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Abstract. Modern computing systems are increasingly being built by
assembling components that are pre-designed or developed concurrently
in a distributed manner. In this context, contracts play a vital role for
ensuring interoperability of components and adherence to specifications.
For the design of e.g. embedded systems, additional complexity is found
in heterogeneity of components: such systems are composed of compo-
nents of very different nature, e.g. mechanical or electronic.
Heterogeneity adds extra complexity to systems design, as composition
of heterogeneous components is generally not well-defined, hence making
design and verification difficult. So far, few approaches have attempted
to address heterogeneity for embedded systems, and yet none of them has
demonstrated to be really effective. Meanwhile, denotational mathemat-
ical frameworks for reasoning effectively on heterogeneous composition
have recently been made available in the literature, but their operational
application to a contract-based design flow is still missing.

In this work, we propose a heterogeneous contract theory for embedded
systems built on the tag machine formalism. We introduce heterogeneous
composition, refinement, dominance, and compatibility of contracts, al-
together enabling a formalized and rigorous design process for heteroge-
neous embedded systems.

Keywords: contract theory, heterogeneity, tag machine

1 Introduction

Modern computing systems are increasingly being built by composing compo-
nents which are developed concurrently and independently by different design
teams. In such a paradigm, the distinction between what is constrained on en-
vironments, and what must be guaranteed by a system given the constraint
satisfaction, reflects the different roles and responsibilities in the system design
procedure. Following [7], a contract is a component model that can truly capture
such distinction. Formally, a contract is a pair of assumptions and guarantees
which are properties to be satisfied by all inputs and all outputs of a design.
This separation between assumptions and guarantees in contracts supports the
distributed, concurrent development of complex systems, as different teams can
develop different parts of the overall system and synchronize by relying on the
notions of component models and their associated contracts.
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In the particular context of embedded systems, heterogeneity is a typical char-
acteristic. This stems from the fact that these systems usually are composed of
various components of different natures (e.g. mechanical, electronic) whose inter-
actions would not be allowed without a heterogeneous composition mechanism.
Such heterogeneity usually appears across different layers of abstraction in the
design flow, making the evaluation of whether certain properties passed from the
higher level of abstraction are maintained at the lower level become extremely
difficult. To deal with such heterogeneity, Benveniste et.al. [2] have proposed
a generic behavioural framework based on tagged events. The framework con-
siders a system as a set of behaviours, each of which are finite sets of tagged
events. Different notions of time, including physical time, logical time, etc., can
be captured by the proposed tagging mechanism. Given that each component
can be modelled as a tag system over some tag structure, by mapping different
tag structures to one same tag structure, heterogeneous systems can then be
constructed formally.

Due to the significant inherent complexity of heterogeneity, there have been
few attempts at addressing heterogeneity in contract-based models. One such
attempt was made by researchers from the SPEEDS pro jectﬂ to deal with differ-
ent viewpoints (such as functional, time, safety, etc.) of a single component [5].
However, the notion of heterogeneity in general is much broader than that be-
tween multiple viewpoints. On the other hand, [2] proposes a foundational frame-
work for handling heterogeneity behaviourally, but this has not been related
to contract-based design flows. This has motivated us to study a methodology
which allows contract-based systems to be heterogeneous, or alternatively, which
enables heterogeneous systems to be interconnected in a contract-based fashion.

Being inspired by Benveniste et.al.’s behavioural theory, our methodology
also addresses heterogeneity by analysing the behaviours of heterogeneous sys-
tems which are modelled as tag systems. To build an operational contract frame-
work on top of our methodology, we advocate using tag machines [3] to represent
tag systems. Tag machines were first introduced as finitary generators of homo-
geneous traces. Since our methodology is to deal with heterogeneity, we have also
made a heterogeneous extension to tag machines and developed a specification
theory with basic operators (e.g. composition, refinement, quotient, conjunction)
for them. We then propose a tag contract framework for combining heteroge-
neous systems based on tag machines. Our framework enables automatic checks
on various contract operations such as satisfaction, refinement, dominance and
compatibility.

The rest of the paper is organized as follows. Section 2 describes how tag
machines are extended to represent heterogeneous systems. Section 3 presents a
specification theory for tag machines and Section 4 details our tag machine based
contract framework for heterogeneous systems. Finally the paper concludes in
Section 5.

Related Work. The notion of contract was first introduced by Bertrand Meyer
in his design-by-contract method [I7], based on ideas by Dijkstra [10], Lam-
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port [I4], Jones [I3] and others, where systems are viewed as abstract boxes
achieving their common goal by verifying specified contracts. Such technique
guarantees that methods of a class provide some post-conditions at their ter-
mination, as long as the pre-conditions under which they operate are satisfied.
De Alfaro and Henzinger subsequently introduced interface automata [§] for
documenting components, thereby enabling them to be reused effectively. This
formalism establishes a more general notion of contract, as pre-conditions and
post-conditions, which originally appeared in the form of predicates, are general-
ized to behavioural interfaces. The central issues when introducing the formalism
of interface automata are compatibility, composition and refinement. While the
differentiation between assumptions and guarantees is somewhat implicit in [§],
it has become explicit in [456], where component behaviours are considered as
sets of traces (or runs). The relationship between specifications of component
behaviours and contracts is further studied in [I]. Here the authors show that a
contract framework can be built on top of any specification theory equipped with
a composition operator and a refinement relation which satisfy certain proper-
ties. Traced-based contract theories such as [45lJ6] are also demonstrated to be
instances of such framework.

The heterogeneous theory has been evolving in parallel with the contract the-
ory, to assist embedded systems designers in dealing with heterogeneous compo-
sition of components with various Models of Computation and Communication
(MoCC). Handling heterogeneous MoCCs can be done strictly hierarchically in
the pioneering framework of Ptolemy II [16], meaning that each level of the hi-
erarchy is homogeneous while different interaction mechanisms are allowed to
be specified at different levels in the hierarchy. While such framework advocates
the heterogeneous semantics geared towards the representation and simulation
of heterogeneous systems, another framework based on tags [2] is instead ori-
ented towards the formal verification and analysis of those systems. The latter
was inspired by the Lee and Sangiovanni-Vincentelli framework of tag signal
models [I5] which has been long advocated as a unified modelling framework
capable of capturing heterogeneous MoCCs. In both models, tags play an im-
portant role in capturing various notions of time, and each tag system has its own
tag structure that can be used to express a MoCC. By applying mappings be-
tween different tag structures, the authors define how to compose heterogeneous
systems. Tag machines [3] are subsequently introduced as finite representations
of tag systems, yet only the homogeneous composition has been defined. Tag ma-
chines have been applied to model a job-shop specification [9] where any trace
of the composite tag machine from the start to the final state results in a valid
job-shop schedule.

2 The Tag Machine Formalism

A component, a unit of design, can be modelled as a set of behaviours called tag
system [2]. Each behaviour is a set of events which are characterised by pairs of
a data value and a tag. Different notions of time, including logical time, physical
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time, causal order, precedence relation, etc., can be represented by means of
tags. The ordering among tags makes up a tag structure and is used to resolve
the ordering among events at the system interface. Formally, a tag structure is
a tuple (7,<) where T is a set of tags and < is a partial order which relates
tags seen as time stamps. To distinguish the time-stamp order of tag structure

T from that of others, we refer to it as < if necessary.
T

Ezample 1. (N,<) and (R+, <) are two tag structures whose time-stamp or-
ders are total and suitable for capturing discrete and dense time behaviours,
respectively.

Let V' be an underlying set of variables with domain D. A V-behaviour o is an
element of the map 0 € V. — (N — (7 x D)), meaning that for each variable
v € V, the n-th occurrence of v in behaviour o has tag 7 € T and value d € D.
An event of ¢ is a tuple (v,n,7,d) € V x N x T x D such that o(v,n) = (1,d).
A tag system (component) is a triple P = (V,T,X) where V is a finite set of
variables, 7 is a tag structure and X is a set of V-behaviours. For tag systems
having identical tag structures, their composition is defined by intersection.

