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Abstract. During the lastyearswe have witnessecda wealth of researcton ap-
proximaterepresentationfor time series.The vastmajority of the proposecap-
proachesepresentachvaluewith approximatelyequalfidelity, which may not
be always desirable.For example, mobile devices and real time sensorshave
broughthomethe needfor representationthat can approximatethe datawith
fidelity proportionalto its age.We call suchtime-decayingrepresentationam-
nesic

In thiswork, we introducea novel representatioof time serieshatcanrepresent
arbitrary userspecifiedtime-decayingunctions.We proposeonline algorithms
for our representationand discusstheir properties.The algorithmswe describe
aredesignedo work on both the entire streamof data,or on a sliding window
of the datastream Finally, we performan extensive empirical evaluationon 40
datasetsandshaw thatour approactcanefficiently maintaina high quality am-
nesicapproximation.

1 Intr oduction

Time seriesare one of the most frequently encounteredorms of data. Many appli-
cationsin diversedomains,producevoluminousamountsof time series[24,22]. The
sheemumberandsize of the time serieswe needto manipulatein mary of the real-
world applicationsdictatesthe needfor a more compactrepresentatiof time series
thantheraw dataitself. A plethoraof representationisave beenproposedor time series
approximatior]14].

The problemof approximatingime seriesbecomesnoreinterestingandchalleng-
ing in the context of streamingtime series wheredatavaluesare continuouslygener
ated.In this situation,we cannotapply approximationtechniqueghat requireknowl-
edgeof theentireseries.Furthermoreall currenttime seriesepresentationseatevery
point of thetime seriesequally which meanghatthetime positionof a point doesnot
malke a differencein the fidelity of its approximation.This may be desirablefor some
applicationssuchasarchving, however, thereexist mary realworld situationswhere
we would lik e to take into accounthetime dimensionin theapproximatiorof thetime
seriesln thesecaseswhile we arewilling to accepsomemain of errorin theapprox-
imation, we would like the mostrecentdatato have low error, andwe would be more
forgiving of errorin olderdata.We call thiskind of time seriesapproximatioramnesic
sincethe fidelity of approximationdecreasesvith time, andit thereforerequiresless



memoryfor the eventsfurtherin the past.The potentialutility of sucharepresentation
hasbeendocumentedn mary domains,suchasthe ErvironmentalObsenation and
Forecastingsysten{22], therobotsdevelopedby NASA for anurbansetting[10], clas-
sification algorithmsfor identifying denial of serviceattacks[12], inductive learning
[17], andothers.

Althoughthis work suggestshatthe usefulnes®f datacandiminishwith age,we
notethat the rate at which its utility decaysdependson the application.The function
that determineghe amountof error we cantolerateat eachpoint in the time seriesis
calledanamnesidunction Ideally, we would lik e to allow arbitraryamnesidunctions,
sothatwe canmatchtherequirementsf awide variety of applicationsFor example,a
meteorologismaydecidethatdatathatis twice asold cantoleratetwice asmucherror,
andthus, specifya linearamnesidunction. In contrast,an econometristising classic
modelsmight well specifyanexponentialamnesidunction. In Figure1l we shav how
the approximationof a time serieschangesasa function of time. In this example,we
usean unrestrictedwindow to approximatethe SpaceShuttle STS-57datasetusing
piecavise linear approximationwith ten linear sggments.The time progressegorm
right to left (i.e., the mostrecentpoint is the left-most point). We obsenre that the
approximationof the mostrecentpoints alwaysremainsaccuratewhile it gracefully
degradesat eachtime stepfor the olderpoints.
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Fig. 1. Example of online amnesicapproximation.

In this paperwe describeaframework for onlineamnesi@pproximatiorof stream-
ing time seriesWhile somerecentwork [5, 2] hasproposedools andtechniquedor
computingspecialcasesof amnesicapproximationsof time series,as we discussin
Sectionb, thesesolutionsarespecificandratherrestrictive in thevariety of applications
they canaccommodateln particular the typesof amnesicfunctionsthey canuseare
dictatedby therepresentatiorof thetime series.In contrastour framework is general
andableto operatewith a wide classof amnesicfunctions,which are definedby the
user.

