
Computability Assignment

Year 2012/13 - Number 3

Please keep this �le anonymous: do not write your name inside this �le.

More information about assignments at http://disi.unitn.it/∼zunino/tea
hing/
omputability/assignments

Please do not submit a �le 
ontaining only the answers; edit this

�le, instead, �lling the answer se
tions.

1 Question

Let A,B be sets, and let idA, idB denote the identity fun
tions over A and B
respe
tively. Assume f ∈ (A → B) and g ∈ (B → A) be fun
tions satisfying

g ◦ f = idA and f ◦ g = idB. Prove that f is a bije
tion (i.e., inje
tive and

surje
tive).

1.1 Answer

...

trivia: f ◦ g ∈ (B → B), (f ◦ g)(b) = f(g(b)).∀b ∈ B, g ◦ f ∈ (A →
A), (g ◦ f)(a) = g(f(a)).∀a ∈ A

trivia: idB ∈ (B → B), idB(b) = b.∀b ∈ B, idA ∈ (A → A), idA(a) =
a.∀a ∈ A

Demonstration:

1. Inje
tivity

By de�nition, a (total) fun
tion is a relation that maps an input of the

domain in exa
tly one point of the 
odomain.

Let's suppose for 
ontraddi
tion that there exist two elements a1, a2 su
h

that b = f(a1) and b = f(a2) with a1 6= a2.
Sin
e g ◦ f = idA, we have that g(f(a1)) = g(b) = a1 and g(f(a2)) = g(b) =

a2.
However, g is a (total) fun
tion therefore there must exist only one element

a ∈ A su
h that g(b) = a.
Hen
e a1 = a2.
2. Surje
tivity

Let's suppose for 
ontraddi
tion that ∃b ∈ B.∀a ∈ A.f(a) 6= b.
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Then for this element b we have that f ◦ g(b) 6= b, otherwise it would exist

an a ∈ A su
h that idB(b) = f ◦ g(b) = f(g(b)) = f(a) = b. ⊥ (this is exa
tly

one of our preliminary hyphotesis)

Hen
e, f is surje
tive (same holds for g)
3. Inje
tive && Surje
tive => Bije
tive.

2 Question

Let A,B be sets, and let f ∈ (A ↔ B) be a bije
tion. De�ne a bije
tion

g ∈ (P(A) ↔ P(B)) and prove it is su
h.

2.1 Answer

...

g : P(A) ↔ P(B), g = {(A′, B′)|A′ ∈ P(A)∧B′ ∈ P(B)∧B′ =
⋃

a′∈A′ f(a′)}.
(RZ: maybe g = {(A′, B′)|A′ ∈ P(A) ∧B′ ∈ P(B) ∧B′ = {f(a′) | a′ ∈ A′}}

is a more 
lear notation)

1. Inje
tivity

Let's suppose for 
ontraddi
tion that there exist two elements A1, A2 ∈ P(A)
su
h that B′ = g(A1) and B′ = g(A2) (B

′ ∈ P(B)) with A1 6= A2.

A1 6= A2 =⇒ ∃a ∈ (A1 ∪A2)\(A1 ∩ A2) =⇒ ∃b ∈ B.b = f(a). (sin
e a ∈ A)
Without loss of generality, let's suppose a ∈ A1.

Then by de�nition of g, (A1, B
′) ∈ g =⇒ b ∈ B′

and also b ∈ B′ ∧ (A2, B
′) ∈

g =⇒ a = f−1(b) ∈ A2, 
ontraddi
tion.

Hen
e, g is inje
tive.

2. Surje
tivity

Let's suppose for 
ontraddi
tion that ∃B′ ∈ P(B).∀A′ ∈ P(A).g(A′) 6= B′
.

Sin
e f is a bije
tion, it has an inverse f−1 ∈ (B ↔ A). So, let's de�ne a

new set parametri
 in B′
:

AB′ = {a ∈ A|∃b ∈ B′.a = f−1(b)}. It's easy to see that AB′ ⊆ A (hen
e

AB′ ∈ P(A)), and that B′ =
⋃

a∈A
B′

f(a).

