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1 Question

Let A,B be two sets. Prove that the properties below are equivalent.

• A = ∅ ∨B = ∅

• A×B = ∅

1.1 Answer

De�nition of 
artesian produ
t: A×B = {〈a, b〉|a ∈ A ∧ b ∈ B}

• Proof of A = ∅ ∨ B = ∅ =⇒ A × B = ∅: if one of the two initial sets is

empty, in this 
ase A, A = ∅ =⇒ ¬∃a ∈ A =⇒(by de�nition of 
artesian

produ
t)¬∃〈a, b〉 ∈ A×B=⇒ A×B = ∅. Similarly, this also applies to B.

• Proof of A×B = ∅ =⇒ A = ∅∨B = ∅: by de�nition of 
artesian produ
t,

¬∃〈a, b〉.a ∈ A ∧ b ∈ B =⇒ ¬(∃a ∈ A ∧ ∃b ∈ B) =⇒ ¬∃a ∈ A ∨ ¬∃b ∈
B =⇒ A = ∅ ∨B = ∅.

2 Preliminaries

Given an in�nite sequen
e of sets (Ai)i∈N, we de�ne

⋃
∞

i=0
Ai =

⋃
{Ai | i ∈ N}

and

⋃k

i=0
Ai =

⋃
{Ai | i ∈ N ∧ i ≤ k} = A0 ∪ A1 ∪ · · · ∪ Ak.

3 Question

Assume (Ai)i∈N to be an in�nite sequen
e of sets of natural numbers, satisfying

A0 ⊆ A1 ⊆ A2 ⊆ A3 · · · ⊆ N (∗)
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For ea
h property pi shown below, state whether

• the hypothesis (∗) is su�
ient to 
on
lude that pi holds; or

• the hypothesis (∗) is su�
ient to 
on
lude that pi does not hold; or

• the hypothesis (∗) is not su�
ient to 
on
lude anything about the truth

of pi.

Justify your answers (brie�y).

1. p1: ∀k ∈ N. Ak =
⋃

k

i=0
Ai

2. p2: for all i, if Ai is in�nite, then Ai = Ai+1

3. p3: if ∀i ∈ N. Ai 6= Ai+1, then

⋃
∞

i=0
Ai = N

4. p4: if ∀i ∈ N. Ai is �nite, then

⋃
∞

i=0
Ai is �nite

5. p5: if ∀i ∈ N. Ai is �nite, then

⋃
∞

i=0
Ai is in�nite

6. p6: if ∀i ∈ N. Ai is in�nite, then

⋃
∞

i=0
Ai is in�nite

3.1 Answer

1. True, be
ause a ∈ Ak ⇐⇒ a ∈
⋃k

i=0
Ai, in fa
t:

(a) Left dire
tion: the union 
ontains Akby de�nition.

(b) Right dire
tion: all the elements of Ak are 
ontained in the union,

and no other elements are there. Infa
t, ∀b ∈ N | b < n. Ak ⊇ Ab.

2. False. For example, A1 = {2a, a ∈ N|}, A2 = {a, a ∈ N}. The �rst set

is in�nite, the se
ond 
ontains all the elements of the �rst one, but the

se
ond one also 
ontains elements that the �rst one does not 
ontain (odd

integers).

3. False. For example Ai = {a ∈ N | 1 ≤ a ≤ i+1}. The union will be equal

to N
∗
.

4. False. For example, the sets de�ned in the previous point are all �nite,

but the union is in�nite.

5. False. For example, the sets 
ould be all equal to ea
h other and �nite.

The union would still be the same set.

6. True, be
ause A0 ∈
⋃

∞

i=0
Ai and A0is in�nite
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