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Abstract

Spaceconstrainedoptimizationproblemsarisein a multi-
tudeof importantapplicationssuch asdatawarehousesand
pervasivecomputing. A typical instanceof such problemsis
to selecta setof itemsof interest,subjectto a constraint on
thetotal spaceoccupiedby theseitems.Assumingthat each
item is associatedwith a benefit,for a suitablydefinedno-
tion of benefit,onewishesto optimizethetotal benefitfor the
selecteditems.

In this paper, we showthat in manyimportantapplica-
tions,onefacesvariantsof this basicproblemin which the
individual itemsare setsthemselves,andeach setis associ-
atedwith a benefitvalue. Wepresentinstancesof such prob-
lemsin thecontext of datawarehousemanagementandper-
vasivecomputing, derivetheir complexity, andproposesev-
eral techniquesfor solvingthem. Sincethere are no known
approximationalgorithmsfor theseproblems,weexplorethe
useof greedyandrandomizedtechniques.

We presenta detailed performancestudy of the algo-
rithms,highlighting the efficiencyof the proposedsolutions
and the benefitsof each approach. Finally, we presenta
worst-caseanalysisof the algorithms,which can be useful
in practicefor choosingamongthe alternatives.Thesolu-
tions proposedin this paper are generic and likely to find
applicationsin manymore problemsof interest than those
mentionedabove.

1. Intr oduction
In recent years there has been a proliferation in the

amountof information that is being produced. The data
thatarebeinggatheredandstoredinvolveseveralaspectsof
humanactivity. Retailersregisterindividual transactionsin
their stores,businesseskeeptrack of the interactionswith
customersandsuppliers,scientific laboratoriesrecordvari-
ousmeasurementsof interest.Obviously, thevolumeof data
generatedin suchsituationsis huge.

It is often timesthe casethatnot all dataarestored,be-
causeof their sheersize. In orderto save spacepeopleusu-
ally aggregatedataandonly storetheaggregates.A typical
scenarioin a retail storedatawarehouse,which recordsuser
transactions,would beto aggregatethesalesat thedaylevel
[13]. Similarly, scientific measurementssuchas tempera-
ture, precipitation,air pollution, areaggregatedat the hour�
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level. In many caseseventhesizeof theaggregateddatais
too large,so thatportionsof it have to bemovedto tertiary
storageor permanentlydeleted. Then, we have to choose
which partsof thedatato keeparound.

Limited spacecanbecomea restrictingfactorevenwhen
theamountof datais not large,but whentheactualavailable
spaceis limited. Characteristicexamplesof thisscenarioare
handhelddevices,whichhavesmallstoragecapacity, andfor
which spaceallocationshouldbe donewith care. Mobile
usersin generalfaceananalogousproblemin termsof band-
width. Whentheavailablebandwidthor connectiontime re-
sourcesarelimited, wehaveto choosecarefullywhichbytes
to transmitover thecommunicationlink.

Observe that all the above exampleslead to spacecon-
strainedoptimizationproblems. We wish to fill the given
spacewith themostusefulof ourdata,or in otherwordswith
the datathatwill give us the highestbenefit. The benefitis
determinedby thenumberandimportanceof thequeriesthat
we cananswerbasedon thestoreddata.Theview selection
problem[9] in thecontext of datawarehousesis aninstance
of suchan optimizationproblem,andhasbeenstudiedex-
tensively in theliterature.

In thispaperwestudytheaboveoptimizationproblemfor
the casewhenthe benefitwe get for admittingitemsin the
solutionis associatedto setsof items,andnot to individual
items.In boththeKnapsackandtheview selectionproblems
thebenefitincreaseswith eachitem that is addedto theso-
lution. However, this is not truefor theclassof applications
that we consider. In this settingthereare additionalcon-
straintsinherentin theproblem,which dictatethatwhenwe
selecta new item to insertin the solutionthe addedbenefit
is zero,unlessasetof relateditemsareinsertedaswell. The
aboveconstraintsmake theproblemharder, andin Section6
we discusshow they affect the solutionprocedure.For the
restof thepaperwereferto thisoptimizationproblemasthe
ConstrainedSetSelection(COSS)problem.

Severalproblemsthathavebeenpresentedin theliterature
[20, 22, 16] arerelatedto theCOSSproblem.Nevertheless,
noneof the known resultsor techniquesseemto be appli-
cablein this case[15]. This study is the first thoroughex-
aminationof practicalalgorithmsthatsolve theCOSSprob-
lem. Our experimentalevaluationcanservebothasa practi-
tioner’sguide,andalsoprovide intuition aboutthenatureof
theproblemfrom atheoreticalperspective.

In this paper, wemake thefollowing contributions.� We formulateoptimizationproblemsconcerningthe
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selectionof setsof itemsthatundera spaceconstraint
yield thehighestbenefit,wherebenefitsareassociated
to setsof items.This kind of problemsappearin vari-
ousdomains,andarevery interestingin practice.� We derive the complexity of the above optimization
problems,andproposeseveralalgorithmsfor their so-
lution. Sincethereareno known polynomialtime ap-
proximationalgorithmsfor theseproblems,we exam-
ine the useof known optimizationprinciples in this
context [6], suchasgreedyandrandomization.� Weexplorethepropertiesof theabovetechniqueswith
an experimentalevaluation. Our resultsillustratethe
behavior of thealgorithmsunderdifferentsettings,and
highlight thebenefitsof eachapproach.� Basedonouranalysis,wepresentworstcasescenarios
for thealgorithms.This offers insight into theopera-
tion of the algorithms,andprovidesa practicalguide
for selectingamongthetechniquesproposed.

Theoutlineof thepaperis asfollows.Section2 illustrates
examplesin whichtheCOSSproblemis applicable,andSec-
tion 3 reviews therelatedwork. In Section4 we presentthe
formulationof theoptimizationproblem,andSection5 pro-
posesalgorithmsfor theirsolution.In Section6 weshow ex-
perimentalresultsevaluatingtheperformanceandtheutility
of theproposedalgorithms.Finally, in Section7 we present
an analysisof the algorithmsanddiscusstheir relative per-
formance.

2. Applications of the COSSProblem

In thefollowing sectionswepresentwith moredetailtwo
specificexampleapplicationsof the problem. The first ap-
plicationcomesfrom theworld of datawarehousing,andthe
secondfrom pervasivecomputing.