Definition 1 (Homogeneous Composition [2]). Consider two tag systems
P = (W, T,X1) and Py = (Vo, T, Xs) with identical tag structures. For o; €
Yi(1 <i<2), define:

o1 D7§ 02 <2 01|VinVy, = 02|VinV,

def

o1 7|—|_02 = 01jvinv, Y 011y, U 02jv,\ 14

21N &f {0'1 7|_|_0'2|0'1 € Xi,09 € Xy and oy D7§1 0'2}
where oy denotes the restriction of behaviour o to the variables in W. Then
the homogeneous composition of Py and Py is: Py || P2 = VUV, T, X2 A X5).
For tag systems having different tag structures, their heterogeneous composition
is defined by intersection w.r.t. a pair of tag morphisms.

Definition 2 (Tag Morphisms [2]). For T and T’ two tag structures, a tag
morphism is a total map p : T — T’ which is increasing w.r.t. the time-stamp
orders < and <, i.e. V1,72 €T : 11 < 12 = p(11) < p(72).

T T T T

For a behaviour ¢ € V — (N — (T x D)), replacing 7 € T by p(7) in o defines
a new behaviour denoted by o, or ¢ o p having 7" as its tag structure.

Definition 3 (Heterogeneous Composition [2]). Consider two tag systems
Py = (Vi,T1,21) and Py = (Va, T3, Xs) and two morphisms p1 : T — T and
p2: To > T. Let Tipxo, To = {(71,72) € Tu X T2 | p1(71) = pa(72)} (shortened to
Tx ), called the fibered product of T1 and Tz. For o; € X;(1 <1i < 2), define:

01 p™p, 02 & (010 1) > (020 p2)

01 I)lul)2 02 = {<Uan7 <T177-2>a d>|<7—177-2> € TX A <’U,TL,T, d> € (01 © pl) 7'—',(0'2 © p2)}
21 pN\py 22 = {o1 plUp, 02 | 01 p,><p, 02}

where 7 = p1(11) = p2(72). Then the heterogeneous composition of Py and Py is:
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(a) A water-controller (b) System diagram

Fig. 1. Water controlling system

Prpillps P2 = (ViU Va, T, 21 o\, Xa)
Ezxample 2. We consider a simplified version of the water controlling system
proposed by Benvenuti et.al. [6]. It consists of two components: a water tank and

a water level controller (Fig.[1(a))), connected in a closed-loop fashion (Fig.|1(b)).
We assume that the water level z(t) is changed linearly as follows:

) aer [ Ay * (fi — fo), when an Open command is received
T =1h- Ay * fo, when a Close command is received

where f; and f, denote the constant inlet and outlet flow, respectively, h denotes
the height when the tank is full of water and A; denotes the time elapsed since t,
at which the tank reaches the maximum/minimum water level h, i.e. A; =t —to.
Let P, = (V1,T1, 21) and P = (Va, Ta, Xa) be two tag systems representing the
tank and the water controller, respectively, where 71 = (R, <), T2 = (N, <) and
Vi = Vo = {emd,x}. Variable ecmd denotes the command values, which can
be Open (op) or Close (cl), and variable = denotes the water level, which is of
positive real type, i.e. Deg = {op, cl} and D, = R+. Assume that each system
has a single behaviour: ¥y = {01}, X9 = {02}, where o(v,n) is described as
follows when the parameter setting is f; =2, f, = 1,h =1:

_emd : 0.5;0p 1.5;cl 2.5;0p 3.5;cl 4.550p ...
R 0;0 0.5;0 1;0.5 1.5;1 2;0.5 2.5;0 3;0.5 3.5;1 4;0.5 4.5;0
cemd : 1;0p 3;cl 5;0p 7;cl 9;0p

92 0;0 1;0 2:0.5 31 4,05 5,0 605 7;1 80.5 9;0

These are two different behaviours whose heterogeneous composition is possible
w.r.t. morphisms such as p; : 71 — 71 and ps : To — Tq:

VreTi:pi(n) =7 (1)
V79 € Ta i pa(12) = 0.5 % 7o (2)

Tag machines (TM) [3] have been introduced as finite representations of tag
systems and a homogeneous machinery for composing homogeneous systems.
Since our aim is to develop an operational theory for heterogeneous systems, it
is necessary to extend the TM formalism to encompass the heterogeneous com-
position. In the sequel, we revisit the TM-relevant definitions, thereby proposing
a heterogeneous extension to TMs.
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Definition 4 (Algebraic Tag Structures [2]). A tag structure (T,<) is

called algebraic, written T, if T is equipped with an internal binary operator
e, called concatenation, such that:

i) (T,e) is a monoid whose identity element is denoted by i
ii) Operator e is compatible with <: 71 < 71 and 7o < 74 = (11 072) < (7] © 74
i4i) There is a special tag ez € ’f, called the minimum tag, for which ez < T
and ez o7 =Tecr=cx forallT €T

Ezxample 3. The tag structure (NU {—oo}, +) is algebraic, because (N,+) is a
monoid with 0 being the identity element and V7,7, 72,74 € N: 7 <71 A1p <
T4 = 71 + 72 < 71 + 75. The minimum element is —oo, given that one defines
—00+T7=7+4(—00) =7 for all 7 € N.

Note that an algebraic tag structure as above is almost the same as a naturally
ordered semiring [11], with operations @ = maxS the maximum w.r.t. the time-
stamp order and @ = e. We do not, however, require max< to be always defined;
it may well be only a partial operation.

Definition 5 (Tag Pieces [2]). Let V be an underlying set of variables with
domain D. AV -tag piece is a tuple (7A', V, u) where T is an algebraic tag structure
and i is a matriz: V X V — T. By abusing notation, a tag piece will also be
denoted by p. Tag pieces are applied to vectors of tags as follows. Let o =
(T, 782, .. = (78) €Y be a vector of tags indexed by the set V of underlying
variables. Applying pu to 74 results in another vector of tags ?5’, written 73" %
e u , whose v-th coordinate is computed by:

(7 o )" 2 maxS (1 o u")

weV

wv . . — —
where 'V denotes the entry plw,v] in the matriz . The map (74, 1) — 76 ® [
is partial if maxs is not always defined and total otherwise.

Following up on the semiring analogy from above, application of a tag piece to
a tag vector is the same as vector-matrix multiplication in the free semimodule
over the (partial) semiring (7, max<,e). As an example in the tag structure
<N U {700}’ +>a
111
[135]e |01€e| =[352]
€0e

A tag piece pu can be labelled with a variable assignment v : V — D, which
may be a partial function, forming a labelled tag piece fi = (u, v). Let Dom(v) =
{v| v(v) is defined} be the domain of v. For v € Dom(v), we say that g has an
event for v. The set of all such z is denoted by L(V, ’7') We present below
our extended definitions of TMs and unifiable labelled tag pieces on which the
heterogeneous TM composition will be defined.
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Definition 6 (Tag Machines). A tag machine M is a finite automaton where
transitions are annotated with labelled tag pieces. Formally, tag machine M is a
tuple (S, s0, 7.V, T, E), where:

— S is a finite set of states and sq is the initial state,

— 70 = (7°)€V s the initial tag vector where TV = iz,

— V is a set of underlying variables,

— T is an algebraic tag structure,

— ECSXL(V,T)xS is a set of edges (s, i, s') defining the transition relation.

