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1
def

Let ¢ be a generic Boolean formula, and let /¢ = NNF"*(p) and gpiflgf = NNF%9(yp), s.c.
NNF()"e¢ and NNF()9%9 are the conversion into negative normal form using a tree and a DAG
representation of the formulas respectively.

tree dag tree

Let |ol, [omee| and [@)7%] denote the size of ¢, ¢i7°¢ and goiff} respectively.

For each of the following sentences, say if it is true or false.

a) |@iee| is in worst-case polynomial in size wrt. [¢|. [ Solution: False. |

b

c

|g0f§ff| is in worst-case polynomial in size wrt. |¢|. [ Solution: True. ]

(a)

()

(c) gpfl‘zgf has the same number of distinct Boolean variables as ¢ has. | Solution: True. |
(d)

d) A model for gpiflgf (if any) is also a model for ¢, and vice versa. [ Solution: True. |
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2

Using the variable ordering “ A;, A,, As, A,”, draw the OBDD corresponding to the following
formulas:

Ay N (RALV A AN ( AV A) A (RA3 YV Ay)

[ Solution:
SOLUTION: The formula is represented by the following OBDD:
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3

Using the semantic tableaux algorithm, decide whether the following formula is satisfiable or not.
(Write the search tree.)

(=A7) A
( Al \/ _\Ag) /\
(A v Ay v Ay A
( A4 Vo oA Vo Ag) A
( Ay vV A3 V 6) A
(_|A3 V _‘A4 V )/\
(—|A3 V —|A4 V —\A7)
(Literal-selection criteria to your choice.)
[ Solution:
A,
Al ﬁAZ
X
A
><A LA S
>< A _|A3 Aﬁ
A X A
_‘Ad _‘AG _‘A5 _‘A6
X X X
YD R U
A _|A4 —|A7 _‘A —|A4 —\A7 =4 —|A4 —|A7
X X X X X X

— the formula is inconsistent.
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Consider the following piece of a much bigger formula, which has been fed to a CDCL SAT solver:

Cy . _|A7 V AQ
Cy . A4 V Al V All
C3 Ag vV _'446 V _|A4
Cq - ﬁA5 vV ﬁA]
cs: ArV Ag
cg: ArV AgV A
Cr _|A7 vV A3 V _|A12
Cg . A_l V A5 V 4410

Suppose the solver has decided, in order, the following literals (possibly interleaved by others not
occurring in the above clauses):

{..., ﬂAg, ...ﬁAlo, ..._|A11, A127 A137 ceey _|A7}

(a) List the sequence of unit-propagations following after the last decision, each literal tagged (in
square brackets) by its antecedent clause

[ Solution:
—Ag [05]
Ag [CG]
—Ay [es]
A5 [Cg]
Al [02]

]

(b) Derive the conflict clause via conflict analysis by means of the 1st-UIP technique

[ Solution:
Conflicting cl.

——N—
A4 vV Al V All ﬁ145 V _|A1

A
AV AV Ag Ay —A5 V AH( A)( 1)
Ay vV AV Ay 5
~—~
1st UIP

]

(¢) Using the 1st-UIP backjumping strategy, update the list of literals above after the backjumping
step and the unit-propagation of the UIP

[ Solution: {, —|A9, ...—|A10, ..._|A117 A4} ]
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Consider the following CNF formula:

(A7 ) A
( Ag vV Ay )/\
<_|A4 \Y _|A7 V _'A5 ) A
(mAs V. —Ag VA ) A
( A2 V _|A7 V _|A6 )/\
<_'A8 V AG V _|A2 ) N
<_|A1 V _|A5 V _'AQ ) N
( A2 V _|A6 V _‘AS )/\
(mA; vV 2A; v Ag ) A
( A2 V A7 V _|A6 )/\
<_\A6 V A4 V _\A6 ) N
(A3 vV Ag VvV —A7 )

Decide quickly if it is satisfiable or not, and briefly explain why.

[ Solution: After unit-propagating A, As:

-

—A5

_|A6 V Aq
Ag V. A
-A; vV A

|

I
) 'S
< <

|

N =

J
e
LI I LCILCL

J

&

<

As
A7 VvV A
A4 V _‘A6

J
no
>>>>>>>> > > >

w o

S~
e e e N N N e e e S N

the result is a Horn formula with no positive unit clauses.
Therefore, the assignment {—A;}%_; is a model. ]
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Consider the following Boolean formulas:

(,01 dZEf (_\A7 V _|A3) A\
( Az V —|A3) N
( As) N
<—|A2 V —|A4)

(,02 dZe{ ( Ag V A5) A\
( AV —|A1) N
(ﬁAg, vV Al)

which are such that ¢; A gy |= L. For each of the following formulas, say if it is a Craig interpolant
for (41, p2) or not.
[ Solution: Recall that a Craig interpolant for (¢1,¢2) s.t. 1 Ao = L is a formula 9 s.t.

Lo EY
2.9 Np = L

3. all atoms in 9 occur in both ¢; and .