2.1. AggregateSelectionfor ApproximateQuerying
in Datacubes

The volume of datastoredin OLAP tablesis typically
huge, often times in the order of multiple terabytesto
petabytes. In large organizations,whereterabytesof data
aregeneratedevery day, it is commonpracticeto aggregate
thesedatain order to save storagespace.During this pro-
cedurethedetailedinformationthatproducedtheaggregates
is lost. In othercasesthe detaileddatais moved to tertiary
storage,which makesthe taskof accessingthemvery cum-
bersome.Nevertheless,usersareoften interestedin inquir-
ing aboutthe datathat generatedthe summarizedform. In
suchcases,generatinggoodestimatesfor theoriginaldatain
responseto queriesis apressingconcern.Efficientsolutions
to the above problemhave beenproposedin the literature
[4, 23, 3, 21], wherethereconstructiontechniquesarebased
solelyon theaggregatedinformationin orderto producees-
timatesfor thedetailedvalues.

Example1 Figure 1(a) showsa typical OLAP table, with
two dimensionattributes(location and jeans),and hierar-
chiesdefinedin each dimension.Assumethat for thestateof
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Figure 1. Example dimension hierar chies on two dimen-
sional sales data.

NY(i.e., theupperhalf of thetable)weonly store theaggre-
gatedsalesfor each city and for each category asshownin
Figure1(b),andthatwehavedeletedall thedetailedvalues.
Theusers mightwant to inquire aboutthenumberof redtab
jeanssold in QueensNY (a point query),or they might re-
questthe numberof any kind of jeanssold in each city of
NY state(a range query). It turns out that we can usethe
informationthat is storedin theaggregates,in order to pro-
videapproximateanswers to theabovequeries.Therecon-
structionalgorithm will needboth of the aggregatesshown
in Figure 1(b), andwill beable to produceestimatesfor all
thevaluesmarkedas“x”.

Now considerthecasewherewe areallowedonly a lim-
itedamountof spacefor storingtheaggregates.Wecancom-
putethespacerequirementsof theaggregates,eitherby com-
puting them,or by applyingestimationtechniques[24]. In
thissetting,wewouldliketo materializethesubsetof theag-
gregatesthat satisfiesthe given spaceconstraint,andat the
sametime is necessaryfor the reconstructionof the impor-
tantqueries.Theimportance,orbenefit,of eachquerycanbe
determinedautomaticallybyobservingthesystemworkload,
or it canbe manuallysetby the user. Note that, unlike the
view selectionproblemin datawarehouses[9], in this case
we get no partialbenefitsif we only materializea subsetof
the aggregates. This is becausethe algorithmsthat recon-
structthedetailedvalues[23, 3, 21] requireaspecifiedsetof
aggregatesin its entirety.

2.2. Profile-DrivenData Management
We draw our secondexamplefrom theareaof pervasive

computing[2]. The premiseof pervasive computingis that
all therelevantinformation(ateachpoint in timeandspace)
shouldbe accessibleto any mobile user. The usersspec-
ify what informationis relevantby usinga profile language,
which allows eachuserto definea numberof queriesthat
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wantsto be answeredby the dataitemsin the cacheof the
computer. Each query is associatedwith a benefit value,
which reflectsthequery’s utility to theuser, andneedsa set
of the dataitems in order to be answered.The dataitems
havespecifiedstoragerequirements.Furthermore,eachdata
itemmayhelpanswermorethanonequeries.

One of the problemsin the aforementionedcontext is
what datato sendto a mobile computer. The choiceof the
datato downloadis crucial,becauseit determineswhich of
thequeriesin theprofile canbeanswered,andconsequently
the total benefitthat can be achieved. This is an interest-
ing problem,in which we have to take into accountboththe
userprofile thatdescribeswhatdataareuseful,anda space
restrictionon the mobile computer, or equivalently a con-
nectiontime restriction(in bothcaseswe canonly transmit
a limited specifiedamountof data).

Example2 Considera uservisitinga new city [2]. Thepro-
file of such a usercouldcontainthe following 3 statements
(or queries).

1. Find location,requiresmap.
2. Find rentalcar, requirescar agencylist, andmap.
3. Find restaurant, requiresrestaurant list, andmap.

In thisexample,if only oneof thetwo requireddataitems
for queries2 and3 is presentin the mobile computer, then
we cannotanswerthosequeries. Thereis no usehaving a
list of restaurantsif thereis nomapavailable,andviceversa.
Therefore,the benefitgainedis zero. Also observe that the
mapitem is usefulin answeringall 3 queries.

3. RelatedWork

In theproblemof view selectionfor datawarehouses[9]
we want, given a spaceconstraint,to materializea set of
viewsin orderto minimizetheresponsetimeof queriesto the
datawarehouse.In thiscasehowever, by selectingoneof the
viewsrequiredby aquerywegeta fractionof theassociated
benefit.A subsequentstudyshows thattheheuristicsfor the
view selectionproblemdo not provide any competitiveness
guaranteeagainsttheoptimalsolution[12], andproposesthe
experimentalcomparisonof theavailablealgorithms.Many
otherstudies[8, 25, 26, 1] dealwith theview selectionprob-
lemaswell.

A similar optimization problem appearsin the context
of databasedesignunderthe nameof vertical partitioning
[18, 19], wherethe Bond Energy Algorithm [17] hasbeen
employeedfor its solution. In this domainthe problemcan
be statedasfollows. We have a setof applicationsaccess-
ing aparticularsetof attributesin therelationsof adatabase.
Eachattribute requiresa certainamountof space(to store
the valuesof the attribute in the relation),andmaybe used
by morethanoneapplications.Wewantto find anallocation
of the attributesto the memoryhierarchy(e.g.,main mem-
ory, localdisk,network disk)soasto minimizetheexecution
time of theapplications.Similar to theview selectionprob-
lem, partial benefitsarecredited,which is not true for our
case.

The COSSproblem is relatedto a family of optimiza-
tion problemsknownastheWeightedconstrainedMaximum
Valuesub-Hypergraphproblem[20], and the studiesshow
thatevensimpleinstancesof theproblemdonotacceptpoly-
nomial solutions. We arenot awareof any algorithmspro-
posedfor theCOSSproblemin thatarea.

Much work hasbeendevotedto the SetCover problem
[5], which is similar to the optimization problem we are
trying to solve, andefficient approximationalgorithms[22]
havebeenproposedfor its solution.However, thesametech-
niquesdonotseemtobeapplicablein ourcase.Furthermore,
theCOSSproblemis alsosimilar to the k-Catalog Segmen-
tation problem[16]. But no interestingpositive resultsare
known for this problemeither. In this studywe try instead
to examinetheCOSSoptimizationproblemfrom a practical
point of view, andwe hopethat the resultswe report will
stimulatemorework in this area.