For 1 < i < 2, labelled tag pieces j1; € L(Vi,’ﬁ) are unifiable w.r.t. morphisms
pi © Ti — T, written fi1 ,,>,, Ji2, if the following conditions hold (recall that
Y denotes the [w,v]-entry of the matrix p):

Vw,v € ViNVa:pi(puy”) = pa(ps”) (3)
Dom(v1) N Vi NVa = Dom(va) NV N Vs (4)
Yw,v € Dom(vy1) N Dom(va) NV N Va1 (v) = va(v) (5)

Unifying f17 and 5 results in a set of labelled tag pieces 1 € L(V3 U V4, 7/':),
written I = [i7 p,L,, fi2 where:

,uQ v), for w,v € Vi NV,
VT, forweVl\Vg,vevl and p1 (
7), for w € Vi,v € V1 \ Vo and py (u¥'?) =
5’”) for w € Vo,v € V2 \ V; and p;(
Yoy for w e Vo \ Vi,v € V5 and py(
€7), otherwise
( ) = 15(v), for v € Dom(v1) N Dom(ve) NV N Va2
V() = 1/1(11), for v € Dom(v1) \ Va
v9(v), for v € Dom(ve) \ V3
undefined, otherwise

When 7A'1 = 7A'2 =T and p1, p2 are identity morphisms, the tag pieces are said
to be homogeneous and p*" is considered to be a singleton instead of a pair of
identical tags, p; is thus omitted in the notations. This convention is also applied
to the other notations. We next define the language of a tag machine.

Definition 7 (Tag Machine Language). Let M = (S, so,TO,V T.E) and
r™ be a run ofM over a sequence of labelled tag pieces w = iz - . . fin(n > 1),

ie. ™™ sy L o5y LN Sy... Iy Sn where (s;_1,f;,8;) € E, V1 < i < n.

For such a run, let ; denote the tag vector at state s; and indi(vj) denote the
number of events that have happened to variable v; € V up to state s;:

N

(THVZ) (Ti—1 ./J’Z?Vl) = (7—1—4> 7’_/1\1)

def mdZ 1 v; + 1, if ft; has an event for v,
ind;(v;) =
ind;—1(v; otherwzse
mdo( "0

||m
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Let w' denote [iifiz - . . fi; (i.e. the length-i prefiz of w) and r* denote the sub-run
of T™ over w'. Let " denote the set of events happened to all variables in V
along the sub-run r'. The semantics of the run ™™ over w is the behaviour o"
defined recursively through o™ as follows:

i—1

) o.w‘ (U]a )7 ka < an (UJ)
o (v;, k) = o“’lfl(vj, k), if k =ind;(v;) and [; has no event for v;
(Tt 70_/?1)(1)]) if k =ind;(vj) and fi; has an event for v;

)

The set of behaviours accepted by M consists of all behaviours o such that
UA“’" is the semantics of some run over w in M and n is the length of w. The
T -language of M contains all such w and is denoted by L(M).

As an example, the %—language of the tag machine in Fig. written as a
regular expression, is (u3 + p2)*

Because each TM trace can represent a behaviour of tag systems, TMs can
be used as an operational representation for a set of behaviours of a tag system.
Therefore, the TM composition should be defined in such a way that it could also
represent the tag system composition. Two TMs M; defined over two algebraic
tag structures 7; (1 < i < 2) can be composed if there exists a pair of morphisms
preservmg the concatenation operatlons while mapping the source tag structures
(i.e. 7;) into another tag structure 7. We refer to such morphisms as algebraic
morphisms and present a definition for them below.

Definition 8 (Algebraic Morphisms). For T and T' two algebraic tag struc-
tures, a tag morphism p : T — T’ is said to be algebraic, written p : T — T if
p(i7) = iz and plez) = ez and po's = o 6 (p.p).

Whenever two TMs can be composed, their composition is another machine

defined on TX (or 7'1pg<p27A'2) =Ty, < \,7_ ) where Tgx_ <7§, <) aund7gX S <7o_1 70_2)

In order for the TM composition to represent the tag system composition, the
component machines must be interoperable. The intuition of TM interoperability
relies on the local independence of shared variables, which requires that non-
shared variables should not influence how shared ones are tagged in each system.
A set V C V is locally independent in machine M = (S, s, .V, 7' E), written

[ind}, A if the tag value of any v E V evolves algebraically depending only on

those of variables in V. Let [mD = (Vw e V\V,Yo e V:pu® = €7), then

[mbj‘\/J = (Vs i, s') € E : lind #) . The interoperability between two tag machines

My and M> w.r.t. two algebraic morphisms p; and py is denoted by M; ,,><,, M>
and is defined as follows.

Definition 9 (Interoperable Tag Machines). For two tag machines M; de-
fined on T; and V; (1 <i<2):

def

My <, My = lind ™Y Aty ™2 ATpypoip Tis T
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Ezxample 4. Consider two TMs in Fig. 2§a% and [2 ci on page 11} They are in-
teroperable w.r.t. p; and py as defined in (1)) and (2). This is because they are
defined on the same set of variables and so the requirement of the shared variable
tags’ algebraic evolution depending on each other is trivially satisfied.

3 Tag Machine Specification Theory

Our goal is to provide an operational framework for verification and analysis
of contract-based design of heterogeneous systems. To this end, we limit TMs
to their deterministic form where labelled tag pieces annotated on transitions
going out of a state are all different. Being inspired by the generic contract
framework proposed by Bauer et.al. [I], we also base our framework on a TM
specification theory which is a theory developed for a class of TMs acting as
specifications of tag systems. Like other specification theories, the TM specifi-
cation theory is also equipped with essential binary operators such as compo-
sition to combine two TMs and refinement to relate two TMs. Given two TMs
M; = (Si, si0, 70, Vi, Tiy Bi) (1 <i <2) s.t. My ,,4,, Ma, the definitions below
provide operations for them.

Definition 10 (TM Composition). The composition of My and My is a tag
machine denoted by My ,,|,, Ma = (S, 50,70, Ve, T, E), where:

— 8 ={(s1,82)|5: € Si}, s0 = (510,520), Vx =V1UVa, T = 7,:lplxp27/:2
- E= {<<Sla52>?ﬂl p1|—|p2 H2, <S/175/2>>‘<8ia,uia82> S Ez /\,ul p1[><]p2 M2}

Definition 11 (TM Refinement). M7 refines My, written My ,,= ,,Ma, if
there exists a binary relation R C Sy X Sy such that:

i) (s10,520) € R,
ZZ) V(Sli,ul, Slli) IS
) . . . LT ol . (/1“1 p1Pdps MQ) /\)
(382] € Sy : (814, 825) € R) = (3(32j,u2,52]) € Fy: (5,1“8,2]) cR

The intuition of the TM composition matches the tag system composition, and
the TM refinement means that the refined TM can produce the same (possibly
even more) events to the variables as the refining TM can. When the morphisms
p1, p2 are identities, we say that the refinement is homogeneous and write M; =<
M. The following theorem is one of independent implementability: refinement
is preserved when composing components.

Theorem 1. For 1 < i < 2, let M; and M] be TMs defined on 73 and V;. If
M; = M] and My ,,<,, My and M ,,0<,, M5 for some algebraic morphisms
pPi 7; — T, then (Ml p1Hp2 MZ) = (M{ p1Hp2 Mé)

Definition 12 (TM quotient). Let V = Vi NVa. The quotient of My and Mo
is a tag machine denoted by My ./, Mo = (S, 50,70, Vi, Tx, E), where:

— 5 ={(s1,82)]s: € S;i} U{@} where W) is a new state, and sy = (s10, S20)
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~ Ve =T UVe, T =T o o R _ _
- FE= {<<81782>,,U1 pips 12, <3/1»3/2>> (8iy iy 57) € By N1 p,>p, :u2} U
_ _ (81,01, 81) € E1 A (82,12, 8) ¢ Ea A
81, 82), U , ‘/\ gy . } U
{<< 1, 82), 1 pilp, 2, @) T g i3 A lindY,
_ _ (81,01, 81) & E1 A (82, iz, 85) ¢ Fo /\}
u G i . .
{<<51,52>,,U,1 p1—p2 IU’Q’@>‘/JJ1 p1D<]p2 142 A [lna:{l A [Inbl‘; U
{(@, 1, @) | € L(Vie, Too) A lind)* A lind)2 }

An example of a quotient is displayed in Figure[3(b) on page 13| which shows
the quotient Mg,, /M 4,, of the TMs of Figures [2(a)| and [2(b)}

Theorem 2. The quotient My ,,/p, My in Deﬁnition satisfies the refinement
(M3 idllproj (M1 py/py M2)) projr Ziar M1, where:

Vo € 75 - id(72)
V€ Ty wid (1)
V{11, 72) € Tx : proj(m,m) = 7
)

Moreover, for any tag machine M defined on '7'; and Vy, it holds that:
ind s A D)2 A (Ma idllproj M) proj=iar M1) = M = My p,/p, Mo (6)

Hence the quotient M ,,/,, M> is the greatest, in the (homogeneous) refine-
ment preorder, of all tag machines M which satisfy @ This universal property
is generally expected of quotients, ¢f. [1], and it alone implies that the quotient
is uniquely defined up to two-sided homogeneous refinement [12].

