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Abstract

Spaceconstainedoptimizationproblemsarisein a multi-
tudeof importantapplicationssud asdatawarehousesnd
pervasivecomputing A typical instanceof suc problemsis
to selecta setof itemsof interest,subjectto a constaint on
thetotal spaceoccupiedby theseitems.Assuminghat each
itemis associatedvith a benefit,for a suitably definedno-
tion of benefitonewishego optimizethetotal benefitfor the
selectedtems.

In this paper we showthat in manyimportantapplica-
tions, one facesvariants of this basic problemin which the
individual itemsare setsthemselvesand ead setis associ-
atedwith a benefitvalue We presentinstancef sud prob-
lemsin the contet of datawarehousemanagjementand per-
vasivecomputing derivetheir compleity, and proposeser-
eral techniquesfor solvingthem. Sincethere are no known
approximationalgorithmsfor theseproblemsweexplore the
useof greedyandrandomizededniques.

We presenta detailed performancestudy of the algo-
rithms, highlighting the efficiencyof the proposedsolutions
and the benefitsof each appmoacd. Finally, we presenta
worst-caseanalysisof the algorithms,which can be useful
in practicefor choosingamongthe alternatives. The solu-
tions proposedin this paper are genericand likely to find
applicationsin manymore problemsof interestthan those
mentionedabove

1. Intr oduction

In recent years there has been a proliferation in the
amountof information that is being produced. The data
thatarebeinggatheredandstoredinvolve severalaspect®of
humanactity. Retailersregisterindividual transactionsn
their stores,businesse&eeptrack of the interactionswith
customersand suppliers,scientificlaboratoriesecordvari-
ousmeasurementsf interest.Obviously, thevolumeof data
generatedn suchsituationsis huge.

It is oftentimesthe casethatnot all dataare stored,be-
causeof their sheersize. In orderto sase spacepeopleusu-
ally aggregyatedataandonly storethe aggregates.A typical
scenaridn aretail storedatawarehousewhich recordsuser
transactionsywould beto aggrejatethe salesatthe daylevel
[13]. Similarly, scientific measurementsuchastempera-
ture, precipitation,air pollution, are aggrejatedat the hour
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level. In mary casesventhe sizeof the aggrejateddatais

too large, sothat portionsof it have to be movedto tertiary
storageor permanentlydeleted. Then, we have to choose
which partsof the datato keeparound.

Limited spacecanbecomea restrictingfactorevenwhen
theamountof datais notlarge,but whenthe actualavailable
spacas limited. Characteristieéxamplesof this scenaricare
handhelddevices,which have smallstoragecapacity andfor
which spaceallocationshouldbe donewith care. Mobile
userdn generafaceananalogouproblemin termsof band-
width. Whenthe availablebandwidthor connectiortime re-
sourcesarelimited, we have to choosecarefullywhich bytes
to transmitover the communicationink.

Obsenre that all the above examplesleadto spacecon-
strainedoptimization problems. We wish to fill the given
spacewith themostusefulof ourdata,or in otherwordswith
the datathatwill give usthe highestbenefit. The benefitis
determinedy thenumberandimportanceof thequerieshat
we cananswerbasedon the storeddata. The view selection
problem[9] in the context of datawarehousess aninstance
of suchan optimizationproblem,and hasbeenstudiedex-
tensiely in theliterature.

In this papemwe studythe above optimizationproblemfor
the casewhenthe benefitwe getfor admittingitemsin the
solutionis associatedo setsof items,andnot to individual
items.In boththeKnapsackandtheview selectiorproblems
the benefitincreasesvith eachitem thatis addedto the so-
lution. However, thisis nottruefor the classof applications
that we consider In this settingthere are additional con-
straintsinherentin the problem,which dictatethatwhenwe
selecta new item to insertin the solutionthe addedbenefit
is zero,unlessa setof relateditemsareinsertedaswell. The
above constraintsnake the problemharderandin Section6
we discusshow they affect the solution procedure.For the
restof the papemwe referto this optimizationproblemasthe
ConstainedSetSelectiofCOSS)problem.

Severalproblemghathave beenpresentedh theliterature
[20, 22, 16] arerelatedto the COSSproblem. Nevertheless,
noneof the known resultsor techniquesseemto be appli-
cablein this case[15]. This studyis the first thoroughex-
aminationof practicalalgorithmsthat solve the COSSprob-
lem. Our experimentakevaluationcansene bothasa practi-
tioner’s guide,andalsoprovide intuition aboutthe natureof
theproblemfrom atheoreticaperspeciie.

In this paper we make the following contributions.

e We formulate optimization problemsconcerningthe



selectionof setsof itemsthatundera spaceconstraint
yield the highestbenefit wherebenefitsareassociated
to setsof items. Thiskind of problemsappeaiin vari-
ousdomainsandarevery interestingn practice.

¢ We derive the complexity of the above optimization
problems andproposeseveralalgorithmsfor their so-
lution. Sincethereareno known polynomialtime ap-
proximationalgorithmsfor theseproblemswe exam-
ine the use of known optimizationprinciplesin this
contet [6], suchasgreedyandrandomization.

e Weexplorethepropertieof theabovetechniquesvith
an experimentalevaluation. Our resultsillustrate the
behavior of thealgorithmsunderdifferentsettingsand
highlight the benefitsof eachapproach.

e Basedonouranalysiswe presentvorstcasescenarios
for the algorithms. This offersinsightinto the opera-
tion of the algorithms,andprovidesa practicalguide
for selectingamongthetechniqueproposed.

Theoutlineof the paperis asfollows. Section2 illustrates
examplesn whichthe COSSoroblemis applicableandSec-
tion 3 reviews therelatedwork. In Section4 we presenthe
formulationof the optimizationproblem,andSection5 pro-
posesalgorithmsfor their solution.In Section6 we show ex-
perimentaresultsevaluatingthe performancendthe utility
of the proposedalgorithms.Finally, in Section7 we present
an analysisof the algorithmsanddiscusstheir relative per
formance.