But this means that (AB′ , B′) ∈ g, sin
e we have ful�lled all the require-

ments. Contraddi
tion.

Hen
e, g is surje
tive.

3. Inje
tive && Surje
tive => Bije
tive

3 Question

Let A,B be two sets, and let b 6∈ B. De�ne a bije
tion f between the set of

partial fun
tions (A B) and the set of total fun
tions (A → B ∪ {b}). Prove
that is is su
h.
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3.1 Answer

...

Sin
e I've a narrowed imagination, i want to verify in advan
e that su
h a

bije
tion might exist.

theorem: Among two �nite sets there exists a bije
tion if and only if they

have the same 
ardinality.

So let's do some preliminary 
onsiderations, in 
ase A,B are �nite sets:

a. The set of total fun
tions (A → B) has 
ardinality|(A → B)| = |B||A|
,

with no restri
tions of type �surje
tivity/inje
tivity�.

b. The set of partial fun
tions (A  B) has 
ardinality |(A  B)| =

1+
∑|A|

i=1 |B|i |A|!
(|A|−i)!i! , with no restri
tions of type �surje
tivity/inje
tivity�. [�rst

�1� a

ounts for the empty fun
tion℄


. The Binomial Formula states (1 + x)n =
∑n

i=0 x
i n!
(n−i)!i! , therefore..

d. ..the set of total fun
tions (A → B ∪ {b}), b /∈ B, has 
ardinality |(A →

B ∪ {b})| = (1 + |B|)|A| =
∑|A|

i=0 |B|i |A|!
(|A|−i)!i! = 1 +

∑|A|
i=1 |B|i |A|!

(|A|−i)!i!

Note: I 've 
al
ulated these formulas without the support of referen
es, so I

advi
e you to be suspi
ious and verify them.

Trusting my estimations, one 
an 
on
lude that su
h a bije
tion exists in the


ase of �nite sets.

That's great,. With this renewed self
on�den
e let's try to think harder to

the (obvious) example.

A possible bije
tion 
ould be f = {(h, g)|h : (A B) ∧ g : (A → B ∪ {b}) ∧
h = {(x, y)|x ∈ A ∧ y ∈ B ∧ (x, y) ∈ g}}, f : ((A B) ↔ (A → B ∪ {b})).

Intuitively, two fun
tions h : (A B), g : (A → B ∪ {b}) are in relation by

means of f i� the partial fun
tion h is the restri
tion of g on (A B).
So let's try to demonstrate that f is bije
tive:

1. Inje
tivity

Let h1, h2 ∈ (A B) be s.t. f(h1) = f(h2) = g ∈ (A → B ∪ {b}), we want
to show that h1 = h2 follows ne
essarily.

g = f(h1) = f(h2) =⇒ (h1, g) ∈ f ∧ (h2, g) ∈ f =⇒ h1 = h2 = {(x, y)|x ∈
A ∧ y ∈ B ∧ (x, y) ∈ g}

2. Surje
tivity

Let's take an arbitrary g ∈ (A → B ∪ {b}), and build its own restri
tion

zg = {(x, y)|x ∈ A ∧ y ∈ B ∧ (x, y) ∈ g}.
By de�nition of zg , dom(zg) ⊆ A and range(zg) ⊆ B, so it is a partial

fun
tion belonging to (A B) .
3. Totality

It is important to remark that f is total over the set (A  B), and this

follows intuitively by the observation that one 
an build

a total fun
tion g : (A → B ∪ {b}) starting from h : (A  B) using the

following de�nition

gh = {(x, y)|x ∈ A ∧ y ∈ B ∧ ((x, y) ∈ h ∨ y = b)}
whi
h univo
ally asso
iates a fun
tion gh to ea
h h. You 
an think of {b} as

a marker that states wherever h is unde�ned.
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3. Inje
tivity && Surje
tivity => Bije
tivity

To 
on
lude, let's observe that the de�nition of f is absolutely general and

makes no assumptions on the 
ardinality

of the sets. Therefore it 
an be used also for in�nite sets.

Note.

...