Ourcontributionscanbesummarizedsfollows. We introducethenotionof general
amnesidunctions.We presenta taxonomyof thesefunctions,discusgheir properties,



anddescribehow they affect the solution of the problemof online amnesicapproxi-
mation.We formulatethe above problemasan optimizationproblem,wherewe wish
to minimizethereconstructiorerror giventhe availableamountof memoryfor the ap-
proximation.We proposeefficient algorithmsfor solvingthe above optimizationprob-
lems.Thetime compleity of the algorithmswe proposes independenof the size of
thetime series.Thesearethefirst algorithmsproposedor solving the generalcaseof
the problem.We presentanextensive experimentalkvaluationof our techniquesusing
morethan40 syntheticandrealdatasetsThe experimentshawv theapplicability of our
approachandthe quality of solutionsof our algorithms.

The restof the paperis organizedasfollows. In Section2 we give the necessary
backgroundIn Section3 we introducesomenew terminologyandformally definethe
problemsawe study Thealgorithmswe proposearepresentedh Sectiond, andSection
discusseshe experimentalevaluation.Section6 reviews relatedwork, and Section7
concludegshepaper

2 Time SeriesApproximation

A timeseries[T'[i], is aseriesof datapoints,eachonearriving atadistincttime instance
t;. Ti..j] definesa rangeof datapoints.Whenthe total numberof datapointsin the

time series,N, is known in advance,we call the time seriesstatic andwe saythatis

haslength N. Whendatapointsarearriving continuouslyin a streamingfashion,the

valueof N representshe numberof datapointsseenin thetime seriessofar, andwe

call the time seriesstreaming In the streamingenvironmentwe may be interestedn

approximatingheentiretime seriesseernsofar, unrestrictedwindow; or afixednumber
of thelastvaluesof thetime series sliding window

Several techniqueshave beenproposedn the literaturefor the approximationof
timeseriesjncludingDiscreteFourier Transform(DFT)[21, 7], DiscreteCosin€lrans-
form (DCT), Piecavise Aggregate Approximation(PAA) [23], Discrete WaveletTrans-
form(DWT)[20, 4], AdaptivePiecaviseConstantApproximation(APCA)[3, 18], Piece-
wise Linear Apptoximation (PLA) [15], Piecavise Quadmatic Approximation (PQA),
andothers.

Whenconsideringhe alternatve representationis the context of amnesicapprox-
imation, it is not obvioushow someof themcanaccommodatéherequirementsf this
new ervironment.The DWT representatiois intrinsically coupledwith approximating
sequencewvhoselengthis a power of two. Using waveletswith sequencethat have
otherlengthsrequiresad-hocmeasureshat reducethe fidelity of the approximation,
andincreasethe compleity of the implementationWhile DFT hasbeensuccessfully
adaptedo incrementalcomputation24], it is not clearthatit canbe adaptedo per
form amnesicapproximation.The sameis true for DCT aswell. We decidedto use
PLA, becausss is alreadywidely usedand accepted11,16]. Moreover, it hasbeen
documentedhat PLA performsat leastasgoodasall the otherapproachesnentioned
above [14, 3], andalsooffersa superiorquality of visualizationof thetime series.

2.1 Propertiesof PLA Approximation

In PLA, we approximatethe datapointsin atime seriesusinga numberof linear seg-
mentswhoseendsneednotbecontiguoug15]. Assumewne have N datapointsof atime



seriesT'[i], 1 < i < N, andwe usethemto fit two line sgments(usingleastsquares).
Letthefirstline, s1, approximateointsl ton, n < N, andthesecondine, s, approxi-
matepointsn+1 to V. In addition,supposeve useasingleline sggmentto approximate
all thepointsl to NV, call it s; ». Theabovethreelinesaredepictedin thetop graphof
Figure2. Relatedio thesethreelinesaretheerrorsE(sy ), E(sz2), andE(s;,2). Theer
ror of asegments is computedaccordingto theformulaE(s) = 3., (Tj] — s[5])?,
wherej rangesover all the pointsin sggments, T'[;] is the valueof point j in thetime
seriesands[j] is the estimatefor point j givenby sggments.

