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1 Question

Let A,B be two sets. Prove that the properties below are equivalent.

• A = ∅ ∨B = ∅

• A×B = ∅

1.1 Answer

p: (A = ∅ ∨B = ∅) ⇐⇒ (A×B = ∅)
(=⇒) Suppose that A = ∅, the def of A×B = {< x, y > |x ∈ A∧y ∈ B} = C

but by hypothesis A is empty so no suh x exists. This implies that no ouples

an be formed to populate C, hene C = A×B = ∅.
(⇐=) If A × B = ∅ then (taking the de�nition above) no ouples < x, y >

exists. This implies that the formula (x ∈ A ∧ y ∈ B) is false so one of the two

statement is false (x /∈ A∨ y /∈ B) but this is impossible by def of A×B so the

only possibility is A = ∅ ∨B = ∅.

2 Preliminaries

Given an in�nite sequene of sets (Ai)i∈N, we de�ne

⋃
∞

i=0
Ai =

⋃
{Ai | i ∈ N}

and

⋃
k

i=0
Ai =

⋃
{Ai | i ∈ N ∧ i ≤ k} = A0 ∪ A1 ∪ · · · ∪ Ak.

3 Question

Assume (Ai)i∈N to be an in�nite sequene of sets of natural numbers, satisfying

A0 ⊆ A1 ⊆ A2 ⊆ A3 · · · ⊆ N (∗)
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For eah property pi shown below, state whether

• the hypothesis (∗) is su�ient to onlude that pi holds; or

• the hypothesis (∗) is su�ient to onlude that pi does not hold; or

• the hypothesis (∗) is not su�ient to onlude anything about the truth

of pi.

Justify your answers (brie�y).

1. p1: ∀k ∈ N. Ak =
⋃

k

i=0
Ai

2. p2: for all i, if Ai is in�nite, then Ai = Ai+1

3. p3: if ∀i ∈ N. Ai 6= Ai+1, then

⋃
∞

i=0
Ai = N

4. p4: if ∀i ∈ N. Ai is �nite, then

⋃
∞

i=0
Ai is �nite

5. p5: if ∀i ∈ N. Ai is �nite, then

⋃
∞

i=0
Ai is in�nite

6. p6: if ∀i ∈ N. Ai is in�nite, then

⋃
∞

i=0
Ai is in�nite

3.1 Answer

Referring to the list above:

1. The hypothesis (∗) is su�ient to onlude that p1 holds. By its de�nition:
Ak = A0 ∪A1 ∪ · · · ∪ Ak so it ontains all the numbers i ≤ k.

2. The hypothesis (∗) is su�ient to onlude that p2 does not hold. By its

de�nition: |Ai| < |Ai+1| and the element that makes the di�erene is exatly

the succ(i).
3. The hypothesis (∗) is su�ient to onlude that p3 holds. By its de�nition

Ai =
⋃
{Ai|i ∈ N} if we onsider i = ∞ then Ai = N.

4. The hypothesis (∗) is su�ient to onlude that p4 does not hold. If we

take i = k then ∀k ∈ N.Ai = Ak this set is �nite and ontains k elements, but

the

⋃
∞

i=0
Ai is in�nite by def.

5. The hypothesis (∗) is su�ient to onlude that p5 holds. Same explana-

tion as in 4.

6. The hypothesis (∗) is su�ient to onlude that p6 does not hold. Same

explanation ad in 4.
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