2. Applications of the COSSProblem

In thefollowing sectionsve presentvith moredetailtwo
specificexampleapplicationsof the problem. The first ap-
plicationcomesrom theworld of datawarehousingandthe
secondrom penasive computing.

2.1 AggregateSelectionfor Approximate Querying
in Datacubes

The volume of datastoredin OLAP tablesis typically
huge, often times in the order of multiple terabytesto
petabytes. In large organizationswhereterabytesof data
aregeneratedvery day it is commonpracticeto aggreyate
thesedatain orderto save storagespace. During this pro-
cedureghedetailedinformationthatproducedheaggreyates
is lost. In othercaseghe detaileddatais movedto tertiary
storage which makesthe taskof accessinghemvery cum-
bersome.Neverthelessysersare ofteninterestedn inquir-
ing aboutthe datathat generatedhe summarizedorm. In
suchcasesgeneratinggjoodestimatesor the original datain
responséo queriess a pressingconcern.Efficient solutions
to the above problemhave beenproposedn the literature
[4, 23, 3, 21], wherethereconstructioriechniquesrebased
solelyonthe aggreyatedinformationin orderto producees-
timatesfor the detailedvalues.

Example 1 Figure 1(a) showsa typical OLAP table with
two dimensionattributes (location and jeans), and hierar-
chiesdefinedn eat dimension Assumehat for the stateof
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Figure 1. Example dimension hierar chies on two dimen-
sional sales data.

NY (i.e., theupperhalf of thetable)weonly store the aggre-
gatedsalesfor ead city andfor each catggory as shownin

Figure 1(b),andthatwehavedeletedall thedetailedvalues.
Theuses mightwantto inquire aboutthe numberof redtab
jeanssoldin QueendNY (a point query),or they mightre-
questthe numberof any kind of jeanssold in ead city of
NY state(a range query). It turns out that we can usethe
informationthat is storedin the aggregates,in order to pro-

vide approximateanswes to the above queries. Therecon-
structionalgorithmwill needboth of the aggregatesshown
in Figure 1(b), andwill be ableto produceestimatedor all

thevaluesmarkedas“x”.

Now considerthe casewherewe areallowedonly a lim-
itedamountof spacdor storingtheaggreyates We cancom-
putethespaceaequirementsf theaggreateseitherby com-
puting them, or by applying estimationtechniqueg24]. In
thissetting,wewouldlik e to materializehesubsebf theag-
gregatesthat satisfiesthe given spaceconstraint,andat the
sametime is necessaryor the reconstructiorof the impor-
tantqueries.Theimportancepr benefit,of eachquerycanbe
determinechutomaticallyby observinghesystemworkload,
or it canbe manuallysetby the user Note that, unlike the
view selectionproblemin datawarehouse$9], in this case
we get no partial benefitsif we only materializea subsebf
the aggr@ates. This is becausehe algorithmsthat recon-
structthedetailedvalues[23, 3, 21] requirea specifiedsetof
aggreatedn its entirety

2.2 Profile-Driven Data Management

We draw our secondexamplefrom the areaof pervasive
computing[2]. The premiseof penasive computingis that
all therelevantinformation(ateachpointin time andspace)
shouldbe accessiblgo any mobile user The usersspec-
ify whatinformationis relevantby usinga profile language,
which allows eachuserto definea numberof queriesthat



wantsto be answereddy the dataitemsin the cacheof the
computer Eachqueryis associatedvith a benefitvalue,
which reflectsthe query’s utility to theuser andneedsa set
of the dataitemsin orderto be answered.The dataitems
have specifiedstoragerequirementsFurthermoreeachdata
item may helpanswemorethanonequeries.

One of the problemsin the aforementionectontext is
what datato sendto a mobile computer The choiceof the
datato downloadis crucial, becausét determinesvhich of
thequeriesin the profile canbe answeredandconsequently
the total benefitthat can be achiezed. This is an interest-
ing problem,in which we have to take into accountboththe
userprofile thatdescribesvhat dataare useful,anda space
restrictionon the mobile computey or equivalently a con-
nectiontime restriction(in both casesve canonly transmit
alimited specifiedamountof data).

Example 2 Considera uservisitinga new city [2]. Thepro-
file of sucth a usercould containthe following 3 statements
(or queries).

1. Find location,requiresmap.

2. Find rentalcar, requirescar agencylist, andmap.

3. Find restauant, requiresrestauantlist, andmap.

In thisexample,if only oneof thetwo requireddataitems
for queries2 and 3 is presentin the mobile computer then
we cannotanswerthosequeries. Thereis no usehaving a
list of restaurantsf thereis nomapavailable,andvice versa.
Therefore the benefitgainedis zero. Also obsene thatthe
mapitem is usefulin answeringall 3 queries.

3. RelatedWork

In the problemof view selectionfor datawarehouse§9]
we want, given a spaceconstraint,to materializea set of
viewsin orderto minimizetheresponséme of queriedo the
datawarehouseln this casehowever, by selectingoneof the
viewsrequiredby a querywe getafractionof theassociated
benefit. A subsequergtudyshows thatthe heuristicsfor the
view selectionproblemdo not provide ary competitveness
guarante@gainstheoptimalsolution[12], andproposeshe
experimentalcomparisorof the availablealgorithms.Many
otherstudieq8, 25, 26, 1] dealwith theview selectionprob-
lemaswell.

A similar optimization problem appearsin the contet
of databasalesignunderthe nameof vertical partitioning
[18, 19|, wherethe Bond Enegy Algorithm [17] hasbeen
employeedfor its solution. In this domainthe problemcan
be statedasfollows. We have a setof applicationsaccess-
ing aparticularsetof attributesin therelationsof a database.
Eachattribute requiresa certainamountof space(to store
the valuesof the attribute in the relation),and may be used
by morethanoneapplications We wantto find anallocation
of the attributesto the memoryhierarchy(e.g.,main mem-
ory, localdisk, network disk) soasto minimizetheexecution
time of the applications.Similar to the view selectionprob-
lem, partial benefitsare credited,which is not true for our
case.

