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Abstract. During the lastyearswe have witnesseda wealthof researchon ap-
proximaterepresentationsfor time series.Thevastmajority of theproposedap-
proachesrepresenteachvaluewith approximatelyequalfidelity, which maynot
be always desirable.For example,mobile devices and real time sensorshave
broughthomethe needfor representationsthat can approximatethe datawith
fidelity proportionalto its age.We call suchtime-decayingrepresentationsam-
nesic.
In thiswork, we introduceanovel representationof timeseriesthatcanrepresent
arbitrary, user-specifiedtime-decayingfunctions.We proposeonline algorithms
for our representation,anddiscusstheir properties.Thealgorithmswe describe
aredesignedto work on both the entirestreamof data,or on a sliding window
of thedatastream.Finally, we performanextensive empiricalevaluationon ���
datasets,andshow thatour approachcanefficiently maintaina high quality am-
nesicapproximation.

1 Intr oduction

Time seriesare one of the most frequentlyencounteredforms of data.Many appli-
cationsin diversedomains,producevoluminousamountsof time series[24,22]. The
sheernumberandsizeof the time serieswe needto manipulatein many of the real-
world applicationsdictatesthe needfor a morecompactrepresentationof time series
thantheraw dataitself.A plethoraof representationshavebeenproposedfor timeseries
approximation[14].

Theproblemof approximatingtime seriesbecomesmoreinterestingandchalleng-
ing in thecontext of streamingtime series,wheredatavaluesarecontinuouslygener-
ated.In this situation,we cannotapply approximationtechniquesthat requireknowl-
edgeof theentireseries.Furthermore,all currenttimeseriesrepresentationstreatevery
point of thetime seriesequally, which meansthat thetime positionof a point doesnot
make a differencein thefidelity of its approximation.This maybedesirablefor some
applications,suchasarchiving, however, thereexist many realworld situationswhere
wewould like to take into accountthetimedimensionin theapproximationof thetime
series.In thesecases,while wearewilling to acceptsomemarginof errorin theapprox-
imation,we would like themostrecentdatato have low error, andwe would bemore
forgiving of errorin olderdata.Wecall thiskind of timeseriesapproximationamnesic,
sincethe fidelity of approximationdecreaseswith time, and it thereforerequiresless



memoryfor theeventsfurther in thepast.Thepotentialutility of sucha representation
hasbeendocumentedin many domains,suchas the EnvironmentalObservation and
ForecastingSystem[22], therobotsdevelopedby NASA for anurbansetting[10], clas-
sificationalgorithmsfor identifying denialof serviceattacks[12], inductive learning
[17], andothers.

Althoughthis work suggeststhat theusefulnessof datacandiminishwith age,we
notethat the rateat which its utility decaysdependson the application.The function
thatdeterminesthe amountof error we cantolerateat eachpoint in the time seriesis
calledanamnesicfunction. Ideally, wewould like to allow arbitraryamnesicfunctions,
sothatwecanmatchtherequirementsof awidevarietyof applications.For example,a
meteorologistmaydecidethatdatathatis twiceasold cantoleratetwiceasmucherror,
andthus,specifya linearamnesicfunction. In contrast,an econometristusingclassic
modelsmight well specifyanexponentialamnesicfunction. In Figure1 we show how
the approximationof a time serieschangesasa functionof time. In this example,we
usean unrestrictedwindow to approximatethe SpaceShuttleSTS-57dataset,using
piecewise linear approximationwith ten linear segments.The time progressesform
right to left (i.e., the most recentpoint is the left-most point). We observe that the
approximationof the mostrecentpointsalwaysremainsaccurate,while it gracefully
degradesateachtime stepfor theolderpoints.
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Fig.1. Exampleof online amnesicapproximation.

In thispaper, wedescribeaframework for onlineamnesicapproximationof stream-
ing time series.While somerecentwork [5, 2] hasproposedtools andtechniquesfor
computingspecialcasesof amnesicapproximationsof time series,as we discussin
Section6, thesesolutionsarespecificandratherrestrictivein thevarietyof applications
they canaccommodate.In particular, the typesof amnesicfunctionsthey canuseare
dictatedby the representationof thetime series.In contrast,our framework is general
andableto operatewith a wide classof amnesicfunctions,which aredefinedby the
user.