The exer
ises below are harder. Feel free to skip them if you �nd them too

hard.

4 Question

De�ne a bije
tion f ∈ [(P(A)× P(B)) ↔ P(A ⊎B)]. Prove that is is su
h.

4.1 Answer

...

Again, we may repeat some 
ardinality 
onsiderations for the �nite sets 
ase:

a. |(P(A)× P(B)| = |P(A)| × |P(B)| = 2|A| + 2|B| = 2|A|+|B|

b. |P(A ⊎B)| = 2|A⊎B| = 2|A|+|B|

the 
ardinality is equal in both 
ases, therefore there exists a bije
tion among

the two sets.

trivia: if A is a set, then A× ∅ = ∅.
So let's try to de�ne one, assuming the existen
e of two arbitrary (possibly

in�nite) sets A,B:

fA,B = {(X,Y )|(X = (A′, B′)∧A′ ⊆ A∧B′ ⊆ B) =⇒ Y = (
⋃

a∈A′ < a, 0 >
) ∪ (

⋃
b∈B′ < b, 1 >)}, f : (P(A)× P(B)) ↔ P(A ⊎B)

1. Inje
tivity

Suppose X1, X2 ∈ (P(A) × P(B)) and Y = fA,B(X1) = fA,B(X2) ∈ P(A ⊎
B).

fA,B(X1) = fA,B(X2)
=⇒ X1 = (A′, B′) ∧ X2 = (A”, B”) ∧ Y = (

⋃
a∈A′ < a, 0 >) ∪ (

⋃
b∈B′ <

b, 1 >) = (
⋃

a∈A” < a, 0 >) ∪ (
⋃

b∈B” < b, 1 >)
=⇒ (

⋃
a∈A′ < a, 0 >) = (

⋃
a∈A” < a, 0 >) ∧ (

⋃
b∈B′ < b, 1 >) = (

⋃
b∈B” <

b, 1 >) [I left behind some obvious steps that lead to the next one℄

=⇒ A′ = A” ∧B′ = B” =⇒ X1 = (A′, B′) = (A”, B”) = X2

2. Surje
tivity

Let's take an arbitrary Y ∈ P(A ⊎ B) and 
onstru
t X = {(A′, B′)|A′ =
(
⋃

<a,0>∈Y a) ∧B′ = (
⋃

<b,1>∈Y b)}.
It's easy to see that A′ ⊆ A and B′ ⊆ B, therefore X ∈ (P(A)×P(B)) and

fA,B(X) = Y .

=⇒ fA,B is inje
tive, surje
tive and bije
tive.
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5 Question

De�ne a bije
tion f ∈ [((A ⊎B) → C) ↔ ((A → C)× (B → C))]. Prove that is
is su
h.

5.1 Answer

...

Again, let's try to repeat some 
ardinality analisys in the 
ase of �nite sets.

a. |((A ⊎B) → C)| = |C||(A⊎B)| = |C|(|A|+|B|)

b. |(A → C) × (B → C)| = |(A → C)| × |(B → C)| = |C||A| × |C||B| =
|C|(|A|+|B|)

sin
e the 
ardinalities 
oin
ide, we may 
on
lude that su
h a bije
tion exists

(at least) in the 
ase of �nite sets.

Good. Let A,B,C be arbitrary (possibly in�nite) sets, and g : ((A ⊎B) →
C), h : (A → C), r : (B → C) be pla
eholders for any fun
tion of that type.

Then a bije
tive f ∈ [((A ⊎B) → C) ↔ ((A → C)× (B → C))] 
an be de-

�ned as:

f = {(g, (h, r))|h = {(a, c)|(< a, 0 >, c) ∈ g} ∧ r = {(b, c)|(< b, 1 >, c) ∈ g}}
1. Inje
tive

Let g1, g2 ∈ ((A ⊎B) → C) and
(h, r) = f(g1) = f(g2) ∈ ((A → C)× (B → C))
=⇒ (h = {(a, c)|(< a, 0 >, c) ∈ g1} = {(a, c)|(< a, 0 >, c) ∈ g2}) ∧ (r =

