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1 Question

Let A, B be two sets. Prove that the properties below are equivalent.
e A=0VvB=10
e AxB=1

1.1 Answer
If A = (): there is no element in A to create < a,b >€ A x B, therefore A x B
is empty; the same goes if B = 0.

If Ax B = (: there is no couple < a,b >in the cross product, either the
first element a in missing (meaning A = () or the second element b is (meaning
B = (). They both could be missing, of course.

2 Preliminaries

Given an infinite sequence of sets (4;);en, we define (J;°y A; = U{A: | i € N}
and Yo A =U{4i |ieN A i<k} =AgUA U---UA.

3 Question

Assume (A4;);en to be an infinite sequence of sets of natural numbers, satisfying

Ag C A C Ay CAz--- CN (%)

For each property p; shown below, state whether
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e the hypothesis (x) is sufficient to conclude that p; holds; or

e the hypothesis (x) is sufficient to conclude that p; does not hold; or

e the hypothesis (%) is not sufficient to conclude anything about the truth

of p;.

Justify your answers (briefly).

1.
2.
3.
4.
9.
6.

3.1

pi: VE €N, A, =, A

po: for all 4, if A; is infinite, then A; = A; 41

ps: if Vi € N. A; # Aiya, then (J°, A; = N

pa: if Vi € N. A, is finite, then [J;°, A; is finite
ps: if Vi € N. A, is finite, then |J;2, A; is infinite

pe: if Vi € N. A, is infinite, then |J;°, A; is infinite

Answer

Write your answer here.

1.

(x) states that A; C A;11Vi € N, so A1 = Uf;ol A; C Ay and A1 U
A = Ay, so prholds;

even if |A;] = oo, it could be that A; # A;11; for example, A; =
{z|x is even}, A,11 = {z|z is even V = = 1}, they both are infinite and
A; C Ai+1but A; 75 Ai_,_l:pgdoesn’t hOld;

Vi € N.A; 41 # A; but also (thanks to(x)) A; € A;41,s03a € Ajyq1.a € A;.
Every set is bigger than its predecessor, so eventually A; = N (for some i)
and the union of them all is equal to N, so p3 holds;

for1., Ay, = U?:o A;. If A; is finite Vi € N, then Ay, also is finite, sopsholds;
contraddiction with 4., psdoesn’t hold;

similar to 4.; Ay = Uf:o A; (1.), so if A;is infinite Vi € N, then Agis also
infinite, so pg holds.
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