Ourcontributionscanbesummarizedasfollows.Weintroducethenotionof general
amnesicfunctions.We presenta taxonomyof thesefunctions,discusstheir properties,



anddescribehow they affect the solutionof the problemof online amnesicapproxi-
mation.We formulatethe above problemasan optimizationproblem,wherewe wish
to minimizethereconstructionerrorgiventheavailableamountof memoryfor theap-
proximation.We proposeefficient algorithmsfor solvingtheaboveoptimizationprob-
lems.Thetime complexity of thealgorithmswe proposeis independentof thesizeof
thetime series.Thesearethefirst algorithmsproposedfor solving thegeneralcaseof
theproblem.We presentanextensiveexperimentalevaluationof our techniques,using
morethan40syntheticandrealdatasets.Theexperimentsshow theapplicabilityof our
approach,andthequalityof solutionsof ouralgorithms.

The restof the paperis organizedasfollows. In Section2 we give the necessary
background.In Section3 we introducesomenew terminologyandformally definethe
problemswestudy. Thealgorithmsweproposearepresentedin Section4,andSection5
discussesthe experimentalevaluation.Section6 reviews relatedwork, andSection7
concludesthepaper.

2 Time SeriesApproximation
A timeseries,��� 	�
 , is aseriesof datapoints,eachonearriving atadistincttimeinstance��


. ��� 	���� ��
 definesa rangeof datapoints.Whenthe total numberof datapointsin the
time series,� , is known in advance,we call the time seriesstatic, andwe saythat is
haslength � . Whendatapointsarearriving continuously, in a streamingfashion,the
valueof � representsthenumberof datapointsseenin thetime seriesso far, andwe
call the time seriesstreaming. In the streamingenvironmentwe may be interestedin
approximatingtheentiretimeseriesseensofar, unrestrictedwindow, or afixednumber
of thelastvaluesof thetime series,sliding window.

Several techniqueshave beenproposedin the literaturefor the approximationof
timeseries,includingDiscreteFourier Transform(DFT) [21,7], DiscreteCosineTrans-
form (DCT), PiecewiseAggregateApproximation(PAA) [23], DiscreteWaveletTrans-
form(DWT)[20,4], AdaptivePiecewiseConstantApproximation(APCA)[3, 18],Piece-
wise Linear Approximation(PLA) [15], Piecewise Quadratic Approximation(PQA),
andothers.

Whenconsideringthealternative representationsin thecontext of amnesicapprox-
imation,it is not obvioushow someof themcanaccommodatetherequirementsof this
new environment.TheDWT representationis intrinsicallycoupledwith approximating
sequenceswhoselength is a power of two. Using waveletswith sequencesthat have
other lengthsrequiresad-hocmeasuresthat reducethe fidelity of the approximation,
andincreasethecomplexity of the implementation.While DFT hasbeensuccessfully
adaptedto incrementalcomputation[24], it is not clearthat it canbe adaptedto per-
form amnesicapproximation.The sameis true for DCT aswell. We decidedto use
PLA, becauseis is alreadywidely usedandaccepted[11,16]. Moreover, it hasbeen
documentedthatPLA performsat leastasgoodasall theotherapproachesmentioned
above[14,3], andalsooffersa superiorquality of visualizationof thetimeseries.

2.1 Propertiesof PLA Approximation

In PLA, we approximatethedatapointsin a time seriesusinga numberof linearseg-
mentswhoseendsneednotbecontiguous[15]. Assumewehave � datapointsof atime



series,��� 	�
 , ����	���� , andweusethemto fit two line segments(usingleastsquares).
Let thefirst line, � � , approximatepoints � to � , ����� , andthesecondline, �! , approxi-
matepoints�#"$� to � . In addition,supposeweuseasingleline segmentto approximate
all thepoints � to � , call it � ��%  . Theabovethreelinesaredepictedin thetop graphof
Figure2. Relatedto thesethreelinesaretheerrors &('�� �*) , &+'��  ) , and &+'�� ��%  ) . Theer-
ror of a segment � is computedaccordingto theformula &('�� )-,/.�02143 '5��� �6
879�:� �6
 )  ,
where� rangesoverall thepointsin segment � , ��� �6
 is thevalueof point � in thetime
series,and �:� ��
 is theestimatefor point � givenby segment � .

