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1 Question

Let A, B be sets, and let id4,idp denote the identity functions over A and B
respectively. Assume f € (A — B) and g € (B — A) be functions satisfying
go f =1ida and fog = idg. Prove that f is a bijection (i.e., injective and
surjective).

1.1 Answer

By contradiction. (injective) Suppose f is not injective, Jaj,a2 € A. a1 #
as. f(a1) = f(az) = b € B, and we have go f(a1) = go f(az) = g(b), but since
the composite function is an identity function, we also have g o f(a1) = a1 #
go f(a2) = ag, this is a contradiction.

(surjective) Suppose f is not surjective, 3b € B.fla € A.f(a) = b, but since
fog()=0b,ie3aec Ag) =aAn f(a) =0, such a exists.

2 Question

Let A, B be sets, and let f € (A < B) be a bijection. Define a bijection
g € (P(A) < P(B)) and prove it is such.

2.1 Answer

We define g : X =Y, Y ={f(a)la € X}.(RZ: g € (P(A) +» P(B)), g(X) =
{f(a)la € X})

By contradiction. (injective) Say 3X; # Xa € P(A),9(X1) = g(X2), but
since f is a bijection, g(X1) # g(X2).
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(RZ: OK, but why?)
(surjective) Say 3Y € P(B).AX € P(A).g(X) =Y, but we can build such a
X ={alfla)=yryeY}CA

3 Question

Let A, B be two sets, and let b ¢ B. Define a bijection f between the set of
partial functions (A ~ B) and the set of total functions (A — B U {b}). Prove
that it is such.

3.1 Answer
A partial function in (A ~~ B) can be written as
(z) = Y yeB
= undefined

(RZ: this notation is a bit misleading)
We keep the mapping of the defined ones. We map all the rest on to b to
make it total.

p(x) xis defined on p
F)@ =7
b zis undefined on p

We prove it is a bijection. (injective) Two partial functions differ only on
the defined parts, by the above construction, they remain different. i.e.fp, #
p2.f(p1) = f(p2). (RZ: a bit more detail?)

(surjective) We can always find a pre-image for a total function in (4 —
B U {b}) by let those mapped to b be undefined. In the case of g : A — B, the
pre-image of g is g itself, which is a special case of partial functions.

Note.

The exercises below are harder. Feel free to skip them if you find them too hard.

4 Question

Define a bijection f € [(P(A) x P(B)) +» P(AW B)]. Prove that it is such.

4.1 Answer
Consider S4 € P(A), Sg € P(B), we define f as

f((54,58)) = {{0,a)la € Sa} U{(L,b)[b € Sp}



f is injective. V(Sa,Sp) # (Ta,Ts), we have f((Sa,Sp)) # f((Ta,T5))
since they are disjointed, and the difference remains.

f is surjective. VSawp € P(AWB), we can buildSa = {a|(0,a) € Sawp},S55 =
{b|(1,b) € Sawp}, and(S4, Sp) € P(A) x P(B).

5 Question

Define a bijection f € [((AWB) — C) < ((A — C) x (B — ())]. Prove that it
is such.

5.1 Answer

Consider g € (AWB) = C), he (A — C), j € (B — C). We define such an
/.

f(g) = (h, j) where h(a) = c iff g((0,a)) = ¢, j(b) = ¢ iff g((1,b)) = ¢

f is injective. Assume f(¢1) = f(g92) = (h,j), then Va € A.g1({0,a)) =
92((0,a)) = h(a), the same applies for Vb € B, which suggests g1 = go.
f is surjective. By the construction of f, we can always build a g for any

(h; 3)-

6 Question

Define a bijection f € [((A — (B x C)) + ((A — B) x (A — C))]. Prove that
it is such.

6.1 Answer
Consider g € (A = (Bx (), he (A— B), j€ (A — (), we define such an f.

f(g) = (h, j) where h(a) = b, j(a) = ciff g(a) = (b, ¢)
We show f is injective. Assume f(g1) = f(g2) = (h, j), then Va € A.g;(a) =

g2(a) = (h(a), j(a)), which means g1 = gs.
(Surjective) Similarly, we can always build a ¢ for any (h, j).
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