Now imaginethatwe keeps; and sz, andthrow away the original N points,and
that we wantto usea singleline sggmentto approximateall the original points. The
constructionof this new line, 513, canbe basedonly on the informationin s; andsa,
andwe prove thatsy 3 is thesameass; ». Sincewe no longerhave theoriginal points,
we assumehatall N pointslie online sggmentss; andsz, andwe build 572 basedn
thisassumptionThis situationis depictedn the bottomgraphof Figure2. Theresidual
error of this new line is E(37,3). Unlike the previous casesthis is the error between
the pointson line 37 > andthe pointson lines s; andss,. It turnsout thatwe canalso
calculateE(s1 2) withouttheneedto referto theoriginal N points.

S - SJZ =
e ~0 y=-1.23x+553.2

S,

o _ 1 s,

- A/ [ :

"o Te-%e__
Bl °--9

~a.
a. \; -
~o. 12
~<n y=-1.23x+553.2

. . . . . . .
1 2 3 4 5 6 7

Fig. 2. Combining two regressionlines.

Theorem1. [Computing the New Line Segment.]Theline sggmentsy 3, built from
the two line s@mentss; and s», is the sameas the line segments; 5, built fromthe
original pointsof thetimeseries.Thatis, s1 » = 51 2.

Theorem 2. [Computing the New Err or.] Theerror of theline sgmentapproximat-
ing all the original data points can be computedas the sumof the errors of the two
individual line segments,and the error betweerthosetwo line sggmentsand the line
calculatedbasedon thosetwo. Thatis, E(s1,2) = E(s1) + E(s2) + E(51,2).

Anotherinterestingpropertyof PLAIs thatfor thecomputatiorof theerror E(31 2)
we do notneedto processndividually all the pointscorrespondingo line sggmentsy 5.
We caninsteadavoid thelinear complexity of this procedureandcomputethe valueof
E(31,2) in constantime, accordingto thefollowing lemma.



Lemma 1. [Computing the Err or BetweenTwo Segments.JTheerror, E(313), ofa
line s@ment,s; >, which was constructedrom two line segments,s; and s,, can be
computedvith a closedform formulat in time O(1), regardlessof thelengthof theline
sgments.

3 Problem Formulation

3.1 AmnesicFunctions

Therole of anamnesidunction A(x), is to specifythe acceptabl@pproximatiorerror
for pointz = tnx — t;, wherety is the currenttime, andt; is the time that point T'[4]
arrived. Thetime ¢y correspondso positionz = 0 of theamnesidunction. Note that
A(z) is only definedfor 2 > 0, sincet; < tn. A key propertythatanamnesidunction
hasto satisfyis the monotonicityproperty

Definition 1. Anamnesidunction,A(z), is called monotoniaff A(z) < A(x + 1), for
everyvalueof .

Themonotonicitypropertyposesa naturalrestriction.It ensureghatif attime ¢ we can

toleratesomeerror E*(T'[i]) in theapproximatiorof pointT'[i], thenwewill notrequest
anapproximatiorof the samepoint T'[i] with error E* (T[i]) < E*(T[i]), atary time

t' > t. We now definea taxonomyof amnesidunctions(referto Figure3).

PiecewiseConstant: The piecavise constantfunctionis the simplestform that an
amnesidunction canassumgwith the exceptionof the constanfunction, which is a
trivial case andwe do notdiscusst here).It hasthefollowing generaform.

c ,0<z<ds;
A(z) =< ...

cr ,dp-1 <,

wherecy, ..., cr, areconstantssuchthate; < ... < cr. We referto eachstepof the
functionasa section to distinguishit from the segmentsusedin the approximation.