The COSSproblemhasalsoappearedin the domainsof
aggregateselectionfor approximatequeryingin datacubes
[21], andprofile-drivendatamanagement[2], which exem-
plify its diversepracticalapplications.However, thesolution
of the optimizationproblemwasnot studied. All the algo-
rithmsdescribedin thispapercanbeappliedfor thesolution
of theproblemin thesedomains.

4. ProblemFormulation

In thefollowing paragraphswe establishtheterminology
usedin therestof thepaper, wepresenttheformalstatement
of theproblem,anddiscussits complexity.

Let componentsbetheindividualdataitemsthatareavail-
able for use,and objectsbe the consumersof the compo-
nents. Whenall the componentsrequiredby an objectare
selectedin the solution we say that the object is satisfied.
Eachobject is associatedwith a benefit,which is claimed
whentheobjectis satisfied.Componentsareassociatedwith
aspacerequirement,which is thestoragespacethey will oc-
cupy whenselected.Whena componentis selectedwe say
thatit is materialized.

Example3 According to the terminology we introduced
above, theproblemof view selectionfor approximatequery-
ing in datacubes(seeExample1) can be translatedas fol-
lows. Thequeriesthat wewantto beableto reconstructare
theobjects,whilethesetsof aggregatesneededbytherecon-
structionalgorithmare thecomponents.

Similarly, in theprofile-drivendatamanagementproblem
(seeExample2) theobjectsare thequeriescontainedin the
userprofile, andthecomponentsare thedataitemsrequired
to answerthequeries.

We canconstructa bipartitegraph
�����	��
�����

, where
�

is thesetof objects,



thesetof components,and


theedge
setof thegraph.An edgeexistsbetween��� � and ��� 

if component� is requiredby object � . An exampleof the
generalform of thegraphis shown in Figure2.

Let

�� �������������! 
" 

be a binary vector having 1 in
position

�
if and only if we have selectedcomponent�$#
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Figure 2. An example of the bipar tite graph
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for materialization,and % � �$# �&���'�(�)�* 
+ 
be a function

determiningthe spacerequirementsof component�$# . Let�,� -.�����/�0-1�2 �� 
, bea binaryvectorhaving 1 in position

-
if andonly if all thecomponentsrequiredby object �43 have
beenmaterialized.Eachobject �43 is alsoassociatedwith a
value 5 � �43 � , which specifiesits benefit,andis a measureof
its importance.Givenaconstraint6 onthetotalspaceavail-
ablefor the marginals,we areinterestedin maximizingthe
total benefitof queriesanswered,while satisfyingthespace
constraint.Then,theConstrainedSetSelection(COSS)op-
timizationproblemcanbestatedasfollows.

Problem1 Maximize7 3 �,� -.� 5 � � 3 � , subjectto7 # 
�� ��� % � � # �8� 6 .

It is easyto show that the Knapsackproblemreducesto a
specialcaseof theCOSSproblem.Hence,accordingto the
following lemma,theoptimizationproblemis NP-Hard.

Lemma 1 TheCOSSproblemis NP-Hard.

Observethatin thespecialcasewhereall thequerieshave
thesamebenefit,the problemis oneof trying to satisfythe
largestnumberof objectspossiblegiventhespaceconstraint.

5. Algorithms for the COSSProblem

In the following paragraphswe proposeseveraldifferent
algorithmsfor the solutionof the COSSproblem. We start
by discussingoptimalalgorithms,andthenpresentefficient
greedyheuristicsthat can scaleup to realistic sizesof the
problem.We alsoexploretheapplicabilityof simulatedan-
nealing, a randomizedalgorithm,and tabu search, a meta-
heuristic technique. The above methodshave beenused
extensively in the past for solving a variety of hard prob-
lems,includingscheduling,routing,andgraphoptimization
[11, 10, 7]. Such algorithmshave the ability to explore
a larger areain the solution spacethangreedyalgorithms,
withoutgettingstuckin localminima.

5.1. On Finding the Optimal Solution
Therearetwo reasonsweincludeanexhaustivealgorithm

in our discussion.First, it will demonstratethedramaticdif-
ferencein executiontimebetweentheoptimalalgorithmand
theheuristics.Theexhaustive algorithmhasto test 9 �;:=< >?< �
numberof possiblesolutions,where

 �� 
is the numberof

objects.Second,andmostimportant,it will serve asa basis
for comparisonof thequality of the resultswith theheuris-
tic approaches.Unfortunately, this comparisonwill only be
feasiblefor verysmallsizesof theproblem.

Evidently, in orderto find theoptimalsolutionwe do not
needto enumerateandexamineeverysinglepossibleanswer
in the solution space. Solutionswith sufficiently low car-
dinality (suchthat they aremuchlower thanthespacecon-
straint)areboundto besub-optimal,becausewe canalways
addnew objectsto the solution. Similarly, for answersthat
have alreadyexceededthe spaceconstraintwe can safely
pruneall the solutionswith highercardinality. Finally, we
canalsoprunethesolutionsthatwe know will neverexceed
thecurrentbestsolution.Thesearethepartialsolutionsthat
even if we fill up all the remainingspacewith the smallest
objects,while assumingthat theseobjectscarry the maxi-
mumbenefit,their totalbenefitwill besmallerthanthehigh-
estbenefitwe have seensofar. We will call thestraightfor-
wardexhaustivealgorithmNaive, andtheonethatprunesthe
searchspaceNaivePrune.

Dynamicprogramminghasbeenappliedfor thesolution
of the Knapsack problem,someinstancesof which canbe
solved in pseudo-polynomialtime [5]. However, this tech-
nique cannotbe appliedin our case. The intuition behind
this observationis thefollowing. Assumethatat somepoint
we want to computetheoptimalsolutionfor a subsetof the
objects(or equivalentlycomponents)andfor afractionof the
total spaceallowed. It turnsout thattheremaybemorethan
oneoptimalsolutionsat thispoint. Giventhatthecurrentso-
lution mayaffect the laterchoicesof thealgorithmwe need
to keeptrackof all of them,which leadsto exponentialtime
(or space).Thus,thedynamicprogrammingalgorithmis not
possibleto terminatein pseudo-polynomialtime.

What makes the COSSproblemdifficult is the fact that
in order to satisfyan objectwe needall the corresponding
components.Materializinga subsetof the componentsfor
someobjectdoesnot credituspartof theobject’sbenefit.