Now imaginethat we keep � � and �* , andthrow away the original � points,and
that we want to usea single line segmentto approximateall the original points.The
constructionof this new line, � ��%  , canbebasedonly on the informationin � � and �* ,
andwe provethat � �;%  is thesameas � ��%  . Sincewe no longerhave theoriginal points,
we assumethatall � pointslie on line segments� � and �  , andwe build � �;%  basedon
thisassumption.Thissituationis depictedin thebottomgraphof Figure2. Theresidual
error of this new line is &(' � �;%  ) . Unlike the previous cases,this is the error between
the pointson line � �;%  andthe pointson lines � � and �  . It turnsout that we canalso
calculate&('�� �;%  ) without theneedto referto theoriginal � points.
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Fig.2. Combining two regressionlines.

Theorem1. [Computing the New Line Segment.]Theline segment � �;%  , built from
the two line segments� � and �! , is the sameas the line segment � ��%  , built from the
original pointsof thetimeseries.Thatis, � �;%  , � �;%  .
Theorem2. [Computing the New Err or.] Theerror of the line segmentapproximat-
ing all the original data pointscan be computedas the sumof the errors of the two
individual line segments,and the error betweenthosetwo line segmentsand the line
calculatedbasedon thosetwo.Thatis, &('�� �;%  )<, &('�� � ) "=&('��! ) ">&+' � ��%  ) .

Anotherinterestingpropertyof PLA is thatfor thecomputationof theerror &(' � �;%  )
wedonotneedto processindividually all thepointscorrespondingto line segment� ��%  .
We caninsteadavoid thelinearcomplexity of this procedureandcomputethevalueof&(' � �;%  ) in constanttime,accordingto thefollowing lemma.



Lemma 1. [Computing the Err or BetweenTwo Segments.]Theerror, &(' � ��%  ) , of a
line segment, � �;%  , which wasconstructedfrom two line segments,� � and �! , can be
computedwith a closedformformula1 in time ?@'�� ) , regardlessof thelengthof theline
segments.

3 Problem Formulation

3.1 AmnesicFunctions

Therole of anamnesicfunction A�'5B ) , is to specifytheacceptableapproximationerror
for point B , ��C 7 ��
 , where

��C
is thecurrenttime, and

��

is the time thatpoint ��� 	�


arrived.Thetime
��C

correspondsto position B ,/D of theamnesicfunction.NotethatA�'EB ) is only definedfor BGF D , since
� 
 � � C

. A key propertythatanamnesicfunction
hasto satisfyis themonotonicityproperty.

Definition 1. An amnesicfunction, AH'EB ) , is calledmonotoniciff IKJMLON#PQIRJMLRSQT2N , for
everyvalueof B .

Themonotonicitypropertyposesanaturalrestriction.It ensuresthatif at time
�

wecan
toleratesomeerror &VU2'5��� 	�
 ) in theapproximationof point ��� 	�
 , thenwewill notrequest
anapproximationof thesamepoint ��� 	�
 with error &VUEWX'5��� 	�
 ) �Y&ZU2'E��� 	�
 ) , at any time��[]\��

. We now definea taxonomyof amnesicfunctions(referto Figure3).

PiecewiseConstant: The piecewise constantfunction is the simplestform that an
amnesicfunctioncanassume(with the exceptionof the constantfunction,which is a
trivial case,andwe donot discussit here).It hasthefollowing generalform.

IRJMLON]^ _@`ba
, �cPdL@edf a�ghih�h`�j
, f jlk a PdL8m

where n �po �b�b� o n2q areconstants,suchthat n � �r�b�b�]�/n2q . We refer to eachstepof the
functionasa section, to distinguishit from thesegmentsusedin theapproximation.

Linear: A linear functionhasthegeneralform: A�'5B )�,ts B@"Qu , s o u \ D .
PiecewiseLinear: Thegeneralform of a piecewiselinear functionwith v sectionsis
asfollows.