Linear: A linear functionhasthegeneraform: A(z) = axz + 8, a, 8 > 0.

Piecewiselinear: Thegeneralform of a piecaviselinear functionwith L sectionss

asfollows.
arz+51 ,0<z<d;
A(z) =

art+fBr ,dr-1 <=z,
Whereaj €0,7/2),1<j<L,B1> O,andﬂ2 =aidi+p1,...,0L = ar—1dr-1+Br-1.

Continuous: Theamnesidunctionsof this classcantake any form not subsumedy
thepreviousclassesTheonly restrictionis thatthefunctionis monotonic(accordingo
Definition 1). We do not requirethatthesefunctionshave a closedform formula.

We alsodefinetwo forms of amnesicfunctions,namely the relative RA(z), and
theabsolute AA(x), amnesidunctions.

! The formula requiresthe introductionof additionalnotation,andwe omit it dueto lack of
space.
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Fig. 3. The differ ent classeof amnesicfunctions.

Relative: Relatve amnesicfunctionsdeterminethe relative approximationerror we
cantolerate. Whenwe usea relative amnesicfunction, we weight the error of some
datapoint by the inverseof the amnesicfunction correspondingdo that point, so that
E(z) = E(z)/RA(x).

Absolute: Absoluteamnesicfunctionsspecify the maximumallowable error for the
approximationTheerror E(z) shouldsatisfytheinequalityE(z) < AA(z).

3.2 Problemsfor Amnesic Approximation

Underthe assumptionsliscusse@bove, we wantto maintaina PLA model @ with K
segmentsfor a streamingtime serieswith an unrestrictedvindow. More formally, we
definethefollowing two problems.

Probleml. [UnrestrictedWindow with Relative Amnesic(URA)] GivenK andRA(z),
find an approxim?{tiorQ using K sggmentsthat at eachtime stepminimizesthe error
E(T[1.N])) = X1, (E(s;)/RA(ty — t.,))-

Problem2. [Unr estricted Window with Absolute Amnesic (UAA)] Given AA(x),
constructa model @ with the minimum numberof sgmentsK, subjectto the con-
straintsE(s;) < AA(ty —t,,;), 1 < j < K.

Note that in the URA and UAA problemsthe optimizationobjectie is different.
In the URA problemwe seekto minimize the approximationerror, while in the UAA
problemwe want to minimize the space. Following the definition of the problems
for the unrestrictedvindow, we candefinethe correspondingroblemsfor the sliding
window model.

In the next section,we simply outline the solutionswe proposeto the above prob-
lems.We omit a detailedexplanationof our algorithmsin theinterestof space A more
extendeddiscussiorcanbefoundelsavhere[19].

4 Amnesic Approximation

4.1 Relative AmnesicFunctions

In this sectionwe presenthe skeletonof our algorithm,GrAp-R for solvingthe URA
problem.

At eachtime step,the algorithm memgesthe consecutie pair of sggmentswhose
mermgewill resultin theleastapproximatiorerror, amongall possiblemeiges.The pair
of segmentsthat shouldbe memed, s,,, and s,,+1, is given by the heapstructureH.



We merge thosein one sgment, s, 41, accordingto Theoremsl and 2. Thenwe

computethe approximationerror thatwould resultby meming the new sggmentwith

eachoneof its two neighborss,,—1 ands,,+2, accordingto Lemmal. We usethese
valuesfor the errorsto updatethe heapH, in orderto reflectthe new setof possible
merges.This meige resultsin a sparesggment,which we assignto the newly arrived
point of thetime series Onceagainwe have to computethe approximatiorerrorwhen
mergingthis segmentwith its neighborandupdateheheapH . A high-level description
of thealgorithmis depictedn Figure4.