The COSSproblemis relatedto a family of optimiza-
tion problemsknown asthe Weightedconstrainedlaximum
Value sub-Hypegraphproblem[20], andthe studiesshov
thatevensimpleinstance®f the problemdonotacceppoly-
nomial solutions. We are not aware of ary algorithmspro-
posedfor the COSSroblemin thatarea.

Much work hasbeendevotedto the SetCover problem
[5], which is similar to the optimization problemwe are
trying to solve, andefficient approximatioralgorithms[22]
have beenproposedor its solution.However, thesameech-
niquesdonotseento beapplicablan ourcase.Furthermore,
the COSSproblemis alsosimilar to the k-Catalag Segmen-
tation problem[16]. But no interestingpositive resultsare
known for this problemeither In this studywe try instead
to examinethe COSSoptimizationproblemfrom a practical
point of view, and we hopethat the resultswe report will
stimulatemorework in this area.

The COSSproblemhasalsoappearedn the domainsof
aggreyateselectionfor approximatequeryingin datacubes
[21], and profile-driven datamanagemeni2], which exem-
plify its diversepracticalapplicationsHowever, the solution
of the optimizationproblemwas not studied. All the algo-
rithmsdescribedn this papercanbeappliedfor the solution
of the problemin thesedomains.

4. Problem Formulation

In thefollowing paragraphsve establisitheterminology
usedin therestof the paperwe presentheformal statement
of the problem,anddiscussts complexity.

Let componentbetheindividualdataitemsthatareavail-
able for use,and objectsbe the consumersf the compo-
nents. Whenall the componentgequiredby an objectare
selectedin the solution we say that the objectis satisfied
Eachobjectis associatedvith a benefit, which is claimed
whentheobjectis satisfied.Componentsreassociateavith
aspaceaequirementwhichis the storagespacethey will oc-
cupy whenselected.Whena componenis selectedve say
thatit is materialized

Example 3 Accoding to the terminolagy we introduced
above the problemof view selectionfor approximatequery-
ing in datacubegseeExamplel) can be translatedas fol-
lows. Thequeriesthat wewantto beableto reconstructre
theobjectswhile the setsof aggregatesneededytherecon-
structionalgorithmare the components.

Similarly, in theprofile-drivendatamanayementproblem
(seeExample?) the objectsare the queriescontainedin the
userprofile, andthe componentsre the dataitemsrequired
to answerthequeries.

We canconstructa bipartitegraphG (U, V, E), whereU
is thesetof objectsV thesetof componentsandE theedge
setof thegraph. An edgeexistsbetweeny € U andv € V
if component is requiredby objectu. An exampleof the
generaform of the graphis shaovn in Figure2.

Let V[i],1 < ¢ < |V| be a binary vector having 1 in
position 4 if and only if we have selectedcomponenty;
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Figure 2. An example of the bipar tite graph G.

for materialization,and s(v;),1 < ¢ < |V| be a function
determiningthe spacerequirementf component;. Let

Ulj],1 < j < |U|, beabinaryvectorhaving 1 in positiony

if andonly if all the componentsequiredby objectu; have
beenmaterialized.Eachobjectu; is alsoassociatedavith a
valueb(u;), which specifiests benefit,andis a measuref

itsimportance Givenaconstraini?” onthetotal spacevail-

ablefor the marginals,we areinterestedn maximizingthe
total benefitof queriesansweredwhile satisfyingthe space
constraint. Then,the Constained SetSelection(COSS)op-
timizationproblemcanbe statedasfollows.

Problem1 Maximize}_; U[;]b(u;), subjectto
> Viils(vy) < W.

It is easyto shav that the Knapsackproblemreduceso a
specialcaseof the COSSproblem. Hence,accordingto the
following lemma,the optimizationproblemis NP-Hard.

Lemmal TheCOSSproblemis NP-Hard.

Obsenethatin thespecialcasewhereall thequerieshave
the samebenefit,the problemis oneof trying to satisfythe
largestnumberof objectspossiblegiventhespaceconstraint.

5. Algorithms for the COSSProblem

In the following paragraphsve proposeseveral different
algorithmsfor the solution of the COSSproblem. We start
by discussingoptimal algorithms,andthenpresenefficient
greedyheuristicsthat can scaleup to realistic sizesof the
problem.We alsoexplore the applicability of simulatedan-
nealing a randomizedalgorithm, andtabu seach, a meta-
heuristic technique. The abore methodshave beenused
extensiely in the pastfor solving a variety of hard prob-
lems,including schedulingrouting,andgraphoptimization
[11, 10, 7]. Suchalgorithmshave the ability to explore
a larger areain the solution spacethan greedyalgorithms,
without gettingstuckin local minima.

5.1 On Finding the Optimal Solution

Therearetwo reasonsve includeanexhaustve algorithm
in our discussionFirst, it will demonstratéhe dramaticdif-
ferencein executiontime betweerthe optimalalgorithmand
the heuristics. The exhauste algorithmhasto testO(2/V1)
numberof possiblesolutions,where |U| is the numberof
objects.Secondandmostimportant,it will sene asa basis
for comparisorof the quality of the resultswith the heuris-
tic approachesUnfortunately this comparisorwill only be
feasiblefor very smallsizesof the problem.

Evidently, in orderto find the optimal solutionwe do not
needto enumerat@ndexamineevery singlepossibleanswer
in the solution space. Solutionswith sufficiently low car
dinality (suchthatthey aremuchlower thanthe spacecon-
straint)areboundto be sub-optimalbecauseve canalways
addnew objectsto the solution. Similarly, for answerghat
have alreadyexceededthe spaceconstraintwe can safely
pruneall the solutionswith highercardinality Finally, we
canalsoprunethe solutionsthatwe know will never exceed
the currentbestsolution. Thesearethe partial solutionsthat
evenif we fill up all the remainingspacewith the smallest
objects,while assumingthat theseobjectscarry the maxi-
mumbenefittheirtotal benefitwill besmallerthanthe high-
estbenefitwe have seensofar. We will call the straightfor-
wardexhaustvealgorithmNaive andtheonethatpruneshe
searctspaceNaivePrune

Dynamicprogramminghasbeenappliedfor the solution
of the Knapsa& problem,someinstancesof which canbe
solved in pseudo-polynomialime [5]. However, this tech-
nigque cannotbe appliedin our case. The intuition behind
this obsenationis thefollowing. Assumethatat somepoint
we wantto computethe optimal solutionfor a subsef the
objects(or equivalentlycomponentsandfor afractionof the
total spaceallowed. It turnsout thattheremaybe morethan
oneoptimalsolutionsatthis point. Giventhatthe currentso-
lution may affect the later choicesof the algorithmwe need
to keeptrackof all of them,which leadsto exponentialtime
(or space).Thus,thedynamicprogrammingalgorithmis not
possibleto terminatein pseudo-polynomiaime.