5.2. SolutionsBasedon Bond Energy
Wenow presentalgorithmsbasedontheBondEnergyAl-

gorithm [17]. This techniquehasbeenusedfor the vertical
partitioningproblemin databases[18]. A high level descrip-
tion of thealgorithmwe proposeis shown in Figure3. The
algorithmstartsby computinga measureof interrelationbe-
tweeneachpairof components�$# � � 3A@ 
 . Theinterrelation
measuresfor all possiblepairsof componentsis capturedin
thesquarematrix B (line 5 of thealgorithm):CED F�GIHKJ$L MNPORQ N�OPSUT$V WXOZYXSR[\V W]O]^&S_[�`�aIbUcRdXe
This measureis a function of the numberand the benefit

of theobjectsthat requirebothcomponents,�$# and � 3 . The
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1 procedureSolveCOSS() f
2 let squarematrix gih j kRl,m ;
3 let nol�p ; /* selectedcomponentsn/q,r */
4 for i,j=1 to < r <
5 gih # 3 k$l interrelationmeasurebetweencomponentsi andj;
6 gih j k = MakeBlockDiag(gih j k );
7 n = Split(gih j k );
8 return(n );
9 s
10procedureMakeBlockDiag( gih j k ) f
11 let matrix gutvh j k beempty;
12 for i=1 to < r <�wAx f
13 selectoneof theremainingcolumnsin gih j k ;
14 let yZz|{Z}~l,m ; /* maximumincreasein bondenergy sofar */
15 for j=1 to i+1 f
16 placenew columnin gut�h j k in positionj;
17 yZz|{Z}�l��	�&�$� bondenergy increaseafterplacingnew column

in positionj, y z|{�}�� ;
18 s
19 keepthe gut�h j k correspondingto y z|{�} ;
20 s
21 return(gut�h j k );
22 s
23procedureSplit( gih j k ) f
24 let y�z|{�}~l,m ; /* total benefitof bestsolutionsofar */
25 for i=1 to < r < f
26 make first columnof gih j k last,andfirst row last;
27 let j:=1;
28 let n�l,p ; /* selectedcomponentsnAq,r */
29 while (j � < r <]� componentsin n satisfythespaceconstraint)f
30 n = n���f component� correspondingto j-th columnof gih j k�s ;
31 y�z�{Z}~l,�	�&�.� total benefitof objectssatisfiedby components

in n , y�z|{�} � ;
32 s
33 s
34 return(n correspondingto y�z|{�} );
35 s

Figure 3. The BondEnalgorithm.

larger thenumberof objectsandtheir benefits,thestronger
theconnectionbetweenthepair of componentsis.

Then, the procedure�����=�P�����_���=� � �.� �;� permutesthe
columnsof B (or equivalently the rows since B is symmet-
ric), andtransformsit into asemiblockdiagonalform, where
large interrelationvaluestendto be groupedtogether. This
transformationis expressedby theformula�?�Z A¡�¢ £¤¢M O�¥§¦ ¢ £¨¢M © ¥§¦ gih ªP«�¬kI�Igih ªR«;¬ w/x kK®/gih ªP«�¬�® x k&®�gih ª wAx «�¬¯kK®�gih ªu® x «�¬k ��° «

which is the mathematicalrepresentationof the bonden-
ergy. We areseekingfor themaximumvalueof this expres-
sionoverall possiblearrangementsof thecolumnsof matrixB . Thealgorithmproceedsgreedilyby consideringa single
columnat a time. Theabove procedureis very fast,avoid-
ing to examinethe entire exponentialsearchspace,and is
still ableto find a nearoptimalform for B [17].

In thefinal stepthealgorithmsplitsthesetof components

into ± and


³² ± . Essentially, ± is thesetof components
thatcanbeusedto satisfythelargestfractionof high-benefit
objectswhile restrictingtheamountof availablespace.Just
asinglesplit point in B determines± and


´² ± . Theloopin
line 28 makessurethatwe won’t missgoodsolutionsfor ±
evenif ± wasoriginally situatedin thecentreof B . We will
refer to this algorithmasBondEn(BondEnergy). Its time
complexity is 9 �� 
+ µ�� .

Notethatin orderto transformmatrix B into asemiblock

diagonal form, we add one column at a time in the ma-
trix position that resultsin the largestincreaseto the over-
all bond energy. However, the selectionof the column to
addis arbitrary. Instead,we canenhancethe techniqueby
usinga greedycolumnselectionapproach.That is, choos-
ing in every stepamongall the availablecolumns(i.e., the
onesnot alreadyplaced)the one that leadsto the highest
bondenergy. We will call this versionof thealgorithmBon-
dEnGr(BondEnergy Greedy), andits time complexity now
becomes9 �� 
+ ¶P� . We alsoexperimentedwith anothertwo
variationsof thealgorithm,wherewe make surethatduring
thesplit stepwedonotincludein ± any componentsrequired
by objectsthat are not satisfied. We call the above varia-
tionsBondEn-SpAllandBondEnGr-SpAll, which aretheex-
tensionsof BondEnandBondEnGrrespectively.

5.3. SolutionsBasedon GreedyAlgorithms

The greedyalgorithmsprovide a very fastalternative to
solving the COSSproblem,and are particularly appealing
even for very large instancesof the problem. The skeleton
of thefamily of greedyalgorithmsweproposeis depictedin
Figure4. They startwith anemptysolutionset,andat each

1 procedureSolveCOSS() ·
2 let ¸ L1¹ ; /* selectedobjectş�º1» */
3 let ¼ L+¹ ; /* selectedcomponents¼,º"½ */
4 while ( ¾ ¼\¾�¿À¾ ½	¾ZÁ

componentsin ¼ satisfythespaceconstraint)·
5 amongall theobjects· b ¾ bÃÂ »�Á b�ÄÂ ¸�Å selectb.Æthatsatisfiesthegreedycondition;
6 let ¸ L ¸"ÇÈ· b.Æ Å ;7 let ¼ L ¼ÈÇ�·�É�Ê§¾ Ë Æ Ê ÂÈÌ ÁoÉ�Ê ÄÂ ¼¨Å ;8 Å
9 return(¼ );
10 Å

Figure 4. The greed y algorithm.

stepthey addto thesolutionsetthosecomponentsthatsatisfy
thegreedycondition.Beforediscussingthealternatives,we
introducesomenew notationthat will be necessaryfor the
mathematicalformulation.Let ± ª bethesetof components
that the algorithmhasselectedduring the past � iterations,
and 9 ª bethesetof objectsthataresatisfiedgiventhecom-
ponentsin ± ª . We areinterestedin decidinghow to update
thosesetsduringiteration �oÍ � . Let ÎA9 ª/Ï �Ð² 9 ª bethe
setof candidateobjectsfor selectionduring iteration ��Í � .
Let Î ¬ ÏÒÑ � 3  � ¬ 3 � ÔÓ � 3"Õ�)± ª§Ö bethesetof components,
which are not in ± ª , requiredfor object �×#"�ØÎA9 ª . The
additionalamountof spacerequiredby thesecomponentsis
givenby theformula Ù � � ¬ � Ï 7 � ^KÚ.Û © % � � 3 � . As before,we
assumethatwe know thegraph

�����	��
�����
, where

�
is the

setof objects,



is the setof components,and


is the set
of edgesindicatingwhich componentsareneededin order
to satisfyeachobject. The greedystepcantake any of the
following four forms.
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1. Accept to the solution set thosecomponentsthat will
satisfy a new object, and that require the leastamountof
space. More formally, for eachobject � # �ÜÎA9 ª calcu-
latetheadditionalspacerequiredfor storingthecorrespond-
ing components,givenby Ù � � # � . Let � ¬ ÏÞÝ$ß�à~á,âäã4å Y Ù � � # �
be the objectthat requiresthe leastadditionalspace.Then,9 ª&® x Ï 9 ª	æ � ¬ , and ± ª&® x Ï ± ª8æ Î ¬ .