Finally, the operator of heterogeneous conjunction, denoted ,.A,,, is defined
as the greatest lower bound of the refinement order. Conjunction, therefore,
amounts to computing the intersection of the behaviour sets, in order to find
the largest common refinement. Thus, for tag systems, conjunction can be com-
puted similarly to composition. The two operators, however, serve very different
purposes, and must not therefore be confused.

4 A Contract Framework for Tag Systems

We present in this section our contract framework for tag systems which is built
on top of the TM specification theory in the previous section. We use the term
tag contract to mean that in our framework each contract is coupled with an
algebraic tag structure and a variable set which allow the contract assumption
and guarantee to be represented by tag machines.

Definition 13 (Tag Contract). A tag contract C is a homogeneous pair of
TMs (M, Mg) defined over an algebraic tag structure T and variable set V:
Ma = (S, 88,70, V, T, Ex)
Mg = (Sg,s§,7,V,T,Eg)
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Ezxample 5. Consider the simplified water controlling system in Example AAs—
sume that the algebraic tag structures of the tank and the controller are 7; =
(R+U{ez},+) and 7o = (NU {e5}, +) respectively where e= = e = —oc.
We present in this example a contract Cy, = (M., , Mg,,) for the tank compo-
nent guaranteeing a linear evolution of the water level z given the assumption
satisfaction. Fig. depicts M 4,, which simply requires the water tank to
be empty initially and accepts Open/Close commands from the controller and
Fig. describes the guarantee Mg,, on the water level evolution. That is, as
long as the controlling command is received at the right time (i.e. Open when
the tank is empty and Close when it is full), the water level will evolve linearly
as specified in Example[2] For the sake of simplicity, the events described by the
tank contract are timestamped periodically every 0.5 time unit.

- [00.5}
/1,;: c10.

- 0.5 0.5
ey 0.5 0.5

emd € Deppa,x € Dy

0 0.5}

0.5 0.5 I [e,().s
e [().5 ().5} x € Dy,

cmd = op,x =0

(a) Assumption M4,

- [0 1] [i ﬂ
@ IL?I | leal Hg :c7nd =cl
z € [0,1] =

6 emd = op,
=0
11
—5 . 11 . 01 -3
195 emd € Dema, wE o [e2l 7% =
z € [0,1] z e (0,1) 6
(c) Assumption M4.,, (d) Guarantee Mg,,,

Fig. 2. The tank and controller contract

The controller contract is shown in the same figure, where the controller as-
sumption (Fig. states an admissible requirement on the water level input,
i.e. 0 <= 2 <= h and places no requirement on its output which is the com-
mand signal. As long as such assumption is satisfied, the controller guarantees
(Fig. 2(d)) to send an Open/Close command upon knowing of the tank empti-
ness/fullness. While the tank system uses physical time to stamp its behaviours,
the controller system instead timestamps its events logically which can be de-
scribed by the integer tag set N. For the sake of expressiveness, some of the
labelled tag pieces can be represented symbolically. For example, to capture any
event of variable z happening at a specific time point, we label with the tag piece
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capturing that time point expressions such as x € D,, meaning that in such an
event x can take any value in its domain.

Definition 14 (Tag Contract Semantics). For a tag contract C = (M4, Mg),
define:

- Mz = Mg iff VMg : (Mg < Mg = (M7 || Mg) =< (Mg || Me))
A

— [Clenw = {Me | Mg < M} — the set of environments of C
— [Climpt = {Mz | Mz = Mg} — the set of implementations of C
Ma

When contract refinement can be checked independently of the contract assump-
tion, we say that C is in normalised form.

Definition 15 (Normalized Tag Contract). A tag contract C = (Ma, Mg)
is in normalised form if the following holds: VMz : Mz € [Climp < Mz = Mg

Theorem 3. Any tag contract C = (Ma, Mg) can be normalised by replacing
Mg with Mg/M_A.

Whenever a tag contract is in normalised form, checking contract satisfaction is
reduced to finding a refinement relation between two TMs. As we will see later,
working with normalised tag contracts can simplify the definition of contract
operators and relations as well as provide a unique representation for equivalent
contracts, thus we assume contracts to be in normalised form hereafter.

Example 6. Consider the tag contracts in Example[5| Let !z be the class of all la-
belled tag pieces different from fi, we perform the quotient of the guarantees and
assumptlons to normalise the contracts. The quotlents are shown in Flg l 3| where

pho by 120 < [(42 U 1a2) 1 (43 U 112d)]
gy = pdy = [(!Aué Uted) N (s U d)] e (6 U 2) 0 (4 U Yad)]
M11 = leu = ! ,Ul (M3 U 'N8)] Nzo = [(lug U 'MG) (lpg U pg)]
fihy = k3 = [(tpy U 'N7) (/ig U 'Ns)] 1 < L(V1,T1) p? e (V2a7c2)

It is easy to see that the tag systems P; and P, in Example |2| are an imple-
mentation of C; and C... respectively, because their behaviours are included in
the behaviour set of Mg,, /M 4,, and Mg, /M4

ctr®

Like other contract frameworks, our tag contract framework is also equipped
with contract refinement and dominance operators which are defined only when
the contract operands are interoperable.

Definition 16 (Interoperable Tag Contract). For two tag contracts C; =
(Ma,, Mg,) defined over 7; and V; (1 <i<2), if Vi NV is locally independent
i Ma, and Mg, and there exist two algebraic morphisms p; : 7\; — 7A', then Cq
and Cy are said to be interoperable w.r.t. p1 and pa, written Ci ,,><,, Ca.
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(a) Mgtk/M-Atk:

Fig. 3. Guarantees of normalised C:, and Cetr

4.1 Tag Contract Refinement

The refinement relation between two interoperable contracts is determined by
that between their sets of implementations and environments.

Definition 17 (Tag Contract Refinement). Given two tag contracts C; =
(Ma,, Mg,) interoperable w.r.t. p; for 1 <i < 2. Contract Cy refines contract Co
w.r.t. p;, written C1 ,,=,,Ca, if the following two conditions are met:

i) VMz, € [Ci]impl : IMz, € [Colimpt : (Mz, p,>p, Mz,) A (Mz, p,=p, Mz,)

ii) VMg, € [Colleny : IMe, € [Ci]enw : (Mg, p1Pp, Me,) N (Me, p2jp1M81)

The following theorem shows that when two tag contracts are in normalised
form, checking refinement can be done at the syntactic level, i.e. by checking
TM refinement between their assumptions and guarantees.

Theorem 4. Given two normalised tag contracts C; = (M.a,, Mg,) interoperable
w.rt p; (1<i<2):C 520,00 & (May p=p, Ma,) A (Mg, =0, Mg,)

4.2 Tag Contract Dominance and Composition

Our tag contract framework also includes the tag contract composition operator,
allowing two contracts defined over different algebraic tag structures and variable
sets to be composed when possible.