{(b, c)|(< b, 1 >, c) ∈ g1} = {(b, c)|(< b, 1 >, c) ∈ g2})
=⇒ (¬∃(a, c) ∈ h.(< a, 0 >, c) ∈ (g1∪g2)\ (g1∩g2))∧ (¬∃(b, c) ∈ r.(< b, 1 >

, c) ∈ (g1 ∪ g2) \ (g1 ∩ g2))
=⇒ g1 = g2
2. Surje
tive

Pi
k an arbitrary (h, r) ∈ ((A → C) × (B → C)), it's possible to de�ne a

fun
tion

g(h,r) = {(x, c)|(x =< a, 0 > ∧(a, c) ∈ h) ∨ (x =< b, 1 > ∧(b, c) ∈ r)}
It's easy to see, by the properties of fun
tions h, r, that dom(g(h,r)) = (A⊎B)

and range(g(h,r)) ⊆ C, =⇒ g(h,r) ∈ ((A ⊎B) → C).
By 
onstru
tion, f(g(h,r)) = (h, r). Given that (h, r) has been 
hosen arbi-

trarily, we 
an 
on
lude that f is surje
tive.

=⇒ f is inje
tive, surje
tive and bije
tive.

6 Question

De�ne a bije
tion f ∈ [((A → (B × C)) ↔ ((A → B)× (A → C))]. Prove that

is is su
h.

6.1 Answer

...
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Cardinality Analisys, for �nite sets 
ase:

a. |(A → (B × C))| = |(B × C)||A| = (|B| × |C|)|A|

b. |(A → B) × (A → C)| = |(A → B)| × |(A → C)| = |B||A| × |C||A| =
(|B| × |C|)|A|

sin
e the 
ardinalities 
oin
ide, we may 
on
lude that su
h a bije
tion exists

(at least) in the 
ase of �nite sets.

Let A,B,C be arbitrarily 
hosen (possibly in�nite) sets, and g : (A →
(B × C)), h : (A → C), r : (A → C) be pla
eholders for any fun
tion of the

spe
i�ed type.

Then a bije
tive f ∈ [((A → (B × C)) ↔ ((A → B)× (A → C))] 
an be de-

�ned as:

f = {(g, (h, r))|h =
⋃

(a,(b,c))∈g(a, b) ∧ r =
⋃

(a,(b,c))∈g(a, c)}
1. Inje
tive

Let g1, g2 ∈ (A → (B × C)) and
(h, r) = f(g1) = f(g2) ∈ ((A → B)× (A → C))
=⇒ (h =

⋃
(a,(b,c′))∈g1

(a, b) =
⋃

(a,(b,c”))∈g2
(a, b)) ∧ (r =

⋃
(a,(b′,c))∈g1

(a, c) =
⋃

(a,(b”,c))∈g2
(a, c))

Pi
k an arbitrary (a, (b, c)) ∈ g1, we want to show that it also belongs to g2.
(a, (b, c)) ∈ g1 ∧ f(g1) = f(g2) =⇒ ∃(a, (b, c′)) ∈ g2 ∧ ∃(a, (b′, c)) ∈ g2
sin
e g2is a fun
tion, we know that g2(a) = (b, c′) = (b′, c) =⇒ b = b′∧c = c′

Hen
e (a, (b, c)) ∈ g2 and g1 ⊆ g2. Sin
e the proof 
an be done ba
kwards

too, g1 = g2.
2. Surje
tive

Pi
k an arbitrary (h, r) ∈ ((A → B)× (A → C)) and 
onstru
t a fun
tion

g(h,r) = {(a, (b, c))|b = h(a) ∧ c = r(a)}
then, by properties of fun
tions h, r, dom(g(h,r)) = A and range(g(h,r)) ⊆

(B × C) therefore g(h,r) ∈ ((A → (B × C)).
By 
onstru
tion, f(g(h,r)) = (h, r). Given that (h, r) has been 
hosen arbi-

trarily, we 
an 
on
lude that f is surje
tive.

=⇒ f is inje
tive, surje
tive and bije
tive.

Vyger
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