What makesthe COSSproblemdifficult is the fact that
in orderto satisfyan objectwe needall the corresponding
components.Materializing a subsetof the componentdor
someobjectdoesnot creditus partof the object’s benefit.

5.2 SolutionsBasedon Bond Energy

We now presentlgorithmsbasednthe BondEnegy Al-
gorithm[17]. This techniquehasbeenusedfor the vertical
partitioningproblemin databasefl8]. A highlevel descrip-
tion of the algorithmwe proposes showvn in Figure3. The
algorithmstartsby computinga measuref interrelationbe-
tweeneachpair of components;, v; C V. Theinterrelation
measuresor all possiblepairsof componentss capturedn
thesquaramatrix A (line 5 of thealgorithm):

Al ] = > blu,)-
uk|uk€U,ek.iEE,ekj €E

This measurds a function of the numberand the benefit
of the objectsthatrequireboth componentsy; andv;. The



1 procedureSolveCOSS) {

2 letsquarematrix A[-] = 0;

3 letS=0; /* selecteccomponentss C V */
4 forij=1lto|V|

5  A[ij] =interrelationmeasurdetweercomponents andj;

6 A[-] = MakeBlockDiagA[-]);

7 S =Split(A[-]);

8 return(S);

9}

10 procedureMakeBlockDiag(A[-]) {

11 letmatrix A’[-] beempty;

12 fori=1to|[V]| —1{

13  selectoneof theremainingcolumnsin A[-];

14 let finaz = 0; /* maximumincreasen bondenegy sofar */

15 forj=ltoi+l{

16 placenew columnin A’[-] in position;;

17 fmaz = maz(bondenegy increaseafterplacingnew column
in positionj, fma=);

18 }

19 keepthe A’[-] correspondindo fmaz;

20 }

21 return@’[-]);

22}

23 proceduresplit(A[-]) {

24 let frmaz = O0; /* total benefitof bestsolutionsofar*/
25 fori=lto|V|

26 malefirstcolumnof A[-] last,andfirst row last;

27 letji=1;

28  letS =0; /* selecteccomponentsS C V */

29  while (j< |V| A componentin S satisfythespaceconstrainty

30 S =5 U {componenw correspondingdo j-th columnof A[.]};

31 fmaes = maz(total benefitof objectssatisfiedby components
inS, fmaz);

32 3}

33 }

34 return(S correspondingo fmaz);

35}

Figure 3. The BondEnalgorithm.

largerthe numberof objectsandtheir benefits the stronger
the connectiorbetweerthe pair of componentss.

Then, the procedureM akeBlockDiag() permutesthe
columnsof A (or equivalentlythe rows since A is symmet-
ric), andtransformst into asemiblockdiagonalform, where
large interrelationvaluestendto be groupedtogether This
transformations expressedy theformula

Vi vl
max <Z Z A[k, (AR, 1 — 1]+ Ak, 1+ 1]+ A[k — 1,1] + A[k + 1,1])) ,

k=1 I=1

which is the mathematicalepresentatiomf the bonden-
ergy. We areseekingfor the maximumvalueof this expres-
sionoverall possiblearrangementsf the columnsof matrix
A. Thealgorithmproceedgreedilyby consideringa single
columnatatime. Theabove procedurds very fast,avoid-
ing to examinethe entire exponentialsearchspace,andis
still ableto find a nearoptimalform for A [17].

In thefinal stepthe algorithmsplitsthe setof components
Vinto S andV — S. Essentially S is the setof components
thatcanbe usedto satisfythelargestfractionof high-benefit
objectswhile restrictingthe amountof availablespace.Just
asinglesplitpointin A determiness andV — S. Theloopin
line 28 makessurethatwe won’t missgoodsolutionsfor S
evenif S wasoriginally situatedin the centreof A. We will
refer to this algorithm as BondEn(Bond Enegy). Its time
compleity is O(|V]?).

Notethatin orderto transformmatrix A into a semiblock

diagonalform, we add one column at a time in the ma-
trix positionthat resultsin the largestincreaseto the over
all bondenegy. However, the selectionof the columnto
addis arbitrary Instead,we canenhancehe techniqueby
usinga greedycolumn selectionapproach.Thatis, choos-
ing in every stepamongall the available columns(i.e., the
onesnot alreadyplaced)the one that leadsto the highest
bondenegy. We will call this versionof thealgorithmBon-
dEnGr(BondEnegy Greedy) andits time compleity now
becomex)(|V|*). We alsoexperimentedwith anothertwo
variationsof the algorithm,wherewe make surethatduring
thesplit stepwedonotincludein S any componentsequired
by objectsthat are not satisfied. We call the above varia-
tionsBondEn-SpAlandBondEnGrSpAll which arethe ex-
tensionsof BondEnandBondEnGrrespectiely.

