Question 1. Let A, B be sets, and id 4, idp are identity functions over A, B re-
spectively. Assume f € (A — B) and g € (B — A) are functions satisfying
go f=1dy and f o g =1idp. Prove that f is a bijection.

Solution 1. Suppose by contradiction f is either (i) not injective or (ii) not
surjective.

Case (i), if f is not injective then there exists a,a’ € A,a # o/, with f(a) =
f(a’). This implies that |f(A)| < |A — 1|, which implies that |f(A)| < |A|, now
this implies that |g(f(A))| < |A], since g is a function (and not a relation), and
hence g(f(A)) # A, and hence our assumption that go f = id 4 is a contradiction.
(RZ: this is correct only if the sets are finite, with infinite sets |A| — 1 = |A])

Case (ii), if f is not surjective then f(A) C B, hence f(¢g(B)) C B, hence
our assumption that f o g =1dp, is a contradiction.

Since we proved that the necessary conditions for f not bieng bijective does
not hold, f is bijective O

Let A, B be sets, and let f € (A + B) be a bijection. Define a bijection g €
(P(A) +» P(B) and prove it is a bijection

Solution 2. Let g : P(A) — P(B) be such that, for any A’ € P(A),g(4") =
{f(a)la € A’}, In order to prove that g is a bijection, we show that g is (i)
injective and (ii) surjective

(i) By contradiction if g is not injective then there exists A’ # A” C P(A),
such that g(A’) = g(A”), which by definition implies that f(A’) = f(A”), but
since A" # A”, our assumption that f is injective is a contradiction.

(ii) By contradiction if ¢ is not surjective then there exists B’ € P(B) such
that, for any A’ € P(A), g(A") # B’, but this implies that f(A’) € B, but this
is a contradiction to our assumption that f € (A — B).

Since we proved that the necessary conditions for g not bieng bijective does
not hold, g is bijective

Question 2. Let A and B be sets, and let b ¢ B. Define a bijection f between the
set of partial functions (A ~~ B) and the set of total functions (4 — B U {b}).
Prove that it is a bijection

Solution 3. for any g € (A ~» B), define f(g) as follows, for any a € A,

~ Jg(a) if g(a) is defined
Hg)a) = {b ,otherwise

We prove that f is a bijection by proving (i) f is injective and (ii) surjective

(i) If f in injective, then for any ¢g,¢’ € (A ~ B), if g # ¢’ then f(g) # f(¢’).
By contradiction, if f(g) = f(¢’), then for any (¢,d) € f(g), (¢,d) € f(¢') and
vice versa. But this implies that ¢ = ¢’, since by construction g and ¢’ are
respectively the sets obtained by removing the pairs (z,b), for any x, from f(g)
and f(g')) respectively. Hence (i) is true



(ii) for any g € (A — BU{b}), we know from construction of f, f~*(g) is as
follows, for any a € A,
1 [ undefined ,if g(a) =0
F={9)a) = {g(a) , otherwise

, since any such f~1(g) € (A ~ B), f is surjective

Question 3. Define a bijection f € [(P(A) x P(B)) — P(AW B)]. Prove that is
such

Solution 4. Let 1,2 be the tags assigned to the elements of sets A, B respectively,
for the operation W. Let f be defined as follows: for any (A’, B') € P(A) x P(B),
as

(A, B) ={(1,a)la € A} U{(2,b)]b € B'}

In order to prove f is an bijection, we prove (i) f is injective and (ii) f is
surjective.

(i) Suppose by contradiction, f is not injective then there exists pairs (4’, B'), (A", B"”) €
P(A) x P(B), such that (A, B') # (A", B") and f((A",B')) = f((A”, B")). If
F((A",B") = f((A”, B")), then, since by construction any element in f((A’, B))
is of the form (1,a) or (2,b), the set {a|(1,a) € f((A',B’))} = {a|(1,a) €
F((A, BY)}, and {b](2,8) € F((A', B)} = {bl(2.0) € F((A”,B"))}. But this
implies that (A’, B’) = (A”, B”), which is a contradiction to our assumption.

(ii) In order to prove that f is surjective. By construction of f, the inverse
of f, f71: P(AW B) — P(A) x P(B) is given as: For any set X € P(AW B)

F7HX) = {({al(1,0) € X}, {bl(2,0) € X})}

Now for any X € P(AW B), one of the following mutually exclusive exhaustive
cases is true :

1. X is empty — if this is the case, then f~1(X) = (0,0)

2. {al(1,a) € X} is not empty, and {b|(2,b) € X} is empty — if this is the case,
then f~1(X) if of the form ({a|(1,a) € X},0)

3. {a|(1,a) € X} is empty, and {b[(2,b) € X} is not empty — if this is the case,
then f~1(X) = (0, {b[(2,b) € X})

4. {a|(1,a) € X} is not empty, and {b|(2,b) € X} is not empty — if this is the
case, then f~1(X) = ({a|(1,a) € X},{b](2,0) € X})

Since in each of the above cases, show that f~! is defined, f is surjective
Question 4. Define a bijection, f € [((AWB) — C) < (A — C) x (B — ())]

Solution 5. Let 1,2 be the tags assigned to the elements of sets A, B respectively,
for the operation W. We define the bijection f as follows: for any g € (AW B) —
),

f(g9) = ({(a,0)[((1,a),c) € g},{(b, 0)|((2,0),¢) € g})



In order to prove that f is bijective, we prove f is both (i) injective and (ii)
surjective.

(i) By contradiction, if f is not injective, then there exists g,¢’ € (AW B) —
C), g # g’ such that f(g) = f(¢'). Let f(g) = (h1,hy) and f(g') = (ha, h3), but
since f(g) = f(g’), h1 = ho and h} = h}. But by construction of f, this implies
that g = ¢'.

(ii) In order to prove that f is surjective, We construct the inverse of f,
1 (A—=C)x (B—=C)) = ((A¥B) — C) as: For any pair (h,h’) € ((A —
B) x (B—(Q))

F7H(R 1Y) = {((1a), )l(a, ) € K} U{((2,0),0)|(b,c) € h'}
Since f~! is defined for any (h,h’) € ((A — B) x (B — C)), f is surjective.
Question 5. Define a bijection, f € [(A — (B x C)) <> (A — B) x (A — ())]

Solution 6. We define the bijection f as follows: for any g € (A — (B x C)),

f(g) = {((a,b), (a,¢))|(a; (b)) € g}

In order to prove that f is bijective, we prove f is both (i) injective and (ii)
surjective.

(i) By contradiction, if f is not injective, then there exists g,¢’ € (A —
(Bx()), g # g such that f(g) = f(g'). Let f(g) = (h1,h}) and f(g') = (ha, h3),
but since f(g) = f(¢'), h1 = he and A} = h). But by construction of f, this
implies that g = ¢'.

(ii) In order to prove that f is surjective, We construct the inverse of f,
1 (A—=B)x (A—C)) = (A— (B x()) as: For any pair (h,h’) € ((A —
B) x (B —())

F7H(h 1)) = {(a, (b,¢)|(a,b) € h A (a,c) € W'}

Since f~1 is defined for any (h,h’) € ((A — B) x (A — C)), f is surjective.
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