Definition 18 (Tag Contract Dominance). Given two tag contracts C; =
(Ma,, Mg,) defined on T; and V; and interoperable w.r.t. p; : T, — T for 1 <
i < 2. A contract C = (M, Mg) dominates over the contract pair (C1,Ca) w.r.1.
p; if the following conditions are met:

i) C is defined over 7/': (or 7/:1p1><p27/:2) and Vi, Z V1 U Vsy
ii) 0y and lindyz, hold.
’LZZ) VMI'L € [[Ci]]impl : MIl p1Pps MIz = (le P1||P2 MIz) € [[C]]impl
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(YMz, € [Ci]impt : (M7, idr, l[proj, Me) projt;, Sid7, Ma,)A

w) VMg € [Clens :
) € [[ ]] { <VMIZ S [[C2Himpl : <M12 idTQHprosz M:‘,‘) pr0J7__|d7—1 MAl)

where id7;, projr, and proj'Ti are defined as follows:

V7 € Ti:idr (1:) = (7

V(71,72) € Ti pXps T2 : Projy, (11, 72) = (8)

V(72, (11,72)) € 7/>2id7-2><proj7—27/~; s projy, (72, (11,m2)) = 9)
V(71 (11, 72)) € Thiar Xoraiy, T : Proif, (71, (11,72)) = (10)

The pair of contracts (C1,C2) is dominatible w.r.t. p; and po if there exists a
contract C dominating over (C1,C2) w.r.t. the same morphisms. The contract
composition is then defined as follows.

Definition 19 (Tag Contract Composition). For 1 < ¢ < 2, let C; =
(M4,, Mg,) be tag contracts defined over T; and V;. If C1 ,,><,, Ca, then their
composition, denoted by Cy ,,||,, Ca2, is defined as follows:

ef —
G P1||Pz Ca = ((M-Al Pl/Pz Mgé) A (MA2 PZ/PI Mgﬁ) 1,(Mgi Palz Mgé)): where

— Mg, is obtained from Mg by removing all fi-transitions for which [mbvmv2

does not hold, and

- M~ zs a machine created by swapping the tag components in machine M =
(S, 50,7'0 ,VX,TQ,,meTh . Let swap be deﬁned s.t. V(TQ,T1> IS Tgpzxplﬂ
swap(7o,71) = (71,72). Then M~1 = (S, s, To, Vx,ﬂplxpﬂ'g, E) where E =
{(s,1,8")[((s, ', 5") € E') A (= p/ o swap)}.

The following theorem show that the tag contract composition in Def. [I9]indeed
dominates the contract components.

Theorem 5. For 1 < i < 2, let C; = (Ma,, Mg,) be tag contracts such that
C1 120, CQ. Let C = Cl p1||p2 CQ, then:

i) C dominates the contract pair (C1,Ca) w.r.t. p;.
ii) For all contracts C' which dominate (C1,Ca) w.r.t. p;: C < C'.

The next theorem show that homogeneous refinement is preserved by heteroge-
neous composition.

Theorem 6. For 1 <i <2, let C; = (Ma,, Mg,) and C; = (Ma;, M) be tag
contracts such that C; and C| are defined on 7A; and V;. If C; < C; and Cy <, Co
and C} ,,>,, Cy for some algebraic morphisms p; : Ty — T . Then:

i) If C dominates the contract pair (C1,Co) w.r.t. p1 and py then it also domi-
nates the contract pair (C1,Ch) w.r.t. the same morphisms.

”) (Ci Palz Cé) j(Cl P1||P2 62)
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A iz
i [TI]_I_ ‘71 . [T{]T . m "1 : [TZ]_I_ . B2 ‘
v= V= €1 VU=
@A b O At G O At
Heq * [61 m M1 M Hez

(a) Ma, (b) My (c) Mg, = Mg (d) Ma, = My, (e) Mg, = Mg,

Fig. 4. Contract components of Example [7]

Contrasting Theorem [6, we note that heterogeneous refinement in general is
not preserved even by homogeneous composition. The reason is that the former
involves two morphisms which are many-to-one functions and can map two dif-
ferent tags into the same tag; meanwhile the latter tends to not expect such
mappings. That is, if C; ,, < ,,Co and C| ,, =< ,,C5, then it is possible that
(€ 11C1) pifon (Ca [ ).

Ezxample 7. Consider as an example where:

- Ij\-l - {7-177-{761}775 - {T2a62}7T: {T,G},
- Vlz‘é:{v}vDU:{T}v
- p1(11) = p1(71) = pa(t2) = 7, p1(€1) = pa(e2) = €

Fig. {4] shows contract components of C; and C.. Since V; = Va, the contracts
are interoperable with each other. It is then easy to see that C; ,,=,,C2 and

1 = p.Chbut (C1 || C1) pi2 pa(Ca || C5) because the assumption of Cy || C5,
which is ((M.a,/Mgs) X (Ma, /Mg,)) and equivalent to M, or M 4, cannot
heterogeneously refine w.r.t. p; and py that of Cy || Cf, which is (M., [Mg:) A
(M4 /Mg,)) and equivalent to the empty machine with no transition.

4.3 Tag Contract Compatibility

Of particular interest is the notion of compatibility between contracts which
depends critically on the particular partition of the variables into inputs and
outputs. Intuitively, compatibility denotes the existence of a pair of interoperable
implementations whose composition can be driven by some environment to avoid
all incompatible states.

Definition 20 (Profile). A profile is a tuple m = (in, out, loc) where in/out/Toc
denotes a set of input/output/internal ports, respectively. Moreover these sets
have to be disjoint, i.e. (inNout) = (outN loc) = (loc Nin) = (.

A tag contract defined on some variable set V has profile m = (V" Vout ylec) if
and only if V = ViruVort yVle¢, When composing two contracts with different
profiles C; = (m;, M 4,, Mg, ), we have to enforce the property that each output
port should be controlled by at most one contract, i.e. V¥t N Vywt = ). In
addition, because local ports are only visible to the underlying components, the
set of local ports of one contract must be disjoint from that of the other, i.e.
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Ve NV, = Vi N V4 = (). The composite contract is defined as in Def. [19| and
V' V UV' \(Vout Vzuut)
with profile m = (Vin Vout ylee) where: { Vout = V"“t U V"u"
V[oc — V[oc U V[oc
Before establishing the definition of contract compatibility, we need to de-
fine the set of incompatible states in composing two tag machines with profile.
Intuitively, the composite machine is at an incompatible state if a component
machine does not accept some output of the other at the shared ports. This
condition is similar to that proposed by de Alfaro and Henzinger for Interface
Automata [8]. In the context of tag machines, compatibility also requires that
the outputs happen at the same “moment” as the inputs do. In other words,
their tags should agree with each other.

Definition 21 (Incompatible States). Let M; = (Si,sf),?gi,‘/i,ﬁ,Ei) be a
TM with profile m; = (V;i*, V,est VIlee) (1 < i <2) s.t. My p,<,, My. Let ji; =
(ui, Vi>7 Vout1 — V&outr—ﬂ/éin7 Voutz Vuutmvm Vshatea V10V27 V Dom(ul)ﬂ
Dom(vy) N (Vort Uy Verte) A state (s1,82) in My ||, Mo is incompatible if it
is reachable from (s}, s3) and does not satisfy both following conditions:

i) ¥{s1,11,8,) € Fy :

(Dom(v1) NV C Dom(v2))A
outy . ) (Dom( 1/2 )N V2 C Dom(vy)) A
(Dom(yl)ﬂV # (D) = I(s2, iz, 82) € E2 : (Vw €V :im(w) = I/z(w))
(Vw € V2 vy € V2 py (i) =

ZZ) v<52,ﬁ5,5/2> € E2 :

(Dom(v2) N V2 C Dom(v1))A
(Dom( 1/1 )N Vuutl C Dom(v2))A
(Vw €V : vi(w) = va(w))

(Vw € V2 vy € V2 py (i) =

(Dom(v2)NV°2 # 0) = I(s1, 1, 81) € En

The set of incompatible states is denoted by Iemp(Mi ,,||,, Ma).

Given two interoperable tag machines Mz, and their incompatible states, we
are interested in knowing whether there exists some machine that can drive the
composition Mi ,,||,, Mo away from their incompatible states. Such a machine
should not enforce any constraint on the outputs by not accepting some of them
and is referred to as a legal environment for the composition. Let My ,,||,, M2 =
(S, so, 76X VX,TX, E) as defined in Def. and the profile of My ,,|,, M> is
Vin — V U V \ (Vout U V'zout)
Ty = <V>i<n’ V';(Jut7 V)Eoc> where: Vout Vout U Vout
V;oc V[oc U V[oc

Definition 22 (Legal Environment). A TM Mg = (Sg,so, 76" Vg,TX,Eg)
with profile . is a legal environment for M. = My ,, |,, M2 if the following
conditions are satisfied:

Z) Vén — V;ut

p2(p3"))

p2(us”))
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ii) tindy e and findy s
i11) Temp(Mg || M.) =0
w) The states in Iemp(M.) x Sg are not reachable from ((s§, s3), s5 ).

