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1 Question

Let A, B be two sets. Prove that the properties below are equivalent.
e A=0VB=0
e AxB=1

Answer
A=<= -TexcA<=Vrr ¢ A
B=0<= —-Jyye B<=Vy.y¢ B
AxB=0+= {(z,y) |z € A,ye B} =0 —
-J(z,y).x € ANy € B+
V(z,y)x ¢ AVy ¢ B <—
VaVy.x ¢ AVy ¢ B <
Ve.x ¢ AVVy.y ¢ B <
A=0vB=9

2 Preliminaries

Given an infinite sequence of sets (4;);en, we define (J;°, A; = {4 | i € N}
and U/_y Ai =U{4; | ieN A i<k} =AgUA U---UAy.

3 Question

Assume (A;);en to be an infinite sequence of sets of natural numbers, satisfying

Ag C A C Ay CAz--- CN (%)

For each property p; shown below, state whether
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e X: the hypothesis (x) is sufficient to conclude that p; holds; or
e Y: the hypothesis (x) is sufficient to conclude that p; does not hold; or

e Z: the hypothesis (x) is not sufficient to conclude anything about the truth
of p;.

Justify your answers (briefly).

1. P1: Vk € N. Ak = Uf:O Al

o

po: for all 4, if A; is infinite, then A; = A; 41
P3: if Vi e N. A; }é Ai+1, then U?io A; =N

- w

pa: if Vi € N. A, is finite, then [J;°, A; is finite

ot

ps: if Vi € N. A, is finite, then |J;2, A; is infinite

6. pe: if Vi € N. A, is infinite, then |J;2, A; is infinite

3.1 Answer

1 X: Ay = UL, A <= Ay, C UL, Ai(trivial) and J!_, 4; C Aj.. Hypothe-
sis Ag C A; C Ay C As--- C Nis sufficient to conclude that Uf:o A; C Ay
and respectively that p;: Vk € N. A, = Uf:o A; holds.

2. todo

3. Z: We can’t conclude X and we can’t conclude Y, therefore Z.

(a) X: counterexample: A = {2 *i|i < k} shows that (*) holds and
Vi e N. A; # A,11, but p3 does not hold, that is (*) is not sufficient
to conclude that psholds.

(b) Y: psdoes not hold <=—ps holds. (*) is sufficient to conclude that
—ps holds. —ps=Vi e N. 4; # A; 11 /\Ufio A; # N. Counterexample:
Ay, = {i|i <k} shows that (*) holds and —psdoes not hold, therefore
ps holds.

4. Z: We can’t conclude X and we can’t conclude Y, therefore Z.

(a) X: counterexample: A = {i|i < k} shows that (*) holds and Vi €
N. | 4; |< o0; but | [J;2, Ai |= 00. ps does not hold, that is (*) is
not sufficient to conclude that psholds.

(b) Y: counterexample: Ar = {0} shows that (*) holds and Vi € N. |
A; |< 005 but| ;=g Ai |# oo. pa holds, that is (*) is not sufficient to
conclude that psdoes not hold.

5. Z: We can’t conclude X and we can’t conclude Y, therefore Z.



(a) see (4.b).
(b) see (4.a).

6. Holds regardless of (*).



	Question
	Preliminaries
	Question
	Answer