This approachis trying to satisfyasmany objectsaspos-
sible.Theintuition is thatif therearemany objectsanswered
thenthetotal benefitof thoseobjectswill behigh. However,
thismaynotbetrueif all thesatisfiedobjectshappento have
low benefitvalues.Thetime complexity of this algorithmis9 �� �� çP� , andwe will referto it asGrSp(GreedySpace).

2. Acceptto thesolutionsetthosecomponentsthatwill sat-
isfy the new object with the highestbenefitattachedto it.
More formally, let � ¬ ÏèÝ.ß�à~á�Ý$é å Y Ú.Û�ê O 5 � �¤# � be the ob-
jectwith thehighestbenefitamongall thecandidateobjects.
Then, 9 ªK® x Ï 9 ª	æ � ¬ , and ± ª&® x Ï ± ª8æ Î ¬ .

The goal of this alternative is to answerasmany of the
high-benefitobjectsas possible. This approachis likely
to fail if the requiredcomponentshave unexpectedlyhigh
spacerequirements.We will refer to this algorithmasGr-
Ben(GreedyBenefit). Its timecomplexity is 9 �� �� çP� .
3. Acceptto thesolutionsetthosecomponentsthatwill sat-
isfy a new object, and the ratio of the object benefitover
the total spacerequiredby the selectedcomponentsis min-
imal. More formally, for eachobject �¤#��ëÎA9 ª calculate
the additionalspacerequiredfor storing the corresponding
components,given by Ù � �×# � . Let � ¬ ÏìÝ$ß�à~á�Ý_éíå Y4î � å Y �y.� å Y � be
the objectthathasthe highestbenefitper unit of additional
spacerequiredby its components.Then, 9 ª&® x Ï 9 ªoæ � ¬ ,
and ± ª&® x Ï ± ª�æ Î ¬ .

This variation of the algorithm is trying to accountfor
the extremecaseswe identifiedasweaknessesto the previ-
oustwo alternatives.We will referto it asGrBenSp(Greedy
Benefitperunit Space). Its time complexity is 9 �� �� çR� .
4. Acceptto thesolutionateachiterationanindividualcom-
ponent.Selectthecomponentthatfits in theremainingspace
andyieldsthemaximum� Õ % ratio,where� is thetotalben-
efit of all the objectsthat arenow satisfiedbecauseof the
selectionof thenew component,and % is the spacerequire-
mentsof thenew component.If theselectionof no compo-
nentcausesany new objectsto besatisfiedthenthealgorithm
picksthecomponentwith thesmallestspacerequirements.

This algorithm explores the applicability of choosing
componentsinsteadof objects. We do not expectit to per-
form well whenmostof the objectsrequiremorethanone
componentin orderto getsatisfied.Thetime complexity of
this algorithmis 9 �� 
1 çP� andwe will refer to it asGrComp
(GreedyComponent).

5.4. Simulated Annealing
Simulatedannealing[14] is a randomizedhill climbing

algorithm.With acertainprobability, thatdeclinesovertime,
this algorithmis allowedto follow directionsin thesolution

spacethat result in solutionsworsethan thoseseenso far.
This techniqueenablesthealgorithmto avoid local minima
andstabilizein a final statethatis closeto optimal.

Thesimulatedannealingalgorithmthat solvestheCOSS
problemis depictedin Figure5. We startwith an initial so-
lution (lines2 and3) that is providedby oneof thegreedy
algorithmswe presentedearlier. Lines 7-18 implementthe

1 procedureSolveCOSS() f
2 let ê l êuï ; /* selectedobjectsê q > */
3 let nol�n ï ; /* selectedcomponentsn/q,r ,

correspondingto ê */
4 let ð�l�ð ï ;
5 let ñ&òX¬ó��?l,m ;
6 let y z|{�} l,m ; /* total benefitof bestsolutionsofar */
7 while ( ð�ô x ) f
8 for # =1 to totalnumberof iterationsf
9 êuõ�ö;÷ l GetNewSimAnSolution(ê );
10 let ñ&òX¬ó��øl (benefitof êuõPö�÷ ) w (benefitof ê );
11 if( ñ&òX¬ó���ù�m )
12 ê l êuõPö�÷ ; /* acceptthenew solution*/

13 if ( ñ&òX¬ó�����m ) thenwith probability òûú�ü ö © ý {þ
14 ê l êuõPö�÷ ; /* acceptthenew solution*/
15 y z�{Z} l��	�&�.� benefitof ê , y z|{Z}�� ;
16 s
17 ð�l�ÿUð ; /* ÿÃ� x */
18 s
19 n�l marginalsneededto answerqueriesin the ê

correspondingto yZz|{Z} ;
20 return(n );
21 s
22procedureGetNewSimAnSolution( ê ) f
23 let nol marginalsneededto answerthequeriesin ê ;
24 pick object ê { ü z Y ý Ú f >�w ê s at random,

andinsertit to ê ;
25 if(total spaceneededby nAô�� )
26 pick anobject ê\ö���Y�� ý Ú f ê w ê { ü z Y ý s at random,

andremove it from ê ;
27 if (total spaceneededby nAô�� )
28 penalizethetotal benefitof ê proportionallyto

thebenefitperspaceratioof ê { ü z Y ýandtheamountby which � is exceeded;
29 return(ê );
30 s

Figure 5. The SimAnalgorithm.
hill climbing procedure.In simulatedannealingapartfrom
uphill moves,downhill movesare also allowed undercer-
tain circumstances.More specifically, a downhill move is
acceptedwith probability � w � ñ&òX¬ó�� ��� ð (line 13),where 	§�R��
��
is the decreasein the costfunction from the previous itera-
tion,and � is atime-varyingparametercontrollingtheabove
probability. When � is high(in thebeginningof theprocess)
the probability of acceptingdownhill movesis high. Then,
� is slowly decreased(line 17),andwhenthesystemfreezes
( �� � ) no furthermovesareconsidered.Notethatthispro-
cessinvolvestwo loops. While � remainsfixed, the inner
loop (lines8-16)searchesfor solutions.In our implementa-
tion thenumberof iterationsexecutedis a constantnumber
(dependenton theproblemsize).

