
Problem 1. Let A,B be two sets, P.T (i) A = ∅ ∨ B = ∅ (ii) A × B = ∅ are

equivalent

Proof. By de�nition A×B = {(a, b)|a ∈ A, b ∈ B}
In order to prove (i) and (ii) are equivalent, we need to prove (i) ⇒ (ii) and

(ii) ⇐ (i).

(⇐) part: Suppose if A = ∅ or B = ∅, then by de�nition A×B = ∅
(⇒) part: Suppose if A × B = ∅, and if by ontradition A 6= ∅ and B 6= ∅,

then there exists (a, b) suh that a ∈ A and b ∈ B, hene (a, b) ∈ A × B, and

hene is a ontradition ⊓⊔

Solution:

1. p1 : ∀k ∈ N.Ak =
⋃k

i=0
Ai

By de�nition for any two sets S1, S2, S1 = S2, if (a) S1 ⊆ S2 and (b) S2 ⊆ S2.

(a) In our ase by de�nition, of

⋃k

i=0
Ai, ∀k ∈ N.Ak ⊆

⋃k

i=0
Ai is trivially

true.

(b) By ontradition, if ∃k ∈ N.
⋃k

i=0
Ai 6⊆ Ak, then there exists 0 ≤ j ≤ k

with Aj 6⊆ Ak. But this is a ontradition to our hypothesis, and hene

∀k ∈ N.
⋃k

i=0
Ai ⊆ Ak. This implies that hypothesis is su�ient to dedue

p1 ⊓⊔
2. p2: forall i, if Ai is in�nite, then Ai = Ai+1.

Take the spei� ase when A0 = N − 0, and Ai = N, for i > 0. Now for

i = 0, although the hypothesis holds, and the premise of p2, but not the

onlusion of p2. Hene p2 does not hold.

Take another spei� ase when Ai = N, for i ≥ 0. Now, p2 holds in this

ase.

Hene, the hypothesis is not su�ient to onlude anything about the truth

of p2
3. p3: if ∀i ∈ N. Ai 6= Ai+1, then

⋃
∞

i=0
Ai = N.

Take the spei� ase when Ai = {j|j ∈ N) ∧ 0 < j ≤ i}, for all i ∈ N, i.e.

A0 = ∅, A1 = {1}, A2 = {1, 2}, .... Now one an see that 0 6∈
⋃

∞

i=0
Ai, and p3

does not hold.

Take another spei� ase when Ai = {j|0 ≤ j ≤ i}, ∀i ∈ N, i.e. A0 =
{0}, A1 = {0, 1}, A2 = {0, 1, 2}, .... It is easy to see that

⋃
∞

i=0
Ai = N, and

p3 holds

Hene, the hypothesis is not su�ient to onlude anything about the truth

of p3
4. p4: if ∀i ∈ N. Ai is �nite, then

⋃
∞

i=0
Ai is �nite.

Take the spei� ase when Ai = {j|0 ≤ j ≤ i}, ∀i ∈ N, i.e. A0 = {0}, A1 =
{0, 1}, A2 = {0, 1, 2}, .... It is easy to see that

⋃
∞

i=0
Ai = N and hene is

in�nite, where as, for any i ∈ N, |Ai| = i+ 1, and is �nite.

for a spei� ase where p4 holds, see (5).

Hene, the hypothesis is not su�ient to onlude anything about the truth

of p4



5. p5: if ∀i ∈ N. Ai is �nite, then
⋃

∞

i=0
Ai is in�nite. Take the spei� ase when

Ai = {0}, ∀i ∈ N, i.e. A0 = {0}, A1 = {0}, A2 = {0}, .... It is easy to see that⋃
∞

i=0
Ai = {0} and hene is �nite.

Hene, the hypothesis is not su�ient to onlude anything about the truth

of p5
6. p6: if ∀i ∈ N. Ai is in�nite, then

⋃
∞

i=0
Ai is in�nite. For any j ∈ N, sine Aj

is in�nite, and sine Aj ⊆
⋃

∞

i=0
Ai. Hene,

⋃
∞

i=0
Ai is in�nite. Hene, the

hypothesis is su�ient to onlude the truth of p6