5.3 SolutionsBasedon GreedyAlgorithms

The greedyalgorithmsprovide a very fastalternatve to
solving the COSSproblem, and are particularly appealing
evenfor very large instancesof the problem. The skeleton
of thefamily of greedyalgorithmswe proposds depictedn
Figure4. They startwith anemptysolutionset,andat each

1 procedureSoheCOSS) {
2 letO = 0; [* selectebjectsO C U */
3 letS =0; * selecteccomponentss C V */
4 while(]S| < |V A
componentén S satisfythe spaceconstraint]
5 amongall theobjects{u|u € U A u ¢ O} selectu;
thatsatisfieshe greedycondition;

6 IetO:OU{ui};

7 IetS:SU{vj|eijEE/\vj¢S};
8

9 return(S);

10}

Figure 4. The greedy algorithm.

stepthey addto thesolutionsetthosecomponentshatsatisfy
the greedycondition. Beforediscussinghe alternatves,we
introducesomenew notationthatwill be necessaryor the
mathematicaformulation. Let S* bethe setof components
thatthe algorithmhasselectedduring the pastk iterations,
andO* bethe setof objectsthataresatisfiedgiventhe com-
ponentsin S*. We areinterestedn decidinghow to update
thosesetsduringiterationk + 1. Let CO* = U — O* bethe
setof candidateobjectsfor selectionduringiterationk + 1.
LetC; = {vjle;; € E Av; ¢ S*} bethesetof components,
which arenot in S*, requiredfor objectu; € CO*. The
additionalamountof spacerequiredby thesecomponentss
givenby theformula f (u;) = Zvjec, s(vj;). As before,we
assumehatwe know the graphG(U, V, E), whereU is the
setof objects,V is the setof componentsand E is the set
of edgesindicatingwhich componentsare neededn order
to satisfy eachobject. The greedystepcantake ary of the
following four forms.



1. Acceptto the solution set those componentghat will
satisfy a new object, and that require the leastamountof
space. More formally, for eachobjectu; € CO* calcu-
latetheadditionalspaceequiredfor storingthe correspond-
ing componentsgivenby f(u;). Letu; = argmin,,, f(u;)
be the objectthatrequiresthe leastadditionalspace.Then,
Ok+1 = Ok ug, andS*t! = gk U .

This approactis trying to satisfyasmary objectsaspos-
sible. Theintuition is thatif therearemary objectsanswered
thenthetotal benefitof thoseobjectswill behigh. However,
thismaynotbetrueif all thesatisfiedobjectshapperto have
low benefitvalues.Thetime compleity of this algorithmis
O(|U|?), andwe will referto it asGrSp(GreedySpace)

2. Acceptto the solutionsetthosecomponentshatwill sat-
isfy the new objectwith the highestbenefitattachedto it.
More formally, let v; = argmax, -orb(u;) be the ob-
jectwith thehighestbenefitamongall the candidateobjects.
Then,O’““ (0,20 u, andSkt!l = gk y .

The goal of this alternatve is to answeras mary of the
high-benefitobjects as possible. This approachis likely
to fail if the requiredcomponentsave unexpectedlyhigh
spacerequirements.We will referto this algorithmas Gr-
Ben(GreedyBenéfit) Its time complexity is O(|U|?).

3. Acceptto the solutionsetthosecomponentshatwill sat-

isfy a new object, and the ratio of the object benefitover

the total spacerequiredby the selecteccomponentss min-

imal. More formally, for eachobjectu; € CO* calculate
the additionalspacerequiredfor storingthe corresponding
componentsgivenby f(u;). Letw; = argmax,, ;’f(’;)) be
the objectthat hasthe highestbenefitper unit of additional
spacerequiredby its componentsThen,O*+t! = OF U,

andS*tl = Sk U (.

This variation of the algorithm is trying to accountfor
the extremecaseswe identified asweaknesseto the previ-
oustwo alternatves.We will referto it asGrBenSpGreedy
Benefitper unit Space) Its time compleity is O(|U|?).

4. Acceptto thesolutionateachiterationanindividual com-
ponent.Selecthecomponenthatfits in theremainingspace
andyieldsthemaximumB/s ratio,whereB is thetotal ben-
efit of all the objectsthat are now satisfiedbecauseof the
selectionof the new componentands is the spacerequire-
mentsof the new componentlIf the selectionof no compo-
nentcausesry new objectsto besatisfiedhenthealgorithm
picksthe componentvith the smallestspacerequirements.

This algorithm explores the applicability of choosing
componentsnsteadof objects. We do not expectit to per
form well whenmostof the objectsrequiremorethanone
componentn orderto getsatisfied.Thetime complexity of
this algorithmis O(|V'|?) andwe will referto it asGrComp
(GreedyComponent)

5.4. Simulated Annealing

Simulatedannealing[14] is a randomizedhill climbing
algorithm.With acertainprobability, thatdeclinesovertime,
this algorithmis allowedto follow directionsin the solution

spacethat resultin solutionsworsethanthoseseenso far.
This techniqueenableghe algorithmto avoid local minima
andstabilizein afinal statethatis closeto optimal.

The simulatedannealingalgorithmthat solvesthe COSS
problemis depictedin Figure5. We startwith aninitial so-
lution (lines 2 and 3) that is provided by one of the greedy
algorithmswe presenteckarlier Lines 7-18 implementthe

1 procedureSohveCOSS) {

2 letO = Oyp; /* selectebjectsO C U */

3 letS = So; /* selecteccomponentss C V,
correspondingo O */

4 letT = Tp;

5 letdelta = 0;

6 let fmaz =0; /* total benefitof bestsolutionsofar*/

7 while(T > 1){

8 for ¢=1 to total numberof iterations{

9 Onew =GetNevSimAnSolution(Q);

10 let delta =(benefitof O,, .., )— (benefitof O);

11 If(delta > 0)

12 = Onew;

13 if (delta < 0) thenwith probabilitye ™~
14 = Onew; [* accepthenew soluuon*/
15 fmaa: = maz(benefitof O, fmaz);

/* accepthenew solution*/

de lia

17 T = aT;

18 }

19 S = maginalsneededo answemueriesn the O
correspondind® fimaz;

20 return(S);

21}

Fa<1*

22 procedurezetNewSimAnSolutior(O) {

23 let.S = maginalsneededo answerthe queriesin O;

24 pickobjectOqgmit € {U — O} atrandom,

andinsertit to O;
25 if(total spaceneededy S > W)
26  pickanobjectOcyict € {O — Oaamiz } atrandom,
andremove it from O;

27 if (total spaceneededy S > W)

28 penalizethetotal benefitof O proportionallyto
thebenefitperspaceratio of Oz qm it
andtheamountby which W is exceeded;

29 returnQ);