We can now define the contract compatibility as follows.

Definition 23 (Contract Compatibility). Two tag contracts C; with profile
defined over T; and V; are compatible if the following conditions are satisfied:

i) C1 py><,, Co for some algebraic morphisms p; : T T (1<i<2).

ii) For 1 < i < 2, there exist implementations M; € [Cilimpt S-t. My ,, <
02 Mo and My ,,||,, M2 is driven by some legal environment to avoid its
incompatible states.

The simplest environment for M. is the one that accepts all outputs and does not
produce any input. For two interoperable implementations with profiles where
tagging input and output ports is independent from tagging local ports, if there
exists some legal environment for their heterogeneous composition, the simplest
environment is also legal for such a composition. Thus, the contract compatibility
check can be reduced to checking the existence of the simplest environment.

Theorem 7. If Mg = (55755,?()>X,V5,7/':,E5) with profile w. is a legal envi-
ronment for My || ,, Ma, then Mg, = (Sg,,s5°, 7%, Ve, Tx, Es.) with profile
Te, such that:
i) Se, = {s5°} .
i) Vb = Vin = pout peut = pin yloc )
ii) The transition relation Eg, contains of all transitions (s5*,[i', s5°) s.t.:
— There exists (s, [i,s") in the transition relation of My ,,| p, M.
— " =t forw € VMU VEM v e VN and v = ez otherwise
— V' =v¥ for w € Dom(v) N V"

. ) . R AT A

is also a legal environment for My ,, ||,, Ma provided that lind,; ~"'  and
. V;“UV;“i

lind,7. hold.

5 Conclusion

We have proposed a contract-based methodology for combining heterogeneous
systems built on tag machines. We aim to develop an operational framework
for tag contracts which supports verification and analysis on contract-based de-
sign of heterogeneous systems. To this end, we have introduced heterogeneous
composition, refinement, dominance, and compatibility of contracts, altogether
enabling a formalized and rigorous design process for heterogeneous systems.
Our next step is to demonstrate our methodology through a prototype tool and
validate it through case studies. The development of such a tool is therefore
included in our future work.
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Appendix

Lemma 1 (Total Order Preservation). Given two algebraic morphisms p; :
T — T. If T1 and Ty are total orders and one of the two morphisms is strictly
increasing, then Ty is also a total order.

Proof of Lemma |1} For any two tags (1, 72) and (71, 74) in Tx. Since Ty

is a total order, we can assume that 7, < 7 without loss of generality. Then
1
p1(m1) < p1(7]) because p; is an increasing morphism. Since 73 is another total
T

order, either 7o < 75 or 75 < 7o holds. Assume that the latter holds, then

T2 T2
p2(75) < pa(72) because py is also increasing. Moreover, pi(71) = p2(12) = T

and p1(77) = pa2(15) = 7' because (11,72) € Tx and (11,74) € Tx. All of these
facts imply 7 < 7/ and 7’ < 7 which together mean 7 = 7’ which is not possible

T T
because either the morphisms is strictly increasing. Therefore it must be the case

that 75 < 74 holds which implies (71, 72) < (71, 75). O
2 Tx
el

Proof of Theorem (1l For every run r™e : 5.9 2% 5.1 25 .5, 2<% in
450 il

L. . ) i
the composition M, = M; ,,||,, Mo, there exists a run r™i : s;0 =% s;7 —

.. Sin Hiny in M, such that ficr, = i1k plUp, flok for 1 < k < n. Because M; < M/
and M;, M/ are defined on the same variable set V;, there must exist another

run M in M matching r¢ on all the labels, i.e.

A T A Tt / Fin
rMisgly B0 sl T s

m

M

. 4 / .
Composing the runs r™1 and rMz results in a run

pMe gl S g g e
for which - is a refinement. Therefore, (M, pillps Ma) = (M7 ,,|l,, M5) holds.
O
Proof of Theorem El. For 1 < k <2 let My = (Smskoﬂﬂ,Vk,ﬂwEk) and
M, = My ,,/p, Ms. We first prove that refinement (M2 id | proj Mq) proj’ =
ia M7 is defined and then construct a relation R containing states of the form

<<32j, (814, 52j>>, 31i> € R to show the refinement satisfaction. Finally we prove

that the quotient is the most general tag machine satisfying the refinement, that
is for any deterministic tag machine M satisfying the same refinement will refine
M,.

(i) By the quotient definition, V4 N V3 is locally independent in M,. For all
(84,1, 5) in the transition relation E, of the quotient machine, there
exists 711 € L(V4,T1) and 13 € L(Va, T3) s.t. ['mDIﬁmVZ and [ian;mVQ and
[g = [1 pUp, 12. By the unification rule for two unifiable tag pieces, for
weVi\Vzand v e ViNVa: ug? = (u”, 72) = (65, €5), since p1(uy”) =
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p2(72) and [inaﬁ“‘@ holds. Likewise, for w € V3 \ Vo and v € V5 \ Vq:
pyt = (eﬁ, €T> Hence V5 is locally independent in M, and My id||proj M,
is defined.

For all (sc, ic, s,,) in the transition relation of the composition M ig||proj
M,, there exist (sz,,ug,82> € E2 and <sq, lig s5q) € Eq s.t.sc = (s2,54) and
S.. = (s,5,) and {2 ia™proj ftg and fie = 12 idlproj fig- By the umﬁcatlon
rule for two unifiable tag pieces, for w € Vo \ Vi and v € V; N Vo pv
(1", pgt) = < €7, (e €, 6?2>>’ since V1NV; is locally independent in M, and
id(ez) = proj({ez, €77)) = e Likewise, for w € Vo \ V1 and v € V4 \ Va:
pet = (T2, pgt) = <e§—; (7, 7—;>> since pg"” = (€7, e5) (by the quotient
definition) and id(ez) = proj((ez 7’z>) = €. Hence V1 is also locally
independent in Mp ig||proj My, rebultlng in its refinement relation with My
is defined in (M2 ideroj Mq) proj’ Sid’ M.

Initially, R contains the state <<320, <810,820>>,810> € R. For any state
<<32j, (516, 525) ), 31i> € R, if the following holds:

s € L(Vg,@) : g, 2, 3’2J> A
iy € L(Vie, Tx) : (10, 825) ~5 sq) A (@ pro; ,Tq)

then s, = (s};,s5;) for some s}; € Si. The fact of iz i4b< proj ftg Means
(Itq © Proj)|v, = 2. By construction, the existence of so; EN s’2j in My and
(s1i, S25) L, 5¢ in the quotient transition relation where (fiq 0 proj)y, = f2
implies there must exist a transition s;; — s}, such that 7y p1 D py [12.
Since M7, My and their quotient are deterministic machines, it must be
tlr/le\mt fg = ,E:l\pll_lp2 ) anisq = (s;, 85;). Since it can be proved easily that
(B2 idUproj Hq) proj ™ids 41, the second refinement condition immediately
follows and so <<s’2j, (813> 55,0, 5’11> ER

Since [inb and [mO hold, refinement (M2 iglproj M) proy <ia M1 is also
defined. Assume that M does not refine M,. So there must exist some
runs ™ in M and rMs in M, where the last transition of ¥ cannot be
simulated by 7

fn

@ @
M sg 25 s L Ls, 2

~ —~ iy
I i
rMa 500 =5 Sg1 = L Sqn

We look for the longest run 72 in M, that can synchronize with r*. There
are three cases that can happen:
a) 7M2 has a shorter length than that of r™ by at least 2 transitions, i.e.
its length is at most n — 2:
A2k