ThefunctionGetNewSimAnSolution()(lines22-28)deter-
mineswhattheproposedsolutionfor thenext iterationof the
algorithmis goingto be. Thenext solutionis chosenat ran-
dom amongall the neighboursof the currentsolution. We
termtwo solutionsasneighboursif we canderive onefrom
the otherby addinga singleobject to oneof the solutions,
optionallyfollowedby adeletionof anotherobject.This last
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stepensuresthat thecurrentsolutionsatisfiesthespacecon-
straint(lines25-26). Nevertheless,the requirementthat the
currentsolutionshouldsatisfythe spaceconstraintat every
stepis notstrict. In somecases,whenthenew solutionseems
promising,we allow it to violate thespaceconstraintat the
costof a smallpenaltyto thetotalbenefit.

The complexity of the simulatedannealingapproachis
determinedby the numberof iterations. The work donein
eachiterationis really minimal, andwe cansafelyconsider
it asconstant.Thenumberof iterationsis controlledby the
user, who setstheparameter� , anddefinestheway it is re-
duced.In our experimentstheparameter� wasinitially set
to four times the total benefitof the initial solution, the �
parametercontrollingthedecreaseof � wassetto 0.95,and
for eachfixedvalueof � theinnerloopof thealgorithmexe-
cutedanumberof iterationsequalto

� Õ�� of thetotalnumber
of objects. Varying the above parametersdid not have sig-
nificanteffectson thequality of solutionsfound.

5.5. Tabu Search

Tabu search[7] is a metastrategy for guiding known
heuristicsto overcomelocal optimality. A structurecalled
tabu list, usedasauxiliarymemory, describesasetof moves
thatarenotpermitted.Thisway thealgorithmcanavoid vis-
iting solutionsthathasalreadyvisitedin thepast,andthusit
is lessprobableto getstuckin localminimaor cycles.

The outline of the tabu searchalgorithm for the COSS
problemis shown in Figure 6. The algorithm startswith

1 procedureSolveCOSS() f
2 let ê l êuï ; /* selectedobjectsê q > */
3 let n�l�n ï ; /* selectedcomponentsnÃq,r ,

correspondingto ê */
4 let y z|{Z} l�m ; /* total benefitof bestsolutionsofar */
5 let ê ý {���� l,p ; /* setof tabu objects*/
6 while (searchnot finished)f
7 ê õ�ö;÷ l GetNewTabuSolution(ê « ê ý {���� );
8 y�z|{�}~l��	�&�.� benefitof êuõ�ö;÷ , yZz|{Z} � ;
9 ê l ê õPö�÷ ;
10 updateê ý {���� basedon thechangesto ê ;
11 s
12 nol componentsneededto satisfyobjectsin the ê

correspondingto y z|{�} ;
13 return(n );
14 s
15 procedureGetNewTabuSolution( ê « ê ý {���� ) f
16 let n�l componentsneededto satisfyobjectsin ê ;
17 pick anobject ê { ü z Y ý Ú f >�w ê w ê ý {���� s ,andinsertit to ê ;
18 if(total spaceneededby nAô�� )
19 pick anobject ê ö��ZY�� ý Ú f ê w ê { ü z Y ý w ê ý {����Us ,andremove it from ê ;
20 if (total spaceneededby n/ô�� )
21 penalizethetotalbenefitof ê proportionallyto

thebenefitperspaceratioof ê { ü z Y ýandtheamountby which � is exceeded;
22 return(ê );
23 s

Figure 6. The Tabu algorithm.

an initial solution(lines 2 and3), which in our implemen-
tation is derived using the greedyheuristicswe presented
earlier. Then, the main loop (lines 6-11) iteratesover the

proposedsolutionsin orderto pick the bestone. The func-
tion GetNewTabuSolution()(lines15-21)selectsthesolution
(definedin termsof theselectedobjects)thatwill beexam-
inedduringthenext iterationof thealgorithm.Thelaststep
of the function is to make surethat the proposedsolution
satisfiesthespaceconstraint(lines18 and19). However, as
with simulatedannealing,this requirementis not strict.

Notethatthechangesthatleadto thenew solutioncannot
involveany of theobjectsin thetabu list � ó�� î å . In ourimple-
mentationthe tabu list keepstrack of the recentlyaddedor
deletedobjects.Nevertheless,this restrictioncanbeoverrid-
denwhenthenew solutionis thebestobtainedsofar. When
the new solution is available, we updatethe tabu list (line
10),andproceedto thenext iteration.

Similar to thesimulatedannealingmethod,thecomplex-
ity of tabu searchis controlledby the user. An important
differencein the caseof tabu searchis the selectionof the
next solution. It canbeassimpleasa randomchangein the
currentsolution(likesimulatedannealing),or asinvolvedas
exhaustive enumeration.Therefore,thereis a tradeoff be-
tweenthe numberof iterationsthe algorithm will execute,
andthecomplexity of eachiteration. In our experimentswe
usea greedyalgorithmto selectthenew solution.

6. Experimental Evaluation

For the evaluationof the efficiency andbehavior of the
algorithmswe usesyntheticdatasets,wherethe numberof
objectsrangefrom 10 to 1000. Thenumberof components
is in eachcasetwice the numberof objects,andmorethan
half of thecomponentshelpsatisfymultipleobjects.In order
to assignbenefitvaluesto objectsandspacerequirementsto
componentswe generatedrandomnumbersfollowing uni-
form, Gaussian,andZipfiandistributions.Theresultsfor the
datasetsconstructedusingtheGaussiandistributionaresim-
ilar to thoseobtainedfrom theuniformdatasets,andweomit
themfor brevity.

In the experimentswe measurethe sum of the benefits
of the objectsthat are satisfiedgiven the componentsthat
areselectedby thealgorithms.We arealsointerestedin the
computationtime of the proposedalgorithms. In all cases
wereportthebenefitof thesolutionsnormalizedby thetotal
benefitof all theobjectsin theproblem.Similarly, thespace
constraintis normalizedby the total spacerequirementsof
all thecomponentsin theproblem.