30}

S Figure 5. The SimAnalgorithm.
hill climbing procedure.In simulatedannealingapartfrom

uphill moves, downhill moves are also allowed undercer
tain circumstances.More specifically a downhill move is
acceptedvith probabilitye=(det)/T (jine 13), wheredelta
is the decreasén the costfunctionfrom the previousitera-
tion, andT is atime-varyingparametecontrollingtheabove
probability, WhenT is high (in thebeginningof the process)
the probability of acceptingdownhill movesis high. Then,
T is slowly decreasefline 17),andwhenthesystenfreezes
(T' < 1) nofurthermovesareconsideredNotethatthis pro-
cessinvolvestwo loops. While T' remainsfixed, the inner
loop (lines 8-16) searche$or solutions.In ourimplementa-
tion the numberof iterationsexecutedis a constantnumber
(dependendn theproblemsize).
ThefunctionGetNavSimAnSolution((lines22-28)deter
mineswhattheproposedsolutionfor thenext iterationof the
algorithmis goingto be. The next solutionis choseratran-
dom amongall the neighboursof the currentsolution. We
termtwo solutionsasneighboursf we canderive onefrom
the other by addinga single objectto one of the solutions,
optionallyfollowedby adeletionof anothembject. This last



stepensureghatthe currentsolutionsatisfieshe spacecon-
straint(lines 25-26). Neverthelessthe requirementhatthe
currentsolutionshouldsatisfy the spaceconstraintat every
stepis notstrict. In somecasesywhenthenew solutionseems
promising,we allow it to violate the spaceconstraintat the
costof a smallpenaltyto the total benefit.

The compleity of the simulatedannealingapproachis
determinecby the numberof iterations. The work donein
eachiterationis really minimal, andwe cansafelyconsider
it asconstant.The numberof iterationsis controlledby the
user who setsthe parametefl’, anddefinestheway it is re-
duced.In our experimentshe parametefl’ wasinitially set
to four timesthe total benefitof the initial solution, the a
parametecontrollingthe decreasef T' wassetto 0.95,and
for eachfixedvalueof T theinnerloop of thealgorithmexe-
cutedanumberof iterationsequalto 1/3 of thetotal number
of objects. Varying the above parameterslid not have sig-
nificanteffectson the quality of solutionsfound.

5.5. Tabu Search

Talu search[7] is a metastratgy for guiding known
heuristicsto overcomelocal optimality. A structurecalled
tabu list, usedasauxiliary memory describes setof moves
thatarenot permitted.This way the algorithmcanavoid vis-
iting solutionsthathasalreadyvisitedin the past,andthusit
is lessprobableto getstuckin local minimaor cycles.

The outline of the talu searchalgorithm for the COSS
problemis shavn in Figure 6. The algorithm startswith

procedureSolveCOSS) {
letO = Og; /* selectedbjectsO C U */
letS = Sp; /* selecteccomponentsS C V,
correspondingo O */
let frnaz = 0; /* total benefitof bestsolutionsofar*/
let Ogabu = 0; /* setof taku objects*/
while (searchot finished)
Onew =GetNewvTabuSolutionQ, Oy qbu);
Fmaz = maz(benefitof Opew, fmaz);
O = Onew;
10  updateO;,p. basednthechangeso O;
1 }
12 S = componentsieededo satisfyobjectsin the O
correspondindo fimaz;
13 return(S);
14}

WN -

©oo~NO U™

15 procedureGetNewTabuSolution(O, Ot apw) {

16 let.S = componentseededo satisfyobjectsin O;

17 pickanobjectOaamit € {U — O — Otabu }»

andinsertit to O;
18 if(total spaceneededby S > W)
19  pickanobjectOeyict € {O — Oaamit — Otabu }
andremove it from O;

20 if (total spaceneededby S > W)

21 penalizethe total benefitof O proportionallyto
thebenefitperspaceatio of Oy dqmit
andtheamountby which W is exceeded;

22 returnQ);

23}

Figure 6. The Tabu algorithm.

aninitial solution (lines 2 and 3), which in our implemen-
tation is derived using the greedyheuristicswe presented
earlier Then,the main loop (lines 6-11) iteratesover the

proposedsolutionsin orderto pick the bestone. The func-
tion GetNevTabuSolution()(lines 15-21)selectghe solution
(definedin termsof the selectedbjects)thatwill be exam-
inedduringthe next iterationof the algorithm. The laststep
of the function is to make surethat the proposedsolution
satisfieghe spaceconstraint(lines 18 and19). However, as
with simulatedannealingthis requirements not strict.

Notethatthechangeshatleadto thenew solutioncannot
involveary of theobjectsin thetalu list Q;44,,- In Ourimple-
mentationthe taku list keepstrack of the recentlyaddedor
deletedobjects.Neverthelessthis restrictioncanbe overrid-
denwhenthe new solutionis the bestobtainedsofar. When
the new solutionis available, we updatethe taku list (line
10),andproceedo thenext iteration.

Similar to the simulatedannealingnethod,the complex-
ity of taku searchis controlledby the user An important
differencein the caseof tabu searchis the selectionof the
next solution. It canbe assimpleasarandomchangean the
currentsolution(lik e simulatedannealing)pr asinvolvedas
exhaustve enumeration. Therefore,thereis a tradeof be-
tweenthe numberof iterationsthe algorithmwill execute,
andthe compleity of eachiteration. In our experimentswve
useagreedyalgorithmto selectthe new solution.

6. Experimental Evaluation

For the evaluationof the efficiency and behaior of the
algorithmswe usesyntheticdatasetswherethe numberof
objectsrangefrom 10 to 1000. The numberof components
is in eachcasetwice the numberof objects,and morethan
half of thecomponentsielpsatisfymultiple objects.In order
to assigrbenefitvaluesto objectsandspacerequirementso
componentave generatedandomnumbersfollowing uni-
form, GaussianandZipfiandistributions. Theresultsfor the
datasetgonstructedisingthe Gaussiarlistribution aresim-
ilar to thoseobtainedrom theuniform datasetsandwe omit
themfor brevity.