Mo . 20, 21
2.820—>821—>...82k—/—>

r



Therefore, there is no run r
rMa ip M, where M satisfies s.t. Iinbj‘\;1 and [inDXj and (Mz id || proj M) 0=
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where fig; ig D proj j1; for 0 < i < k and k < n. Thus, (j; o proj)|v,
= f[i;. Using a similar line of reasoning as done in the previous part
of the proof, we can conclude that sq; = (s14,52;) for 0 < ¢ < k and

M2k
s1; € S1. By construction, s —4+ drives the quotient machine to the
universal state (sig,sor) —o @ from which we can infer sq4q) =

Sq(k+42) = --- = Sp = (W). Since all transitions 25 st [inb)fl and [inbl‘fz

are allowed at this universal state, sqp, 2 must be also possible which

contradicts the hypothesis.

rM2’s length is n — 1:
Mo 20, 2] Fizp
r .820—)821—>...82n—/—>

Similar to the proof of the previous case, we can infer s4, LN (W) which
contradicts the hypothesis.
rM2’s length is as same as r’s length:

2,

20 721
M22820—>521—>...82n—>

r
where fig; id>proj j2; for 0 < i < n, which implies (f; o proj)|v, = fiz;-
Since M2 and ™ are composable, there must exist some run ™ in
M12

TMI : 810 ﬂ)Sll ﬂ) ... S1n M
where (;72\1 idproj ﬁ\z) proj’ >id’ ljl\z for 0 < i < n, which implies @ 1>
po H2i and fi; = [i1; plp, fi2i- From the runs 1 and M2 by construc-
tion, there must exist a run 7« in My:

7 7 o

M s 2% sty S s, S
where p/; = fi1; p,Up, fiz; for 0 < i < n. Since all the machines are
deterministic, all transitions going out of some state are annotated with
unique labelled tag pieces p/;, which leads us to the conclusion that
fii = p/; and sy = s;. Hence s, — is also possible which again
contradicts the hypothesis.

M in M that cannot be simulated by some run

proj’ 2

iar M1. As a result, M refines M,. a

Let M,
not hold. Hence, there must exist some run r
the last transition of 7™« cannot be simulated by M

Proof of Theorem |3, Let Mg = Mg/M 4, we first prove that Mz/M4 < Mg.
= Ma/M A, by contraposition, assume that the refinement relation does

Mg ip M, and rMz in Mg where

70 Iz fn
T‘]\/jq . Sqo 0 Sql 1 . Sqn Hn

= = — i
rMg s 10 s§ T 89 L
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By the quotient definition for M, and the existence of 77, there must exist a
run M4 in M4 such that:

- ~ i
TMAI$64£>S'14L>...S,€A7L> where 0 < k < n.

By the quotient definition for Mg and the existence of rMA | there must exist a
run 7M¢ in Mg such that:
Mg . .G g g

I i
T :SO—>81—>...Sk

Since all machines are deterministic, the existence of rM4 and r™¢ together

implies that s{ , = s , =...s9 = @). Hence sJ “ must exist in Mz which
contradicts the assumption that it does not. As a result, M, refines Mg or
(Mg/My4) = Mg.

We next show that C = (M, Mg) is in a normalized form by showing that

Mt € [[éﬂimpl < M7z < ME'

i) =

Mz € [Climpt = VMg € [Cleny : (Mz || Mg) = (Mg || Mg). Because
(Mg || Mg) = Mg, we know that VMg € [Cleny : (Mz || Mg) < Mg. By
the quotient definition, we can then infer VMg € [Cleny : Mz = (Ma/Mg)
from which it follows that: Mz < I (Mg/Me).

VMg €[Clenw
Since I (Mg/Mg) = (Mg/Ma) and (Mg/M4) = Mg, the refine-
VMe€[Clenw

ment Mz < Mg also follows.

i) <«

Mz < ME = VMg € [[C]]env : (MI H Mg) = (Mg || Mg) = Mz € [[C]]impl-

We finally show that C and C have the same set of environments as well as imple-
mentations. The former holds since they have the same assumption. The latter
follows by the fact that (Mg || Mg) = (Mg || Mg) because Mg =< (Mg/M 4) and
(Mg || Mg) = (Mg || Mg) because the transitions that do not appear in M4 but
in Mg can never be synchronized by any environment Mg which refines M 4.

O
Proof of Theorem [4l

(i) =: Because C; ,,=,,Co and Mg, € [Ci]impi, there must exist some imple-
mentation Mz, € [Collimp such that Mg, ,,=,,Mz, (by the first condition
of Def. . Since Mz, = Mg,, we can infer that Mg, ,=,,Mg,. Using a
similar line of reasoning, we can also infer that M4, .=, Ma,.

(ii) <: For all implementations Mz, of contract Cy, we have that Mz, < Mg,
(since C; is a normalized contract) which deduces the refinement Mz, ,,=<
0: Mg, due to the fact that Mg, ,,<,,Mg,. Using a similar line of reason-
ing, we can also deduce that Mg, ,,=, M4, for any environment Mg, of
contract Cs.
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O
Proof of Theorem Note first that Mg, satisfies the following formula:
(Mg, = Mg, A [inDX}QQ) A (VMgy © Mgy < Mg A [majv;f% = Mgy < Mg)
where Ma = Mg/M_A.
By Def. C = (M4, Mg), where:

- Ma= (MA1 P1/p2 Mgé) A (M.A2 P2/P1 Mg{)_l
— Mg = Mg; ,ll,, Mg,
i) C dominates over (C1,C3) w.r.t. p; and ps because:

a) C is defined over 7A'1 plxpﬂA'Q and Vy = V3 U Vs, by Def.

b) By the proof of Theorem [2} both V; and V5 are locally independent in
both M, p./p, Mgy and M4, ,,/p, Mg; and since M~ does not change
this local independence of machine M, [inbv1 A [inaj‘\/j hold.

¢) Mz, € [Cilimp = Mz, = Mg, (by Theorem JIF L mbl‘\//}mVQ holds then
MI = Mg/ (by definition of MQ ) Hence, (Mfl P1||P2 MIQ) = (Mgi P1HP2
Mgy). Therefore, (Mz, pillps MIQ) J\_4_<_A Mg, or equivalently (Mz, ,,|lp,

Mz,) € [Climp-
d) For all environments Mg of contract C, it holds that Mg < M4 which

implies:
Me = (MAl Pl/pz MQ') (11)
Mg = (M-A‘z P2/P1 Mg/) (12)
By Def. and the quotients (Ma, p,/p, Mgy ), (Ma, po/py Mg ), we have
that:

(Mgé id”proj (MA1 p1/p2 Mgg)) proj’ Sid M 4,
(Mg wllsres (M, pofpr Mgy)) srer=iaMa,

where the morphisms are defined as follows:

V19 € 7'2 d(72)

vreTr: (Tl)

V{1, T2) € 7'1p1><p27'2 pl’O_](Tl, T2)

V(7s, (11, 72)) € 7A—2id><proj(7'1 p1Xp27—2) : proj’ (72, (11, 72))
VT € 7-1 id(r1)

V19 € 7'2 id’ (12)

V{ry,11) € 7A'2p2><p17'1 proj (7, 1)

(71, (72, 71)) € Tiigiargy (T2 p2%, T1) : PPOJ (71, (72,71))

Reﬁnementlmphes (Mz, idllproj Me) = (MI2 idllproj (MA, pi/ps Mgz))
for some Mz, € [Callimpi- Because Vi N Vz is locally independent in
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(M-Al Pl/ﬁz Mgé)? we can infer that (MIZ id ||pl'0J (MAl P1/P2 Mgé)) =
(Mg idllproj (M, py/py Mgy)). Hence it follows that:

(Mz, idllproj Me) proj <iar M a, (13)

Likewise, refinement (12| implies (Mg "' < Ma, po/or Mg ) from which we
can infer the following:

(Mz, gl Mg ") oy =ia M (14)