6.1. Scalability of the Algorithms
Thefirst setof experimentsexaminestheefficiency of the

algorithmsin termsof the time requiredto producethe so-
lution. Figure7 shows how the run-timeof the algorithms
changeswhenthenumberof objectsincreases.In Figure7(a)
wedepictthetremendousdifferencein thecomputationtime
neededby thenaiveapproachandtherestof thealgorithms.
NaivePrune, which is representedby thevertical line at the
very left of thegraph,is ableto produceanswersin areason-
abletime-frameonly for problemsinvolving fewer than20
objects.As shown in Figure7(b)thebondenergyalgorithms
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Figure 7. Scalability of the algorithms.

scalemoregracefully. Nevertheless,whentheproblemsize
becomeslarge, i.e., morethan600 objectsfor BondEnand
morethan400 objectsfor BondEnGr, thesealgorithmsre-
quiremorethan24hoursto producea solution.Evidently, it
is only the greedyalgorithmsthatareableto scaleto thou-
sandsof objects.Thetimethey requiredwasunder2 minutes
in all caseswe tested.

6.2. Evaluating the Quality of the Solutions
In thissetof experimentsweevaluatethequalityof theso-

lutionsproducedby theproposedalgorithms.First we com-
parethevariationsof thebondenergy family of algorithms.
Figure8 illustratesthebenefitsfor thesolutionsproducedby
BondEn, BondEnGr, BondEn-SpAll, and BondEnGr-SpAll
for variousvaluesof the spaceconstraint. The differences

Figure 8. Performance of the BondEnalgorithms.

amongthe algorithmsareminimal in all the caseswe con-
sidered.Observealsothatthegreedymethodof constructing
thebondenergy matrix (BondEnGr) in somecasesimproves
thequalityof thesolutions.However, themoreinvolvedsplit
procedure(representedby BondEnGr-SpAll) is not able to
achieve a bettersolution than the simpler approach(Bon-
dEnGr). Sincethe above algorithmsperform without sig-
nificantdifferences,for the restof the experimentswe only
demonstrateBondEn, which is thefastestamongthem.

In thenext setof experimentswe comparethequality of
thesolutionsof thebondenergy andthegreedyalgorithms.
Thegraphsin Figure9 illustratethe normalizedtotal bene-
fit of the solutionswhenwe vary the spaceconstraint,and
the graph

�
remainsthe same.The two graphscorrespond

to the caseswherethe assignedobjectbenefitsandcompo-
nentspacerequirementsfollow uniform, andZipfian distri-
butions,respectively. Figure10 depictstherelative ordering
of thealgorithmsin termsof thequalityof thesolution,when

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

B
en

ef
it 

/ T
ot

al
 O

bj
ec

ts
 B

en
ef

it

�

Space Constraint / Total Components Space

GrBenSp
GrSp

BondEn
GrBen

GrComp

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

B
en

ef
it 

/ T
ot

al
 O

bj
ec

ts
 B

en
ef

it

�

Space Constraint / Total Components Space

GrBenSp
GrSp

BondEn
GrBen

GrComp

(a)uniformdistribution (b) Zipfian distribution
Figure 9. Varying the space constraint.

we vary thegraph
�

. As we move in thegraphfrom left to

Figure 10. Varying the graph
�

.

right thereis an increasein the averagenumberof objects
thatareconnectedto eachcomponent(i.e., we increasethe
degreesof thecomponentnodesin

�
). Thebestperformance

acrossall experimentsis achievedby GrBenSp, closelyfol-
lowedby GrSp. TheBondEnandGrBenalgorithmsperform
in themiddlerange,while GrCompperformstheworst.

Thepoorperformanceof GrCompis explainedby thena-
tureof thealgorithm,which builds thesolutiononecompo-
nentat a time, insteadof setsof componentslike therestof
thealgorithms.This choicerestrictsGrComp, anddoesnot
allow it to startaccumulatingbenefituntil all thecomponents
relatedto a specificobjectarebroughtin thesolution. This
explainsthe slow rateat which the algorithmimprovesthe
solutionat thelower left partof thegraphin Figure9(a).

We alsoconducteda seriesof experimentswherewe var-
ied thenumberof objects.Figure11 depictsthetotalbenefit
achievedby eachalgorithm.Wereporttheresultsof running
the algorithmson the samegraph

�
, wherethe queryben-

efits andthe componentspacerequirementswereproduced
from uniform (Figure11(a)),andZipfian (Figure11(b))dis-
tributions.Theseexperimentsshow thattherelativeordering
in performancefor all the algorithmswe considerremains
thesameacrossvariousproblemsizes.

In Table1 we report the resultsof the experimentswith
SimAnandTabu. We usethesolutionprovidedby GrBenSp
asthebasesolution,andreporttheimprovementonthissolu-
tion achievedby eachoneof thetwo algorithms.Theinitial
solutionfor both SimAnandTabu is providedby GrBenSp,
andthis is alsothemethodusedby Tabu to selectsolutions
at eachiteration.We experimentedwith varyingthenumber
of objectsandthespaceconstraint,andweallowedthealgo-

8



0

5000

10000

15000

20000

25000

30000

35000

40000

45000

100 200 300 400 500 600 700 800 900 1000

T
ot

al
 B

en
ef

it�

Number of Objects

GrBenSp
GrSp

BondEn
GrBen

GrComp

0

5000

10000

15000

20000

25000

30000

35000

100 200 300 400 500 600 700 800 900 1000

T
ot

al
 B

en
ef

it�

Number of Objects

GrBenSp
GrSp

BondEn
GrBen

GrComp

(a)uniform distribution (b) Zipfian distribution
Figure 11. Varying the number of objects.

rithms to run an equalamountof time to the time required
by GrBenSpto producethesolution.

GrBenSp SimAn Tabu
objects constraint

100 0.5 1 1.012 1.012
250 0.5 1 1 1.003
500 0.5 1 1.003 1.003

(a) Varyingthenumberof objects

GrBenSp SimAn Tabu
objects constraint

250 0.1 1 1 1.05
250 0.3 1 1 1.002
250 0.5 1 1 1.003

(b) Varyingthespaceconstraint

Table 1. Impr ovement in the GrBenSpsolution by SimAn
and Tabu.

UnlikeSimAn, Tabu wasableto improveontheinitial so-
lution in all thecasestested.WebelievethatthereasonTabu
outperformsSimAnis becausethesolutionspaceis toolarge,
andthismakesit extremelydifficult for SimAnto headto the
correctdirection. RememberthatSimAnmovesin thesolu-
tion spaceby selectingat randomoneof thenumeroussolu-
tionsthatareneighborsof thecurrentsolution.On theother
hand,the Tabu algorithm directs its searchin the solution
spacemoreeffectively, becauseit employsamorestructured
wayof takingstepsat eachiteration.