IRJMLwN]^ _Hx a LRSzy a , �cPdL@edf a gh�h;hx j LKS{y j , f jlk a PdL|m
where

xO}�~z� ��m��|�!�*N , T�P��VP�� , y a�� � , andyO�<^ x�a f a S�y a m h;h�h m�y j ^ x jlk a f jlk a S�y jlk a .
Continuous: Theamnesicfunctionsof this classcantake any form not subsumedby
thepreviousclasses.Theonly restrictionis thatthefunctionis monotonic(accordingto
Definition 1). We donot requirethatthesefunctionshavea closedform formula.

We alsodefinetwo formsof amnesicfunctions,namely, the relative, ��A�'5B ) , and
theabsolute, AKA�'5B ) , amnesicfunctions.

1 The formula requiresthe introductionof additionalnotation,andwe omit it due to lack of
space.
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Fig.3. The differ ent classesof amnesicfunctions.

Relative: Relative amnesicfunctionsdeterminethe relative approximationerror we
can tolerate.Whenwe usea relative amnesicfunction, we weight the error of some
datapoint by the inverseof the amnesicfunction correspondingto that point, so that� JMLON]^ � JMLON��b��IRJMLON .
Absolute: Absoluteamnesicfunctionsspecify the maximumallowableerror for the
approximation.Theerror &('5B ) shouldsatisfytheinequality

� JMLON�P�I�IKJMLON .
3.2 Problemsfor AmnesicApproximation

Undertheassumptionsdiscussedabove,we want to maintaina PLA model � with �
segmentsfor a streamingtime serieswith anunrestrictedwindow. More formally, we
definethefollowing two problems.

Problem1. [Unr estrictedWindow with RelativeAmnesic(URA)] Given � and��A�'5B ) ,
find anapproximation� using � segmentsthatat eachtime stepminimizestheerror&('E��������� ��
 )�,Y.��0�� � '5&('�� 0 )�� �cAH' ��C 7 � 3�� )�) .
Problem2. [Unr estricted Window with Absolute Amnesic (UAA)] Given AKA�'5B ) ,
constructa model � with the minimum numberof segments� , subjectto the con-
straints&('�� 0 ) ��AKAH' � C 7 � 3 � ) , �V�Q�$��� .

Note that in the URA and UAA problemsthe optimizationobjective is different.
In the URAproblemwe seekto minimize theapproximationerror , while in the UAA
problemwe want to minimize the space. Following the definition of the problems
for theunrestrictedwindow, we candefinethecorrespondingproblemsfor thesliding
window model.

In thenext section,we simply outline thesolutionswe proposeto theabove prob-
lems.We omit adetailedexplanationof ouralgorithmsin theinterestof space.A more
extendeddiscussioncanbefoundelsewhere[19].

4 AmnesicApproximation

4.1 RelativeAmnesicFunctions

In this sectionwe presenttheskeletonof our algorithm,GrAp-R, for solvingtheURA
problem.

At eachtime step,the algorithmmergesthe consecutive pair of segmentswhose
mergewill resultin theleastapproximationerror, amongall possiblemerges.Thepair
of segmentsthat shouldbe merged, �!� and �*��� � , is given by the heapstructure  .



We merge thosein onesegment, �!� % ��� � , accordingto Theorems1 and2. Thenwe
computethe approximationerror thatwould resultby merging the new segmentwith
eachoneof its two neighbors,�!�R¡ � and �!���¢ , accordingto Lemma1. We usethese
valuesfor the errorsto updatethe heap   , in orderto reflectthe new setof possible
merges.This merge resultsin a sparesegment,which we assignto the newly arrived
point of thetime series.Onceagainwe have to computetheapproximationerrorwhen
mergingthissegmentwith its neighbor,andupdatetheheap  . A high-leveldescription
of thealgorithmis depictedin Figure4.

