f(g′). Let f(g) = (h1, h

′

1
) and f(g′) = (h2, h

′

2
), but

sin
e f(g) = f(g′), h1 = h2 and h′

1
= h′

2
. But by 
onstru
tion of f , this implies

that g = g′.

(ii) In order to prove that f is surje
tive, We 
onstru
t the inverse of f ,

f−1 : ((A → C)× (B → C)) → ((A ⊎B) → C) as: For any pair (h, h′) ∈ ((A →
B)× (B → C))

f−1((h, h′)) = {((1, a), c)|(a, c) ∈ h} ∪ {((2, b), c)|(b, c) ∈ h′}

Sin
e f−1
is de�ned for any (h, h′) ∈ ((A → B)× (B → C)), f is surje
tive.

Question 5. De�ne a bije
tion, f ∈ [(A → (B × C)) ↔ ((A → B)× (A → C))]

Solution 6. We de�ne the bije
tion f as follows: for any g ∈ (A → (B × C)),

f(g) = {((a, b), (a, c))|(a, (b, c)) ∈ g}

In order to prove that f is bije
tive, we prove f is both (i) inje
tive and (ii)

surje
tive.

(i) By 
ontradi
tion, if f is not inje
tive, then there exists g, g′ ∈ (A →
(B×C)), g 6= g′ su
h that f(g) = f(g′). Let f(g) = (h1, h

′

1
) and f(g′) = (h2, h

′

2
),

but sin
e f(g) = f(g′), h1 = h2 and h′

1
= h′

2
. But by 
onstru
tion of f , this

implies that g = g′.

(ii) In order to prove that f is surje
tive, We 
onstru
t the inverse of f ,

f−1 : ((A → B)× (A → C)) → (A → (B × C)) as: For any pair (h, h′) ∈ ((A →
B)× (B → C))

f−1((h, h′)) = {(a, (b, c))|(a, b) ∈ h ∧ (a, c) ∈ h′}

Sin
e f−1
is de�ned for any (h, h′) ∈ ((A → B)× (A → C)), f is surje
tive.
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