1let H beamin-priority queueand EQ = () beatime-eventqueue;
3 procedureGrAp-R()
4 whenanew point, T'[i], of thetime seriesarrivesattime

5 pick themin elementfrom H, andmergethe corresponding
se@gments s, ands,,+1, iNto anew segments,, m41;
6 updateH with theerrorsof memging sy, m+1 with its two
neighboringsggments;
7 assignanew segment,sy;, to thenewly arrivedpoint, 7'[4];
8 updateH with theerrorof meming s7[; with its neighboringsegment;

9 ManageEventS(EQ, tn, Sm, Sm+1, Sm,m+1);
Fig. 4. The skeletonof the GrAp-R algorithm

The GrAp-Ralgorithmalsomakesuseof atime-eventqueueFE(Q to keeptrack of
theway thatthe dependencieamongthe sggmentsusedfor theapproximatiorchange.

Whenthe amnesidunction belongsto the classof piecavise constanfunctions,a
changeto the relative orderingof the pair of sggmentsthat shouldbe memgedduring
the next stepof the algorithm only happensvhen a segmentcrossesa discontinuity
betweerntwo sectionsof theamnesidunction. The queueE(Q flagsthetimesat which
the sggmentscrossa discontinuity in the amnesicfunction. When this happenswe
updatethe positionof the segmentin the heap,andwe computethe next time that it
will crossadiscontinuity

In the caseof linearamnesidunctions,if we know theapproximatiorerrorof each
segmentandthe closedformula of the amnesidunction, we cancomputethetimesat
whichthesechangesvill occur Thereforewe insertthosetimesin E@, andupdatethe
heapaccordingly

Assumewe have a piecaviselinearamnesidunction,whichis comprisecf L sec-
tions. Then,we treateachsectionseparatelyasin the caseof linearamnesidunctions.

Whenthe amnesicfunction is continuouswe identify two caseskFirst, whenthe
amnesicfunction hasa closedform formula, we computethe crosspointof the sey-
ments,andwe proceedaswith thelinearamnesidunctions.Secondwhentheamnesic
functiondoesnot have a closedform formula, we replacethe continuousunctionwith
apiecaviselinearapproximatiorusing L sectionsThen,we proceedaswith the piece-
wiselinearamnesidunctions.

4.2 Absolute AmnesicFunctions

Whenwe useabsoluteamnesidunctions,thereis no restrictionin the numberof seg-
mentsthatwe may usefor the approximationandthereis no needto maintaina heap



structureon the adjacentpairsof sggmentsWe call the new algorithmGrAp-A, andit
worksasfollows. During eachtime step thealgorithmassignghe new datapoint of the
time seriesto a new segment,s;, by itself. Then,it triesto memge s; with its adjacent
sgment.If thesegmentthatresultsfrom the memgehaserrorlessthanwhatis specified
by the absoluteamnesicfunction, thenthe memge s realized.In eithercase the next
stepinvolvesthe updateof the time-eventqueueEQ. In E(Q we have to schedulean
event specifyingwhen the segmentthat was formedwith the arrival of the new data
pointwill beableto memgewith its adjacensegment.Then,we procesary memgesthat
arescheduledo happeratthe currenttime, andupdatethe queue.

5 Experimental Evaluation

We implementedur algorithms andthe traditionalBottomUpalgorithmfor PLA[13],
to compareagainstour techniquesln orderto evaluateour algorithms,we usedan ex-
tensie setof real-world datasetsTheseare4( datasetgomingfrom diversefields,in-
cluding finance,medicine biometrics,chemistry astronomyrobotics,networking and
industry andcoveringthecompletespectrurnof stationary/non-stationaygoisy/smooth,
cyclical/non-gsclical, symmetric/asymmetricetc.. The resultsreportedare averages

overall 40 datasets.

In the following experimentswe quantify the relative performanceof the two al-
gorithms.We reportthe cumulative relative error, C RE, which measureshe relative
increasen thecumulative errorwhenusingGrAp-R

CRE =100 - Zjvzl(EGTAP:VR(T[l--J']) — Epottomup(T[1..5]))
Zj:l EBottomup(T[1..])

