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1 Question

Let A, B be two sets. Prove that the properties below are equivalent.
e A=0VvB=10
e AxB=1

1.1 Answer

Let’s prove that Ax B=0= A=0Vv B =1{.

Let’s take A x B = (), where A x B = {(a,b) |acA A beB}. We have three
cases:

a) if A # 0 A B # (), then the cartesian product contains all the pairs of
the combinations between elements of A and elements of B. No set is empty, so
AxB#0

b) if A=(0AB =0, then Ax B = (), because no set has elements to combine

c)if A=QPAB #DPOR A # OAB =0, then A x B = (), because the
combination of an empty set with a no-empty set is empty
So Ax B = (in the cases: A = 0AB =0, A =0AB # 0, A # OAB = (), which can
be expressed as: A = 0 v B = 0

Now let’s prove that Ax B=0 < A=0Vv B = 0.
If A=0VvB =), we are in the cases b) and c) described before, and for all of
them A x B = 0, as already proved.

So,AxB=0<A=0VvB=1(.


http://disi.unitn.it/~zunino/teaching/computability/assignments

2 Preliminaries

Given an infinite sequence of sets (4;);en, we define (J;°, A; = {4 | i € N}
and Yo A =U{4i |ieN A i<k} =AgUA U---UA.

3 Question
Assume (A;);en to be an infinite sequence of sets of natural numbers, satisfying
Apg C A1 C Ay C Az--- CN (%)
For each property p; shown below, state whether
e the hypothesis (x) is sufficient to conclude that p; holds; or

e the hypothesis (x) is sufficient to conclude that p; does not hold; or

e the hypothesis (%) is not sufficient to conclude anything about the truth
of Di-

Justify your answers (briefly).
1. p1: VEeN. A, = Uf:o A;
2. po: for all 4, if A; is infinite, then A; = A; 44
3. p3: if Vi e N. A; # A;4 1, then U;’io A; =N
4. py: if Vi € N. A; is finite, then [J:°, A; is finite
5. ps: if Vi € N. A; is finite, then J;°, A; is infinite

6. pe: if Vi € N. A; is infinite, then (J;-, A4; is infinite

3.1 Answer

LVkeN Ay =U, A

U, 4i = AgUA U U Ax

if Ag C A; C ... C Ag, then Ajalready includes the unione of the A;s, and
the union of them is equal to Ay

TRUE: the hypothesis is sufficient to conclude that p; holds

2. for all 4, if A; is infinite, then A; = A;11
this is not true. Here there is a counterexample:
let’s take A; = N\{0}, and A;;1 = N (which is valid: A; C A;41)
both the sets are infinite, but A; # A; 1
FALSE: the hypothesis is sufficient to conclude that psdoes not hold

3. if Vi € N. Az 7§ Ai+1, then UinAl =N



hypothesis: if A; # A;11, then we have strict inclusions: A; C As C ...

the last A;is included in N, but we cannot know if the union of the A;s gives
N

for instance, if Ay = {0}, 41 = {0,1}, A2 = {0,1,2}and so on, it is true;
but if Ag = {1}, A; = {1,3}, A2 = {1, 3,5} and so on, it is false

UNKNOWN: the hypothesis is not sufficient to conclude anything

4. if Vi € N. A; is finite, then [J;°, A; is finite

if every A;is finite, then the union Ag|J A1 ... is an infinite operation, but
its result will always be finite

for instance, the union of the finite sets Ay = {0}, Ay = {0,1}, Ay =
{0,1,2},... can only have a finite number of elements

TRUE: the hypothesis is sufficient to conclude that psholds

5. if Vi € N. A, is finite, then J;~, A; is infinite

it is the opposite of propery 4, so, false: the infinite union of finite sets is
finite and not infinite

it is not possible to create the infinite from finite elements

FALSE: the hypothesis is sufficient to conclude that psholds

6. if Vi € N. A, is infinite, then J;°, A; is infinite
this is true: it two or more sets are infinite, their union is infinite as well

for instance, if Ay = {100,101, ...}, A1 = {99,100,101, ...}, Ay = {98,99,100, 101, ...

, the result of the union is infinite
TRUE: the hypothesis is sufficient to conclude that pgholds
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