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1 Question

Let A, B be sets, and let id4,idg denote the identity functions over A and B
respectively. Assume f € (A — B) and g € (B — A) be functions satisfying
go f =ida and fog = idg. Prove that f is a bijection (i.e., injective and
surjective).

1.1 Answer

TRIVIA: fog € (B — B),(fog)() = f(g9(b))Yb € B, go f € (A —
A),(go f)a) =g(f(a)).Va € A

TRIVIA: idp € (B — B),idp(b) = b¥b € B, ida € (A — A),ida(a) =
aNYa € A

DEMONSTRATION:

1. Injectivity

By definition, a (total) function is a relation that maps an input of the
domain in exactly one point of the codomain.

Let’s suppose for contraddiction that there exist two elements a1, as such
that b = f(a1) and b = f(a2) with a1 # as.

Since g o f =id4, we have that g(f(a1)) = g(b) = a1 and g(f(a2)) = g(b) =
ag.

However, g is a (total) function therefore there must exist only one element
a € A such that g(b) =a

Hence a1 = as.

2. Surjectivity

Let’s suppose for contraddiction that 3b € B.VYa € A.f(a) # b.
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Then for this element b we have that f o g(b) # b, otherwise it would exist
an a € A such that idg(b) = fog(b) = f(g(b)) = f(a) =b. L (this is exactly
one of our preliminary hyphotesis)

Hence, f is surjective (same holds for g)

3. Injective && Surjective —> Bijective.

2  Question

Let A, B be sets, and let f € (A < B) be a bijection. Define a bijection
g € (P(A) < P(B)) and prove it is such.

2.1 Answer

g:P(A) < P(B),g={(A",B")|A" e P(A)A\B' € P(B)AB' = Jca f(a)}.

(RZ: maybe g = {(A",B")|A' ¢ P(A)ANB' € P(B)AB' ={f(da') | o' € A'}}
is a more clear notation)

1. Injectivity

Let’s suppose for contraddiction that there exist two elements A1, Ay € P(A)
such that B’ = g(A1) and B’ = g(Ay) (B’ € P(B)) with A; # As.

Ay # Ay = Fa € (A UA)\ (A1 NAz) = Tb e B.b= f(a). (since a € A)

Without loss of generality, let’s suppose a € A;.

Then by definition of g, (41,B’) € g=b € B’ and alsob € B'A(A2,B’) €
g == a= f1(b) € Ay, contraddiction.

Hence, ¢ is injective.

2. Surjectivity

Let’s suppose for contraddiction that 3B" € P(B).VA' € P(A).g(A") # B'.

Since f is a bijection, it has an inverse f~ € (B +> A). So, let’s define a
new set parametric in B’:

Ap = {a € A|Fb € B'.a = f~1(b)}. It’s easy to see that Agr C A (hence
Ap € P(A)), and that B" = ¢4, f(a).

But this means that (Ap/, B’) € g, since we have fulfilled all the require-
ments. Contraddiction.

Hence, g is surjective.

3. Injective && Surjective => Bijective

3 Question

Let A, B be two sets, and let b ¢ B. Define a bijection f between the set of
partial functions (A ~» B) and the set of total functions (A — B U {b}). Prove
that is is such.



3.1 Answer

Since I've a narrowed imagination, i want to verify in advance that such a
bijection might exist.

THEOREM: Among two finite sets there exists a bijection if and only if they
have the same cardinality.

So let’s do some preliminary considerations, in case A, B are finite sets:

a. The set of total functions (A — B) has cardinality|(A — B)| = |B|l4I,
with no restrictions of type “surjectivity/injectivity”.

b. The set of partial functions (A ~» B) has cardinality |[(A ~ B)| =
1+Z‘A‘ |B|* %, with no restrictions of type “surjectivity /injectivity”. [first
“1” accounts for the empty function]

c. The BINoMIAL FORMULA states (1 +z)" = Y1 ' m, therefore..

d. ..the set of total functions (A — B U{b}), b ¢ B, has cardinality [(A —
BUGBI= (14 B4 = 24 B Al = 14 Sl Al

Note: I've calculated these formulas without the support of references, so I
advice you to be suspicious and verify them.

