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1 Question

Let A,B be two sets. Prove that the properties below are equivalent.

• A = ∅ ∨B = ∅

• A×B = ∅

1.1 Answer

Let's prove that A×B = ∅ ⇒ A = ∅ ∨B = ∅.
Let's take A × B = ∅, where A × B = {〈a, b〉 |aǫA ∧ bǫB}. We have three


ases:

a) if A 6= ∅ ∧ B 6= ∅, then the 
artesian produ
t 
ontains all the pairs of

the 
ombinations between elements of A and elements of B. No set is empty, so

A×B 6= ∅
b) if A = ∅∧B = ∅, then A×B = ∅, be
ause no set has elements to 
ombine


) if A = ∅ ∧ B 6= ∅OR A 6= ∅ ∧ B = ∅, then A × B = ∅, be
ause the


ombination of an empty set with a no-empty set is empty

SoA×B = ∅in the 
ases: A = ∅∧B = ∅, A = ∅∧B 6= ∅, A 6= ∅∧B = ∅, whi
h 
an
be expressed as: A = ∅ ∨ B = ∅

Now let's prove that A×B = ∅ ⇐ A = ∅ ∨B = ∅.
If A = ∅∨B = ∅, we are in the 
ases b) and 
) des
ribed before, and for all of

them A × B = ∅, as already proved.

So, A×B = ∅ ⇔ A = ∅ ∨B = ∅.
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2 Preliminaries

Given an in�nite sequen
e of sets (Ai)i∈N, we de�ne

⋃
∞

i=0
Ai =

⋃
{Ai | i ∈ N}

and

⋃k

i=0
Ai =

⋃
{Ai | i ∈ N ∧ i ≤ k} = A0 ∪ A1 ∪ · · · ∪ Ak.

3 Question

Assume (Ai)i∈N to be an in�nite sequen
e of sets of natural numbers, satisfying

A0 ⊆ A1 ⊆ A2 ⊆ A3 · · · ⊆ N (∗)

For ea
h property pi shown below, state whether

• the hypothesis (∗) is su�
ient to 
on
lude that pi holds; or

• the hypothesis (∗) is su�
ient to 
on
lude that pi does not hold; or

• the hypothesis (∗) is not su�
ient to 
on
lude anything about the truth

of pi.

Justify your answers (brie�y).

1. p1: ∀k ∈ N. Ak =
⋃

k

i=0
Ai

2. p2: for all i, if Ai is in�nite, then Ai = Ai+1

3. p3: if ∀i ∈ N. Ai 6= Ai+1, then

⋃
∞

i=0
Ai = N

4. p4: if ∀i ∈ N. Ai is �nite, then

⋃
∞

i=0
Ai is �nite

5. p5: if ∀i ∈ N. Ai is �nite, then

⋃
∞

i=0
Ai is in�nite

6. p6: if ∀i ∈ N. Ai is in�nite, then

⋃
∞

i=0
Ai is in�nite

3.1 Answer

1. ∀k ∈ N. Ak =
⋃k

i=0
Ai⋃

k

i=0
Ai = A0

⋃
A1

⋃
...
⋃
Ak

if A0 ⊆ A1 ⊆ ... ⊆ Ak, then Akalready in
ludes the unione of the Ais, and

the union of them is equal to Ak

TRUE: the hypothesis is su�
ient to 
on
lude that p1 holds

2. for all i, if Ai is in�nite, then Ai = Ai+1

this is not true. Here there is a 
ounterexample:

let's take Ai = N\{0}, and Ai+1 = N (whi
h is valid: Ai ⊆ Ai+1)

both the sets are in�nite, but Ai 6= Ai+1

FALSE: the hypothesis is su�
ient to 
on
lude that p2does not hold

3. if ∀i ∈ N. Ai 6= Ai+1, then

⋃
∞

i=0
Ai = N
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hypothesis: if Ai 6= Ai+1, then we have stri
t in
lusions: A1 ⊂ A2 ⊂ ...

the last Aiis in
luded in N, but we 
annot know if the union of the Ais gives

N

for instan
e, if A0 = {0}, A1 = {0, 1}, A2 = {0, 1, 2}and so on, it is true;

but if A0 = {1}, A1 = {1, 3}, A2 = {1, 3, 5} and so on, it is false

UNKNOWN: the hypothesis is not su�
ient to 
on
lude anything

4. if ∀i ∈ N. Ai is �nite, then

⋃
∞

i=0
Ai is �nite

if every Aiis �nite, then the union A0

⋃
A1

⋃
... is an in�nite operation, but

its result will always be �nite

for instan
e, the union of the �nite sets A0 = {0}, A1 = {0, 1}, A2 =
{0, 1, 2}, . . . 
an only have a �nite number of elements

TRUE: the hypothesis is su�
ient to 
on
lude that p4holds

5. if ∀i ∈ N. Ai is �nite, then

⋃
∞

i=0
Ai is in�nite

it is the opposite of propery 4, so, false: the in�nite union of �nite sets is

�nite and not in�nite

it is not possible to 
reate the in�nite from �nite elements

FALSE: the hypothesis is su�
ient to 
on
lude that p5holds

6. if ∀i ∈ N. Ai is in�nite, then

⋃
∞

i=0
Ai is in�nite

this is true: it two or more sets are in�nite, their union is in�nite as well

for instan
e, if A0 = {100, 101, ...}, A1 = {99, 100, 101, ...}, A2 = {98, 99, 100, 101, ...}, . . .
, the result of the union is in�nite

TRUE: the hypothesis is su�
ient to 
on
lude that p6holds
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