Thesecondneasuref interestis the speedupwhich measureommary timesfaster
GrAp-Ris whencomparedo BottomUp

N
j=1

> Timegrap-r(T[1..j))

TimEBottomUp (T[l . .7])

Speedup =

In theexperimentof Figure5, thenumberof segmentsve useis 1%, 3%, and5% of N.
We obsenre that C RE remainsrelatively stableaswe increaseV, with our algorithm
performingwithin 3% — 13% of theoffline algorithm. At the sametime, our algorithm
runs one or two ordersof magnitudefasterthanthe offline algorithm. The speedup
increasesignificantlyfor decreasind(. Thisis becaus¢heamountof work thatGrAp-
R doesremainsalmostconstant{dependsn log K'), while BottomUprequireslots of
extra effort for smallervaluesof K. As expected,the speedupgetslarger whenwe

'ncrﬁaﬁ%[ne(t setof experimentswe evaluatethe performanceof GrAp-A During

theseexperimentswe usean absoluteamnesidunction,andwe areinterestedn min-

imizing the numberof sggments, K, usedin the amnesicapproximation\We compare
our algorithmto BottomUp andwe measurehe speedupndthe cumulative relative

increasen therequirednumberof sggments CRIS

CRIS =100 - ZJZI(KGTAP;VA(T[I"j]) — Kpottomup(T[1..]))
Zj:l KBottomUp(T[l..j])
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Fig.5. Error (left) and speedup(right) for GrAp-R and BottomUp.

Theseexperimentgreferto Figure6) shav that GrAp-Ais ableto find arepresentation
with aminimal numberof additionalsegmentsvhencomparedo the offline algorithm,
thatis 1% — 3% moresegmentsfor streamsof length1000 — 10000. Thereis only a
slightincreasen CRISaswe moveto longerstreamsAs in thecaseof relative amnesic
functions thespeedujis considerablewith ouralgorithmrunningmorethantwo orders
of magnitudeasterthanBottomUp
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Fig. 6. Error (left) and speedup(right) for GrAp-A and BottomUp.

6 RelatedWork

Thereexists an extensie literaturein the areaof time seriesapproximation14,7,21,

20,4,23,3,3,1]. Many of the above approximationtechniqueshave beenadaptedto

work in anonline fashion.For example,piecavise constant@approximationcanbe cre-

atedonlinewith little lossof accurag [18], aswell asDFT [24]. Mostof thetime series
representationhave been,or could trivially be, calculatedin anincrementalfashion
[13]. Thereis alsowork on datastreamsummarizationusing wavelets[8] and his-

togramg9]. CohenandStrausg6] presentframavork for maintainingtime-decaying
streamaggraeates,suchassumandaverage Chenet al. [5] describea framework for

multi-dimensionalregressionanalysisof time serieswith a tilt time frame. Yet, they

donotexplicitly tailor their representation® matchdifferentamnesidunctions.Bulut

andSinghproposedisingwaveletsto representdatastreamsvhich arebiasedtowards
themorerecentvalues”[2]. Althoughthe biasto morerecentvaluescanbe seenasa

specialcaseof an amnesicfunction, the particularfunction is completelydictatedby

the hierarchicalnatureof the wavelettransform.Our work removesall the restrictions
inherentin theabove approaches.

7 Conclusions

We have introducedthe first methodto allow the online approximationof streaming
time series,which allows arbitrary userdefinedreductionof quality with time. This



kind of approximations of increasingmportancen mary diverseapplicationdomains,
suchasmobileandreal-timedevices.We proposedefficient algorithms andwe empir

ically evaluatedthemwith extensive experimentson 40 differentdatasetsThe results
shaw that our algorithmsoffer significantperformancamprovementsover the direct
computationabpproachyhile maintaininga very goodquality of approximation.
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