(mA7 vV 2A3)
( A7V —A;g)
(—Ay)

[ Solution: No, it is not a solution because it does not verify condition 3. |

()

A
A

(—A4)

[ Solution: No, it is not a solution because it does not verify condition 2. |

(¢)
(_|A3 VAN _|A4)

[ Solution: Yes |
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Consider the following formula in the theory EUF of linear arithmetic on the Rationals.

p= {(f(x) = f(f(y) V A} A
{=(n(z, f(y)) = h(g(x),y)) V o(Mx,9(2) = h(f(x),y))) V AL} A
{ArV (W, y) = hly,x))} A
{(z—f(:v)) V Aj \/—|A} A
{o(w(x) = 9(f(¥)) V AL} A
{24V (w(g(2)) = w(f(x)))} A
{A1V (Y =9(2) Vv A}

and consider the partial truth assignment p given by the underlined literals above:

{=(w(x) = g(f (), 7 Az, ~((x, 9(2) = k([ (2),y))), (x = f(2)), (y = 9(2))}.

1. Does (the Boolean abstraction of) p propositionally satisfy (the Boolean abstraction of) o7 |
Solution: No, since there are two clauses which are not satisfied. |

2. Is p satisfiable in EUF?

(a) If no, find a minimal conflict set for x and the corresponding conflict clause C'.

(b) If yes, show one unassigned literal which can be deduced from g, and show the corre-
sponding deduction clause C.

[ Solution:
No, because it contains the following EUF conflict set:

{=(h(z,9(2) = h(f(2), ), (x = f(2)), (y = 9(2))},

which corresponds to the following conflict clause:

(h(x,9(2) = h(f(),9))) V ~(z = f(x)), ~(y = 9(2))
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Consider the following set of clauses ¢ in the theory of linear arithmetic on the Integers EUF.
(=@ =y)v (f(x)=[(¥))
(=(z =y) v =(f(z) = f(y)))
( (@=y)Vv (f(x)=[(y)))
( (z=y)V-(flx) =)

Say which of the following sets is a EUF-unsatisfiable core of ¢ and which is not. For each one,
explain why.

(a)
(=(z=y)V=(f(x) = f(),
( (w=y)Vv (fx)=[(H)),
( (z=y)V=(flz)= 1)
[ Solution: yes, because it is a subset of ¢ and it is inconsistent in EUF. |
()
(=z=y)v (f(x)=F)),
((z=y)Vv (f(x)=F)),
( (z=y)V-(f2)=fy)
[ Solution: no, because is not inconsistent in EUF (e.g., { (z =v), (f(x) = f(y))} is EUF
consistent solution). |
(¢)

(~(z=y)V-(f(x) = f(v),
( (w=y)Vv (flx)=f(),
EIZ@/)V flx) = fw))),

[ Solution: no, because it is not a subset of ¢. |
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Let LRA be the logic of linear arithmetic over the rationals and EUF be the logic of equality and
uninterpreted functions. Consider the following pure formula ¢ in the combined logic LRAU EUF:

(x=10)A(h=10)A(k=10)A(y=2h—k)A(z < w) (1)
(2= f2)) A(w = [(y)) (2)

Say which variables are interface variables, list the interface equalities for this formula (modulo
symmetry), and decide whether this formulas is LRAU EU F-satisfiable or not, using either Nelson-
Oppen or Delayed Theory Combination.

[ Solution: Only x,y, z, w occur both in LR.A-atoms (2) and in EUF-atoms (1). Thus z,y, z, w
are the interface variables, and v =y, x = z,x = w,y = 2,y = w, z = w are the interface equalities.

Nelson-Oppen: From (2) in LR.A we infer the interface equality (z = y). Adding the latter to (1),
we infer the interface equality (z = w) in EUF. Adding the latter to (2), we get a contradiction
in LRA against (z < w).

Delayed Theory Combination: By unit-propagation, ¢ causes only one branch containing all
its literals. Then the SAT solver assigns first a negative value to the interface equality (x=y),
adding —(z = y) to the assignment, which is found inconsistent in LR.A:

(h=10O)A(k=10)A(x=10)A(y=2h—k)A=(z =y). (3)

Then the SAT solver backtracks, adding (= = y) to the assignment. Then the SAT solver as-
signs first a negative value to the interface equality (z=w), adding =(z = w) to the assignment,
which is found inconsistent in LRA: :

(z = f@) NMw = fy) Az =y) A=(z = w). (4)

Thus, with either technique, we can conclude that ¢ is LRA U EUF-unsatisfiable. |
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Consider the following formulas in difference logic (DL):

def

1= (ra—z3<—4) A
(x5 — x4 < —6) A
(x5 —xg <4) A
(376 — T S 2) VAN
(kg —x7 < =2) A
(7 —xg < 1)

gDQdZCf (x4 —x9g <2) A

which are such that 1 Aps Epr L. For each of the following formulas, say if it is a Craig interpolant
in DL for (¢1,¥2), and explain why.
[ Solution: Recall that a Craig interpolant for (1, ¢2) s.t. @1 A @s FEpe L is a formula ¢ s.t.

L. o1 Epc v
2. 770/\902 ):DL L

3. all symbols in ¥ occur in both ¢; and ¢s.

]

(a) (za—z3+m6—71 < —2)
[ Solution: no, because, e.g., x3 is not a symbol occurring in ¢o. |
(b) (g — x4 < —10)
[ Solution: No, because it violates condition 2. |
(o) (xg — x4 < —10) A
(x5 — 21 < 6)

[ Solution: yes, because it is a DL formula and it verifies all conditions 1., 2., 3. |