Trusting my estimations, one can conclude that such a bijection exists in the
case of finite sets.

That’s great,. With this renewed selfconfidence let’s try to think harder to
the (obvious) example.

A possible bijection could be f = {(h,g)|h: (A~ B)Ag:(A— BU{b})A
h={(z.y)lr € ANy e BA(z,y) €g}}, f: (A~ B) < (A— BU{b})).

Intuitively, two functions h : (A ~~ B),g: (A — B U{b}) are in relation by
means of f iff the partial function h is the restriction of g on (4 ~» B).

So let’s try to demonstrate that f is bijective:

1. Injectivity

Let hq,he € (A~ B) be s.t. f(h1) = f(h2) =g € (A — BU{b}), we want
to show that hy = ho follows necessarily.

= f(hl) = f(hg) - (hl,g) efn (hg,g) €f= hy=he = {({E,y)|$ S
ANy € BA(x,y) € g}

2. Surjectivity

Let’s take an arbitrary g € (A — B U {b}), and build its own restriction
zg ={(z,y)lr € ANy € BA(z,y) € g}

By definition of z4 , dom(zy) € A and range(zy) C B, so it is a partial
function belonging to (A ~~ B) .

3. Totality

It is important to remark that f is total over the set (A ~» B), and this
follows intuitively by the observation that one can build

a total function g : (A — B U {b}) starting from h : (A ~» B) using the
following definition

gn ={(@,y)lxr € ANye BA((z,y) €ehVy=0b)}

which univocally associates a function g, to each h. You can think of {b} as
a marker that states wherever h is undefined.



3. Injectivity && Surjectivity => Bijectivity

To conclude, let’s observe that the definition of f is absolutely general and
makes no assumptions on the cardinality

of the sets. Therefore it can be used also for infinite sets.

Note.

The exercises below are harder. Feel free to skip them if you find them too
hard.

4 Question

Define a bijection f € [(P(A) x P(B)) <» P(AW B)]. Prove that is is such.

4.1 Answer

Again, we may repeat some cardinality considerations for the finite sets case:

a. [(P(A) x P(B)| = |P(A)| x |P(B)| = 2/l + 2|8 = 2lAI+IB]

b. |P(Aw B)| = 2/4¥Bl = 2lAl+I5]

the cardinality is equal in both cases, therefore there exists a bijection among
the two sets.

TRIVIA: if A is a set, then A x () = ().

So let’s try to define one, assuming the existence of two arbitrary (possibly
infinite) sets A, B:

fap ={(X,V)[(X = (A, BYNA CANB'CB)=Y = (Uyea <a,0>
JUUpep < b.1>)}, £ : (P(A) x P(B)) & P(Aw B)

1. Injectivity

Suppose X1, X5 € (P(A) X P(B)) and Y = fA,B(Xl) = fAJg(XQ) € P(A (]
B).
fa,B(X1) = fa,B(X2)
= X1 = (A, B)ANXy = (A", B")ANY = (Upear < a,0 >)U (Upen <
b,1>) = (Usen <a,0>)U(Upepr <b,1>)

= (Uaear <a,0>) = (Usear < 0,0 >) A (Upep < 0,1 >) = (Upep <
b,1 >) [I left behind some obvious steps that lead to the next one]

— A=A ANB =B"=X,=(A4,B)=(A4",B")=X,

2. Surjectivity

Let’s take an arbitrary Y € P(A W B) and construct X = {(A4’, B")|A’ =
Ucaosey D AB = Ucpiser 0}

It’s easy to see that A’ C A and B’ C B, therefore X € (P(A) x P(B)) and
fap(X)=Y.

= fa,p is injective, surjective and bijective.



5 Question

Define a bijection f € [((AWB) — C) <> (A — C) x (B — C))]. Prove that is
is such.