1 let   beamin-priority queue,and &�� ,t£ bea time-eventqueue;
3 procedureGrA p-R()
4 whenanew point, ��� 	�
 , of thetimeseriesarrivesat time

� C
5 pick themin elementfrom   , andmergethecorresponding

segments,� � and � ��� � , into anew segment � � % ��� � ;
6 update  with theerrorsof merging � � % ��� � with its two

neighboringsegments;
7 assignanew segment,�!¤¦¥ 
¨§ , to thenewly arrivedpoint, �H� 	�
 ;
8 update  with theerrorof merging �!¤¢¥ 
¨§ with its neighboringsegment;
9 ManageEvents( &�� ,

� C
, �!� , �*��� � , �!� % ��� � );

Fig.4. The skeletonof the GrAp-R algorithm

TheGrAp-Ralgorithmalsomakesuseof a time-eventqueue&�� to keeptrackof
theway thatthedependenciesamongthesegmentsusedfor theapproximationchange.

Whentheamnesicfunctionbelongsto theclassof piecewiseconstantfunctions,a
changeto the relative orderingof the pair of segmentsthat shouldbe mergedduring
the next stepof the algorithm only happenswhena segmentcrossesa discontinuity
betweentwo sectionsof theamnesicfunction.Thequeue&�� flagsthetimesat which
the segmentscrossa discontinuity in the amnesicfunction. When this happens,we
updatethe positionof the segmentin the heap,andwe computethe next time that it
will crossa discontinuity.

In thecaseof linearamnesicfunctions,if weknow theapproximationerrorof each
segmentandtheclosedformulaof theamnesicfunction,we cancomputethetimesat
which thesechangeswill occur. Therefore,we insertthosetimesin &�� , andupdatethe
heapaccordingly.

Assumewehaveapiecewiselinearamnesicfunction,which is comprisedof v sec-
tions.Then,we treateachsectionseparately, asin thecaseof linearamnesicfunctions.

Whenthe amnesicfunction is continuous,we identify two cases.First, whenthe
amnesicfunction hasa closedform formula, we computethe crosspointsof the seg-
ments,andweproceedaswith thelinearamnesicfunctions.Second,whentheamnesic
functiondoesnot havea closedform formula,wereplacethecontinuousfunctionwith
apiecewiselinearapproximationusing v sections.Then,weproceedaswith thepiece-
wiselinearamnesicfunctions.

4.2 AbsoluteAmnesicFunctions

Whenwe useabsoluteamnesicfunctions,thereis no restrictionin thenumberof seg-
mentsthatwe mayusefor theapproximation,andthereis no needto maintaina heap



structureon theadjacentpairsof segments.We call thenew algorithmGrAp-A, andit
worksasfollows.Duringeachtimestep,thealgorithmassignsthenew datapointof the
time seriesto a new segment, � 
 , by itself. Then,it tries to merge � 
 with its adjacent
segment.If thesegmentthatresultsfrom themergehaserrorlessthanwhatis specified
by the absoluteamnesicfunction, then the merge is realized.In eithercase,the next
stepinvolvesthe updateof the time-eventqueue&�� . In &�� we have to schedulean
event specifyingwhen the segmentthat was formedwith the arrival of the new data
pointwill beableto mergewith its adjacentsegment.Then,weprocessany mergesthat
arescheduledto happenat thecurrenttime,andupdatethequeue.

5 Experimental Evaluation

We implementedouralgorithms,andthetraditionalBottomUpalgorithmfor PLA [13],
to compareagainstour techniques.In orderto evaluateour algorithms,we usedanex-
tensivesetof real-world datasets.Theseare © D datasetscomingfrom diversefields,in-
cludingfinance,medicine,biometrics,chemistry, astronomy, robotics,networking and
industry,andcoveringthecompletespectrumof stationary/non-stationary,noisy/smooth,
cyclical/non-cyclical, symmetric/asymmetric,etc.. The resultsreportedare averages
overall © D datasets.

In the following experiments,we quantify the relative performanceof the two al-
gorithms.We report the cumulative relative error, ª���& , which measuresthe relative
increasein thecumulativeerrorwhenusingGrAp-R.

« � � ^�T��!��¬ .t­}i®¯a J ��°O±�²:³ kw´ J¶µ � T h¨h �*·�N¢¸ �-¹»ºX¼¶¼�ºX½-¾6³ J¶µ � T h¨h �*·�N�N. ­}i®¯a � ¹Oº�¼�¼�ºX½-¾�³ J¶µ � T h¿h �*·�N
Thesecondmeasureof interestis thespeedup,whichmeasureshommany timesfaster
GrAp-Ris whencomparedto BottomUp.

