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1 Question

Let A, B be two sets. Prove that the properties below are equivalent.
e A=0VB=0
e AxB=1

1.1 Answer

Since we have A x B = {<z,y > |[r€ AANyeB} = ifAzB=0<= A=
OV B=0or <= A=0AB =10
2 Preliminaries

Given an infinite sequence of sets (4;);en, we define (i, A; = U{A; | i € N}
and Yo A =U{4i |ieN A i<k} =AgUA U---UA.

3 Question
Assume (A4;);en to be an infinite sequence of sets of natural numbers, satisfying
AgC A3 C Ay CAs--- CN (%)
For each property p; shown below, state whether

e the hypothesis (x) is sufficient to conclude that p; holds; or

e the hypothesis (x) is sufficient to conclude that p; does not hold; or
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e the hypothesis (%) is not sufficient to conclude anything about the truth
of p;.

Justify your answers (briefly).
1. p1: VEeN. A, = ULO A;
2. po: for all 4, if A; is infinite, then A; = A;1 1
3. p3: if Vi € N. A; # Aijqq, then J;2) A =N
4. py: if Vi € N. A; is finite, then [J:Z, A; is finite
5. ps: if Vi € N. A; is finite, then (J;°, A; is infinite

6. pe: if Vi € N. A, is infinite, then |J;2, A; is infinite

3.1 Answer

1. (*) is sufficient to say that pl holds. Proof:
VeeN. Ay =UF (Aiifk=0 = Ay = A
if k =n from (x) we have A,, = A1y, uAn but for definitionthe Set A, contains every previous set.
The equlity A,, = A, holds, that implies Ay, = Uf:o A;

2. (*) is sufficient to say that p2 doesn’t hold. From (*) we have
A; C©NA;+1 CN.Ifwechoosenthe casewith A;\{0} and A;+1\{1} the propertyp2is false.

3. (*) is sufficient to say that p3 doesn’t hold.
A; 75 Ai+1 = A; C Ai+1 fTOm (*)
but i f we choosen Ay \ {0} = ;o) Ai # N

4. (*) Is not sufficient because we can have
Vi e NA; C Aipr = Ui2 Aiisnot finite.
otherwiseif we haveVi € NA; = A1 = s Aiis finite.
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