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Please keep this �le anonymous: do not write your name inside this �le.

More information about assignments at http://disi.unitn.it/∼zunino/tea
hing/
omputability/assignments

1 Question

Let A,B be two sets. Prove that the properties below are equivalent.

• A = ∅ ∨B = ∅

• A×B = ∅

1.1 Answer

A = ∅ ∨B = ∅ ⇐⇒ A×B = ∅
A = ∅ ∨B = ∅ =⇒ A×B = ∅
Assume by 
ontradi
tion

A×B 6= ∅
for the de�nition of 
artesian produ
t A × B = {< x, y > |x ∈ A ∧ y ∈ B }

both A and B 
annot be empty. This is a 
ontradi
tion.

A×B = ∅ =⇒ A = ∅ ∨B = ∅
Assume by 
ontradi
tion

A 6= ∅ ∧B 6= ∅
now if I apply the 
artesian produ
t A×B the result isn't an empty set but

this is a 
ontradi
tion.

2 Preliminaries

Given an in�nite sequen
e of sets (Ai)i∈N, we de�ne

⋃
∞

i=0
Ai =

⋃
{Ai | i ∈ N}

and

⋃k

i=0
Ai =

⋃
{Ai | i ∈ N ∧ i ≤ k} = A0 ∪ A1 ∪ · · · ∪ Ak.
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3 Question

Assume (Ai)i∈N to be an in�nite sequen
e of sets of natural numbers, satisfying

A0 ⊆ A1 ⊆ A2 ⊆ A3 · · · ⊆ N (∗)

For ea
h property pi shown below, state whether

• the hypothesis (∗) is su�
ient to 
on
lude that pi holds; or

• the hypothesis (∗) is su�
ient to 
on
lude that pi does not hold; or

• the hypothesis (∗) is not su�
ient to 
on
lude anything about the truth

of pi.

Justify your answers (brie�y).

1. p1: ∀k ∈ N. Ak =
⋃

k

i=0
Ai

2. p2: for all i, if Ai is in�nite, then Ai = Ai+1

3. p3: if ∀i ∈ N. Ai 6= Ai+1, then

⋃
∞

i=0
Ai = N

4. p4: if ∀i ∈ N. Ai is �nite, then

⋃
∞

i=0
Ai is �nite

5. p5: if ∀i ∈ N. Ai is �nite, then

⋃
∞

i=0
Ai is in�nite

6. p6: if ∀i ∈ N. Ai is in�nite, then

⋃
∞

i=0
Ai is in�nite

3.1 Answer

1. the hypothesis (∗) is su�
ient to 
on
lude that pi holds sin
e Ak already


ontains all Aiwith i < k and the union doesn't add anything.
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