ÀlÁwÂ2Â fpÃ Á ^ . ­}i®¯a µ�ÄEÅ Â ¹»ºX¼¶¼�ºX½-¾6³ J¶µ � T h¿h �*·¶N. ­}�®]a µ�ÄEÅ Â °»±�²:³ kO´ J¶µ � T h¿h �*·�N
In theexperimentsof Figure5, thenumberof segmentsweuseis �pÆ , Ç:Æ , and È:Æ of � .
We observe that ª���& remainsrelatively stableaswe increase� , with our algorithm
performingwithin Ç:Æ�7��!Ç:Æ of theoffline algorithm. At thesametime,ouralgorithm
runs one or two ordersof magnitudefasterthan the offline algorithm.The speedup
increasessignificantlyfor decreasing� . This is becausetheamountof work thatGrAp-
R doesremainsalmostconstant(dependson É�Ê4Ë�� ), while BottomUprequireslots of
extra effort for smallervaluesof � . As expected,the speedupgetslarger when we
increase� .In the next set of experiments,we evaluatethe performanceof GrAp-A. During
theseexperiments,we useanabsoluteamnesicfunction,andwe areinterestedin min-
imizing thenumberof segments,� , usedin theamnesicapproximation.We compare
our algorithmto BottomUp, andwe measurethe speedupandthe cumulative relative
increasein therequirednumberof segments,CRIS.

« �-Ì À ^�T;�*��¬ .t­}�®]a JEÍ °O±�²:³ k ² J¶µ � T h¨h �*·�N¢¸ÎÍ ¹»ºX¼¶¼�º�½�¾�³ J¶µ � T h¿h �*·¶N�N.t­}i®¯a Í ¹OºX¼¶¼�ºX½-¾6³ J¶µ � T h¿h �*·�N
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Fig.5. Err or (left) and speedup(right) for GrAp-R and BottomUp.

Theseexperiments(referto Figure6) show thatGrAp-Ais ableto find arepresentation
with aminimalnumberof additionalsegmentswhencomparedto theoffline algorithm,
that is ��Ær7�Ç:Æ moresegmentsfor streamsof length � D�D4D 7�� D�D�D4D . Thereis only a
slight increasein CRISaswemoveto longerstreams.As in thecaseof relativeamnesic
functions,thespeedupis considerable,with ouralgorithmrunningmorethantwo orders
of magnitudefasterthanBottomUp.
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6 RelatedWork
Thereexistsanextensive literaturein theareaof time seriesapproximation[14,7,21,
20,4,23,3,3,1]. Many of the above approximationtechniqueshave beenadaptedto
work in anonlinefashion.For example,piecewiseconstantapproximationcanbecre-
atedonlinewith little lossof accuracy [18], aswell asDFT [24]. Mostof thetimeseries
representationshave been,or could trivially be, calculatedin an incrementalfashion
[13]. Thereis also work on datastreamsummarization,using wavelets[8] and his-
tograms[9]. CohenandStrauss[6] presenta framework for maintainingtime-decaying
streamaggregates,suchassumandaverage.Chenet al. [5] describea framework for
multi-dimensionalregressionanalysisof time serieswith a tilt time frame.Yet, they
donotexplicitly tailor their representationsto matchdifferentamnesicfunctions.Bulut
andSinghproposedusingwaveletsto represent”datastreamswhicharebiasedtowards
themorerecentvalues”[2]. Althoughthe biasto morerecentvaluescanbe seenasa
specialcaseof an amnesicfunction, the particularfunction is completelydictatedby
thehierarchicalnatureof thewavelet transform.Our work removesall therestrictions
inherentin theaboveapproaches.

7 Conclusions

We have introducedthe first methodto allow the online approximationof streaming
time series,which allows arbitrary, user-definedreductionof quality with time. This



kind of approximationis of increasingimportancein many diverseapplicationdomains,
suchasmobileandreal-timedevices.We proposedefficientalgorithms,andweempir-
ically evaluatedthemwith extensive experimentson © D differentdatasets.The results
show that our algorithmsoffer significantperformanceimprovementsover the direct
computationalapproach,while maintaininga verygoodqualityof approximation.
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