In the experimentswe measurethe sum of the benefits
of the objectsthat are satisfiedgiven the componentghat
areselectedy the algorithms.We arealsointerestedn the
computationtime of the proposedalgorithms. In all cases
we reportthe benefitof the solutionsnormalizedby thetotal
benefitof all the objectsin the problem.Similarly, thespace
constraintis normalizedby the total spacerequirementf
all thecomponentsn the problem.

6.1 Scalability of the Algorithms

Thefirst setof experimentexaminesheefficiencgy of the
algorithmsin termsof the time requiredto producethe so-
lution. Figure 7 showvs how the run-time of the algorithms
changesvhenthenumberof objectancreasesin Figure7(a)
we depictthetremendouslifferencein thecomputatiortime
neededy the naive approactandtherestof the algorithms.
NaivePrunewhich is representedby the verticalline at the
veryleft of thegraph,is ableto produceanswersn areason-
abletime-frameonly for problemsinvolving fewer than 20
objects.As shavnin Figure7(b)thebondenegy algorithms
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scalemoregracefully Neverthelesswhenthe problemsize
becomedarge, i.e., morethan 600 objectsfor BondEnand
more than 400 objectsfor BondEnGy thesealgorithmsre-

guiremorethan24 hoursto producea solution. Evidently; it

is only the greedyalgorithmsthat are ableto scaleto thou-
sandof objects. Thetimethey requiredwasunder2 minutes
in all casesve tested.

6.2 Evaluating the Quality of the Solutions

In this setof experimentae evaluatethequality of theso-
lutions producedby the proposedalgorithms.Firstwe com-
parethe variationsof the bondenegy family of algorithms.
Figure8 illustratesthebenefitdor the solutionsproducedy
BondEn BondEnGr BondEn-SpAll and BondEnGrSpAll
for variousvaluesof the spaceconstraint. The differences
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Figure 8. Performance of the BondEnalgorithms.

amongthe algorithmsare minimal in all the casesve con-

sidered.Obsenealsothatthegreedymethodof constructing
thebondenegy matrix (BondEnG) in somecasesmproves
thequality of the solutions.However, the moreinvolvedsplit

procedure(representedby BondEnG¢SpAl) is not able to

achieve a better solution than the simpler approach(Bon-
dEnGn). Sincethe above algorithmsperformwithout sig-

nificant differencesfor the restof the experimentswe only

demonstrat®ondEn whichis thefastesamongthem.

In the next setof experimentsve comparethe quality of
the solutionsof the bondenegy andthe greedyalgorithms.
The graphsin Figure9 illustratethe normalizedtotal bene-
fit of the solutionswhenwe vary the spaceconstraint,and
the graphG remainsthe same. The two graphscorrespond
to the caseswvherethe assignedbjectbenefitsand compo-
nentspacerequirementgollow uniform, and Zipfian distri-
butions,respectiely. Figure10 depictstherelative ordering
of thealgorithmsin termsof thequality of thesolution,when
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Figure 9. Varying the space constraint.
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we vary thegraphG. As we move in the graphfrom left to
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Figure 10. Varying the graph G.

right thereis an increasein the averagenumberof objects
thatareconnectedo eachcomponenii.e., we increasethe
degreesf thecomponenhodesn G). Thebestperformance
acrossall experimentds achieredby GrBenSp closelyfol-
lowedby GrSp TheBondEnandGrBenalgorithmsperform
in themiddlerange while GrCompperformstheworst.

Thepoorperformancef GrCompis explainedby thena-
ture of the algorithm,which builds the solutiononecompo-
nentat atime, insteadof setsof componentsik e the restof
the algorithms. This choicerestrictsGrComp anddoesnot
allow it to startaccumulatindenefituntil all thecomponents
relatedto a specificobjectarebroughtin the solution. This
explainsthe slow rate at which the algorithmimprovesthe
solutionatthelower left partof thegraphin Figure9(a).

We alsoconducted seriesof experimentavherewe var-
ied the numberof objects.Figure1l depictsthetotal benefit
achievedby eachalgorithm.We reporttheresultsof running
the algorithmson the samegraphG, wherethe queryben-
efits andthe componenspacerequirementsvere produced
from uniform (Figure11(a)),andZipfian (Figure11(b))dis-
tributions. Theseexperimentshav thattherelative ordering
in performancédor all the algorithmswe considerremains
thesameacrossvariousproblemsizes.

In Table 1 we reportthe resultsof the experimentswith
SimAnandTabu. We usethe solutionprovided by GrBenSp
asthebasesolution,andreporttheimprovemenbonthis solu-
tion achieved by eachoneof thetwo algorithms.Theinitial
solutionfor both SimAnand Tahu is provided by GrBenSp
andthis is alsothe methodusedby Tabu to selectsolutions
at eachiteration. We experimentedvith varyingthe number
of objectsandthe spaceconstraintandwe allowedthealgo-



Total Benefit

pointin the graphrepresentan experimentwith a different
graphG connectingobjectsto componentsAs we move in
the graphfrom left to right thereis an increasein the av-
eragenumberof objectsthat are connectedo eachcompo-
nent. Theleft-mostpointin thegraphcorrespondso thecase
whereeachcomponenis connectedo a single object,and
theproblemdegenerateso the Knapsackproblem.
Notethatin mary settingsn bothgraphsGrBenSgdindsa
solutionvery closeto optimal. Though,therearealsocases
whereit achiezesslightly morethan half the benefitof the
optimal. Theseexperimentsindicatethat the GrBenSpal-
gorithmis in mary circumstancegffective at finding near
optimal solutions. This explains the fact that SimAnand
Tabu could not find much bettersolutionsthanthe greedy
algorithmin our previous experiments(seeTable 1). Nev-
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Figure 11. Varying the number of objects.

rithms to run an equalamountof time to the time required
by GrBenSpo producethe solution.