5.1 Answer

Again, let’s try to repeat some cardinality analisys in the case of finite sets.

a. |(Aw B) — O)| = |C|lA¥B)] = |C|(AI+IBD

b. (A= C)x(B— O)]=[A—=C)x|(B—=0C)=|C]4x|C|Bl =
C|(1A1+1B])

since the cardinalities coincide, we may conclude that such a bijection exists
(at least) in the case of finite sets.

Good. Let A, B,C be arbitrary (possibly infinite) sets, and g : (AW B) —
C),h:(A—C),r:(B— C) be placeholders for any function of that type.

Then a bijective f € [(AWB) = C) < (A — C) x (B — (C))] can be de-
fined as:

f=Alg; (h,r))lh=A{(a,0)[(< a,0>,¢) € g} Ar ={(b,0)[(< b,1>,¢) € g}}

1. Injective

Let g1,92 € (AW B) — C) and

(h,r) = f(g91) = f(g2) € (A= C) x (B = (C))

= (h = {(a,0)|(< a,0 >,¢) € g1} = {(a,0)|(< a,0 >,¢) € g2}) A (r =
{(bv C)|(< b,1 >,C) € gl} = {(bac)|(< b,1 >7C) € 92})

= (—3(a,c) € h.(<a,0>,¢) € (1Ug2)\ (g1Ng2)) A (—3(b,c) € r.(< b, 1>
,¢) € (91U g2) \ (91N g2))

= g1 =92

2. Surjective

Pick an arbitrary (h,r) € (A — C) x (B — ()), it’s possible to define a
function

9y = 1@, 0)[(x =< a,0 > Aa,c) € h) V (x =< b,1 > A(b,c) €7)}

It’s easy to see, by the properties of functions h, 7, that dom(g(p ,)) = (A€B)
and range(gn,r)) € C, = gn,r) € (AW B) — C).

By construction, f(g(u,-y) = (h,7). Given that (h,r) has been chosen arbi-
trarily, we can conclude that f is surjective.

— f is injective, surjective and bijective.

6 Question

Define a bijection f € [((A — (B x () + ((A — B) x (A — ())]. Prove that
is is such.

6.1 Answer



Cardinality Analisys, for finite sets case:

a. [(A— (B xO)|=|(BxO)|4 = (B] x |C)4

b. (A= B)x (A= C)| =4 —= B)|x|(A—= C) =|BM x|CIM =
(1B] x [C])A

since the cardinalities coincide, we may conclude that such a bijection exists
(at least) in the case of finite sets.

Let A, B,C be arbitrarily chosen (possibly infinite) sets, and g : (A —
(Bx(C)),h:(A—=C),r:(A— C) be placeholders for any function of the
specified type.

Then a bijective f € [((A — (B x C)) <> ((A— B) x (A — C))] can be de-
fined as:

f=A(g,(h,r))|h= U(a,(b,c))eg(a7 by Ar = U(a,(b,c))eg(aa )}

1. Injective

Let g1,92 € (A — (B x C)) and

(h,r) = f(g1) = f(g2) € (A— B) x (A= C))

= (0= U ppenen (@0 = U .00 (@ D) A 7= Ul .01y g0 (@ €) =
U(a,(b”,c))€g2 (a;c))

Pick an arbitrary (a, (b,c)) € g1, we want to show that it also belongs to ga.

(a7 (bv C)) SEOWA f(gl) = f(g2) = E(G, (bv c/)) € g2 A E(G, (blv C)) € 92

since gois a function, we know that gz(a) = (b,¢') = (V,¢) = b=V Ac=¢

Hence (a, (b,¢)) € g2 and g1 C go. Since the proof can be done backwards
too, g1 = go.

2. Surjective

Pick an arbitrary (h,7) € ((A — B) x (A — () and construct a function

ginm) = {(a, (b, )b = h(a) A c = r(a)}

then, by properties of functions h,r, dom(g,r)) = A and range(ge,,ry) <
(B x C) therefore g, ) € (A — (B x C)).

By construction, f(g(u,-y) = (h,7). Given that (h,r) has been chosen arbi-
trarily, we can conclude that f is surjective.

= [ is injective, surjective and bijective.
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