6.2.1 Comparison to Optimal Solution
An interestingobservation is the fact that both SimAnand
Tabu improvethesolutiononly by a smallamount(lessthan
or equal to 5% for the caseswe tested). A naturalques-
tion thenis how closeto optimal is thesolutionprovidedby
GrBenSpin the first place. Unfortunately, it is not easyto
find the optimal solutionfor the experimentswe presented,
becausethesizeof theproblemis prohibitively large.There-
fore,weconductedaseriesof experimentswherethenumber
of objectswassetto 10, for which we couldget theoptimal
solution to compareagainstthe other algorithms. The re-
sults of theseexperimentsare depictedin Figure 12. The
graphsshow the benefitof the solutionsproducedby Gr-
BenSpand Tabu normalizedby the benefitof the optimal
solution (which is always 1). In the graphshown in Fig-
ure12(a)we vary thespaceconstraint.In Figure12(b)each

point in thegraphrepresentsanexperimentwith a different
graph

�
connectingobjectsto components.As we move in

the graphfrom left to right thereis an increasein the av-
eragenumberof objectsthat areconnectedto eachcompo-
nent.Theleft-mostpointin thegraphcorrespondsto thecase
whereeachcomponentis connectedto a singleobject,and
theproblemdegeneratesto theKnapsackproblem.

Notethatin many settingsin bothgraphsGrBenSpfindsa
solutionvery closeto optimal. Though,therearealsocases
whereit achievesslightly morethanhalf the benefitof the
optimal. Theseexperimentsindicatethat the GrBenSpal-
gorithm is in many circumstanceseffective at finding near-
optimal solutions. This explains the fact that SimAnand
Tabu could not find much bettersolutionsthan the greedy
algorithmin our previous experiments(seeTable1). Nev-
ertheless,the graphsshow that the Tabu algorithm is able
to improve uponGrBenSp, andfind a very goodsolutionin
almostall thecaseswhereGrBenSpperformspoorly.

(a)Varyingthespaceconstraint (b) Varyingthegraph
�

Figure 12. GrBenSpand Tabu compared to optimal.

7. Discussion

The experimentsdemonstratethat thebondenergy algo-
rithms performworsethansomeof the greedyapproaches.
At a first glancethis is a rathersurprisingresult,given that
theBondEnalgorithmshave highercomplexity andseemto
make choiceswith greatercare. However, we observe that
all thedecisionsthatBondEnmakesarebasedon just pairs
of components,despitethe fact that in many casesit is a
largernumberof componentsthat areinterrelated.The ex-
perimentsshow thatthispreventsBondEnfrom capturingthe
true, more complex, associationsinherentin the problem,
narrows theinformationuponwhich thealgorithmoperates,
andleadsto poordecisions.Thus,BondEnshouldnotbethe
algorithmof choice,especiallysinceit doesnotscaleaswell
asthegreedyalgorithms.

Thegreedyapproachesarebetterthanthebondenergyal-
gorithmsfor anotherreasonaswell. They areableto incre-
mentallycomputea new solutionwhenthespaceconstraint
is relaxed. This is animportantfactorin theselectionof the
algorithm,sinceit removestherequirementof a hardspace
constraint,andgivestheusertheflexibility to chooseamong
a rangeof slightly differentspacerequirementswhich may
leadto solutionswith significantvariationsin thebenefitval-
ues. On the contrary, the bond energy algorithmscannot
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readilyprovide thenew solution,becausethey have to rerun
thesplit procedure(seeFigure3), which is expensive.

Thedistinctionamongthegreedyalgorithmsis quiteclear
betweenthe best(GrBenSpand GrSp) and the worst (Gr-
Ben andGrComp) performers(seeFigures8(b) and 9(a)).
However, it is not clear from the experimentswhetherGr-
BenSpor GrSp is a betterchoice,sincethey both have the
sametime complexity andprovidesolutionsof similar qual-
ity. The following theorems

x
presenttheoreticalresultson

the behaviour of the greedyalgorithmswhen comparedto
optimal,thathelpanswertheabovequestion.

Theorem1 In the worst case, the GrCompalgorithm pro-
videsa solutionthat is at least

� � ç ²��P� 5 timesworsethan
theoptimalsolution,for any 5���� and 6 � � .
Theorem2 In theworstcase, theGrBenalgorithmprovides
a solutionthat is at least

� 6 ² �R�K����² xî � timesworsethan
theoptimalsolution,for any 5���� and 6 � : .
Theorem3 In theworst case, theGrSpalgorithmprovides
a solutionthat is at least

�"! �"� 5 timesworsethantheoptimal
solution,for any 5#�$� andin thelimit as 6&%(' .

Theorem4 In the worst case, the GrBenSpalgorithm pro-
videsa solution that is at least

�)!+*)*
timesworse than the

optimalsolution,in thelimit as 5,%-' .

Thesetheoremsshow thatthreeof thegreedyapproacheswe
examined,namely, GrComp, GrBen, andGrSp, mayperform
arbitrarily poorly under certain circumstances.The same
doesnot seemto be true for the GrBenSpalgorithm. We
believe thatGrBenSpis a betterchoicein this sense,sinceit
avoidsmakingpoordecisionsthat leadto solutionsvery far
from optimal.

Finally, we shouldnotethatTabu canin many casesim-
proveon thesolutionof thegreedyalgorithms.An interest-
ing observationis thatwhenwe turnedoff thetabu list func-
tionality theperformanceof thealgorithmdeteriorated.This
indicatesthatTabu is indeedmakingwell-calculatedmoves,
andthatthetabu list enablesthealgorithmto avoid localmin-
ima andexplorenew areasin thesolutionspace.Therefore,
it is beneficialto run this algorithmwhenthetimeallows it.

8. Conclusions

Spaceconstrainedoptimization problemsare still sig-
nificant despitethe advancesin storagetechnologies.The
tremendousamountof informationproducedevery day, as
well asthelimited capacitiesof certainmobiledevices,con-
firm the needfor efficient solutionsto such optimization
problems.

In this paperwe focuson thespecificproblemof COSS,
where benefit values are associatedto sets of items, in-
steadof individualitems.Thisoptimizationproblemappears
in importantapplicationsin variousdomains,suchasdata
warehousesandpervasive computing. We derive the com-
plexity of this problem,andproposeseveral algorithmsfor¦

Theproofsof thetheoremsareavailablein thefull versionof thispaper.

its solution. We presentan extensive experimentalevalua-
tion of thealgorithmsthatillustratestherelativeperformance
of the differentapproaches,anddemonstratesthe scalabil-
ity of the greedysolutions. We also identify caseswhere
someof the greedyalgorithmsperform poorly, andexper-
imentally demonstratethat GrBenSpis a practicalsolution
for theCOSSproblem.
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