GrBensp | SimAn | Tabu ert_helesslhe graphsshow that f[he Tabu algorithm i; aple
objects | constaint to improve uponGrBenSpandfind a very goodsolutionin
100 0.5 1 1012 | 1.012 almostall the casesvhereGrBenSperformspoorly.
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Unlike SimAn Tabu wasableto improve ontheinitial so-
lution in all thecasegested We believe thatthereasonTabu
outperformsSimAnis becaus¢hesolutionspaces toolarge,
andthis makesit extremelydifficult for SimAnto headto the
correctdirection. Remembethat SimAnmovesin the solu-
tion spaceby selectingat randomoneof the numeroussolu-
tionsthatareneighborsof the currentsolution. On the other
hand,the Tabu algorithm directsits searchin the solution
spacamoreeffectively, becausé employsamorestructured
way of taking stepsat eachiteration.

6.2.1 Comparisonto Optimal Solution
An interestingobsenation is the fact that both SimAnand

Tabu improve the solutiononly by a smallamount(lessthan
or equalto 5% for the caseswe tested). A naturalques-
tion thenis how closeto optimalis the solutionprovided by
GrBenSpin the first place. Unfortunately it is not easyto
find the optimal solutionfor the experimentswe presented,
because¢hesizeof the problemis prohibitively large. There-
fore,we conducted serieof experimentavherethenumber
of objectswassetto 10, for which we could getthe optimal
solutionto compareagainstthe other algorithms. The re-
sults of theseexperimentsare depictedin Figure12. The
graphsshowv the benefitof the solutionsproducedby Gr-
BenSpand Tabu normalizedby the benefitof the optimal
solution (which is always 1). In the graphshawn in Fig-
ure12(a)we vary the spaceconstraint.In Figure12(b)each

Figure 12. GrBenSpand Tabu compared to optimal.

7. Discussion

The experimentsdemonstratehat the bondenepgy algo-
rithms performworsethan someof the greedyapproaches.
At afirst glancethis is a rathersurprisingresult, given that
the BondEnalgorithmshave highercompleity andseento
make choiceswith greatercare. However, we obsene that
all the decisionghat BondEnmakesarebasedon just pairs
of componentsdespitethe fact that in mary casesit is a
larger numberof componentghat areinterrelated. The ex-
perimentshaow thatthis preventsBondEnfrom capturingthe
true, more comple, associationsnherentin the problem,
narrons theinformationuponwhich the algorithmoperates,
andleadsto poordecisions.Thus,BondEnshouldnot bethe
algorithmof choice,especiallysinceit doesnotscaleaswell
asthegreedyalgorithms.

Thegreedyapproachearebetterthanthebondenegy al-
gorithmsfor anothereasoraswell. They areableto incre-
mentallycomputea new solutionwhenthe spaceconstraint
is relaxed. This is animportantfactorin the selectionof the
algorithm, sinceit removesthe requiremenpf a hardspace
constraintandgivestheusertheflexibility to chooseamong
arangeof slightly differentspacerequirementavhich may
leadto solutionswith significantvariationsin the benefitval-
ues. On the contrary the bond enegy algorithmscannot




readily provide the new solution,becaus¢hey have to rerun
the split procedurdseeFigure3), whichis expensve.
Thedistinctionamonghegreedyalgorithmss quiteclear
betweenthe best(GrBenSpand GrSp and the worst (Gr-
Benand GrComp performers(seeFigures8(b) and 9(a)).
However, it is not clearfrom the experimentswhetherGr-
BenSpor GrSpis a betterchoice,sincethey both have the
sametime compleity andprovide solutionsof similar qual-
ity. The following theorem$ presenttheoreticalresultson
the behaviour of the greedyalgorithmswhen comparedto
optimal,thathelpanswerthe above question.

Theorem1 In the worst case the GrCompalgorithm pro-
videsa solutionthatis at least(%- — 1)b timesworsethan
theoptimalsolution,for anyb > 0 andW > 3.

Theorem 2 In theworstcase the GrBenalgorithmprovides
a solutionthatis at least(W — 1)(1 — ;) timesworsethan
theoptimalsolution,for anyb > 0 andW > 2.

Theorem 3 In theworst case the GrSpalgorithm provides
a solutionthatis at least1.33b timesworsethanthe optimal
solution,for anyb > 0 andin thelimit asW — oo.

Theorem4 In the worst case the GrBenSpalgorithm pro-
videsa solutionthat is at least1.77 timesworse than the
optimalsolution,in thelimit asb — co.

Thesetheoremshaw thatthreeof thegreedyapproachewe
examined namely GrComp GrBen andGrSp mayperform
arbitrarily poorly under certain circumstances. The same
doesnot seemto be true for the GrBenSpalgorithm. We
believe that GrBenSyis a betterchoicein this sensesinceit
avoids makingpoor decisionshatleadto solutionsvery far
from optimal.

Finally, we shouldnotethat Tabu canin mary casedm-
prove on the solutionof the greedyalgorithms.An interest-
ing obsenationis thatwhenwe turnedoff thetaku list func-
tionality the performancef thealgorithmdeterioratedThis
indicatesthat Tabu is indeedmakingwell-calculatednoves,
andthatthetaku list enableghealgorithmto avoid localmin-
ima andexplore new areasn the solutionspace.Therefore,
it is beneficialto run this algorithmwhenthetime allows it.

8. Conclusions

Spaceconstrainedoptimization problemsare still sig-
nificant despitethe advancesin storagetechnologies. The
tremendousaamountof information producedevery day, as
well asthelimited capacitieof certainmobile devices,con-
firm the needfor efficient solutionsto such optimization
problems.

In this paperwe focuson the specificproblemof COS$
where benefit values are associatedo setsof items, in-
steadof individualitems. Thisoptimizationproblemappears
in importantapplicationsin variousdomains,suchasdata
warehousesind penasive computing. We derive the com-
plexity of this problem,and proposeseveral algorithmsfor

1Theproofsof thetheoremsareavailablein thefull versionof this paper

its solution. We presentan extensve experimentalevalua-
tion of thealgorithmghatillustratestherelative performance
of the differentapproachesand demonstrateshe scalabil-
ity of the greedysolutions. We also identify caseswhere
someof the greedyalgorithmsperform poorly, and exper
imentally demonstratehat GrBenSpis a practicalsolution
for the COSSroblem.
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