By noticing that id = id’ = idz,,id’ = id = idy;, proj = proj,, proj’ =
proj’'; where id7;, proj;- and proj’; are defined as in formulae |§|
and refinements [13| can be rewritten as follows:

(Mfz idTQHProsz MS) P"OJ"leidTl M-A1

Also by observing that proj = projr; o swap, refinement |14] can be rewrit-
ten as:
(Mz, id71||projﬁoswap Mg_l) oroy Sidr, Ma,

from which we can safely remove the composition with swap. Because
such removal only results in commutating the second tag component of
the composite tag structure on the left hand side of the refinement and
this can be compensated by using proj’s, in place of proj. Therefore,
refinement [14] can be equivalently rewritten as:

(Mz, a7, llproir, Me) proir r, Sidr, Maa,

ii) Since C and C’ are defined on the same algebraic tag structure and variable

set, to prove C < C’, we show that [C']eny C [Cleny and [Climpt € [C'impi-
a) [[C/Henv g [[Cﬂenv :

Contract ' = (M, Mg/) dominating over the contract pair (Cy,Cz)
implies the satisfaction of the second condition in Definition i.e. for
all environments Mg of C’:

VMz, € [Cilimpt © (Mz, idr,llproiy, Me) proy o, Sidr, Moay ) A

VMz, € [Calimpt : (M1, id7—2||proj7—2 Me) projr r, Ridr, Moa,

Because M 4 is an environment of contract C’, Mg is an implementation
of contract C;, replacing Mg with M 4 and Mz, with Mg, in the above
formula preserves its boolean satisfiability:

(Mg; iar llprojr, Mar) projr r, Ridr, May ) A
(Mgy iar, llprojr,, Mar) proj , Sidr, Ma,

The second conjunct directly implies that Mar < (Ma, p,/p, Mgy) and
using a line of reasoning similar to the previous proof, we can infer from
the first conjunct that My < (M, po/p Meg; ). Therefore:

My = ((M-Al PI/P2 Mg2)A(M_A2 Pz/pl Mg1)71)7 or equivalently M = M4
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b) [Climpr € [Cimpr :
For all implementations Mz of contract C, the following refinement rela-
tion holds for all possible environment of C:

VMS S [[C]]env . (MI || ME) = (Mg H ME')

Because [C'Jeny C [Cleny due to the previous proof, such refinement
obviously holds for all possible environment of contract C':

VMg € [C'lenv : (Mz || Me) = (Mg || Me) (15)

In addition, because C' dominates over (Cq,Cs), the third condition of
Def. [[8 must be satisfied:

VML‘ € Hci]]impl : MIl p1Pp, MI2 = (le P1||P2 MIQ) € [[C/]]impl

which implies (Mg; ,, I, Mg;) € [C'limp since Mg: € [Cillimpr and
[inb‘gf}ﬁv2 holds. As a result, Mg is also an implementation of contract C’
which, in turn, implies a similar refinement relation:

VMg € [C'leny = (Mg || Me) = (Mg || Me) (16)

Combining together two facts [15| and the following refinement holds
for all implementation Mz of contract C:

VMg € [C']eny = (Mz || Mg) = (Mg || M)

Hence, M7 is also an implementation of contract C' or [Cllimpt € [C'limpi-
O

Proof of Theorem [6} The first property holds because the satisfaction of two
conditions in Def. can be deduced from the fact that [Ci]impi C [Cilimpis
[Collimpt € [Collimpt, Ma, = Ma,, Ma, = My, and C dominates (Cy,Ca) w.r.t.
p1 and py. The second property follows directly from the first property of this
theorem and the second property of Theorem

O
Proof of Theorem To prove that Mg, is a legal environment for M, =
My .|l ps M2, we show that the four conditions of Def.

a) Trivial.

b) To prove that M ,,||,, M2 and Mg, are interoperable, we show that Vi N
Ve, = VIrU Vst = (VirUVPReHY) U (Vim U VY s locally independent in both
machines.

i) Vi N Vg, is locally independent in M; ,,||,, Ma:
For 1 <4 <2, let V;"out = VinUVeut Then ViNVy = Vinoutnynout For
all (sq, fte, s7) in the transition relation E of the composition machine,
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there exist 717 € L(Vi,71) and 123 € L(Va, T3) s.t. [ina&“‘@ and [inbx;mvg
and fic = 11 plp, f12. By the unification rule for two unifiable tag pieces:

Yw € Vlloc,vv c Vlimout o) V2inout . Mzcm) — <M11m;’7_2> — <€7A-1,67-;>
Yw € Vi[oc’v,u c V'lmout . MZ:UU — <M11uv77_2> — <6ﬁ’€:[';>

Vw € V°¢, Yo € Vjnout\ Jjinout . juv — (eﬁ7 67.;>
since p1(ut’?) = p2(72) and [inb}(/}lmé and [inaj\vji:“t Hence:
Vw € VI°C, Vo € Vi U VROt it = (e e) (17)
Using a similar line of reasoning, we also infer:
Vw € V3¢, Yo € Vimest g ynont s v — (77, €33) (18)

From [I7] and [I8] we can conclude that Vi N Vg, is locally independent
in My, My,

Vi N Vg, is locally independent in Mg, :

Let V0ared — V)1 Ve = (Vi® A V) U (VSN Vim) U (VO N VM), By
assumption V" = V" therefore:

Vsbuteb _ (Vgout N V>i<n) U V;ut (19)

In addition, Ve NVg, = (Vi" U Vg"“’f U V5[°f) N (Vg‘n U Vg":"). Because V3o
only contains internal ports and Vg" = V", we can infer

Ve NV, = VAU (VN V) = (VN v u vt (20)

Therefore VeNVe, C Vi NVg, and Vsbared — 7 OV, = VenVe, (from
and [20). By construction, for all (s, 7i’,s') in Eg_, for w ¢ V, N Vg, and
veVenNVe: v = €x . Therefore Vi N Vg, is also locally independent
in Mgs .

c) Iemp(M, || Mg,) = Iemp(M, | Mg) = (: trivial since the simplest environ-
ment accepts all possible output and produces no input.
Iemp(M,) x Sg, is not reachable:

d)

Let

:[Ii = </1'i7’/i>7[[il = </~L;7Vz(>a
‘/out>< — V;ut a Vgn’
VI = vt pin,

Voutg — Vgout e V'>i<n7

V'Soutg — Véasut N V;n’
Vshureb — V>< N Vg,
V'Sshutea — V>< N VSS

Since Mg is a legal environment for M., there exists no run leading to the
incompatible states of M, that contains only output or local transitions. An
output/local transition is s.t. its labelled tag piece i has events only for
output/local ports. If there exists such a run called 7

, P .
'Sy = 51... 2 s,
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where s, € Icmp(M,.) and jz;° has events for output/local ports only, then
there also exists a run 7" in Mg:

. & mt ¢

¢
Foss Mo eS8t

n

where [1;° < ﬁi‘g for 1 < i < n. Indeed, since Mg is a legal environment for
M., (so,s§) must be compatible. That is if 1o has only output and local
events then there must exist a transition (s§, e, s§) € Eg, such that vf is
defined only for input and local variables:

VE (w) = v§(w),Yw € Dom(v$) NV outx
1 undefined, Vw € V"

Moreover, by condition 1 of Def. we know that u$[wv] = uf [wv] for w €
Vehared and v € V where V = Dom(v§) N Dom(vf) N (Vo< U Voute), Since
Dom(v§)NVeotte = (), we can infer that V = Dom(v{) NV e For variables
in 1/#99%¢?\ I/ there are no events for them in 711 and therefore u$[wv] = €7
for w € Vshared g5 ¢ g Yshared \ V. Likewise, since only variables in V have
an event in i1, it holds that ué fwo] = €7- As a consequence, ¢ = s
holds as well and the transition ((so, s§), [;° Uis, (s1, s{)) is included in the
transition relation of M,. Since Mg is a legal environment for M., (s1,s{)) is
also a compatible state. By inductive reasoning we can similarly prove that
fif o i for 1 < i <.

Therefore, an incompatible state of M, can be reached which contradicts the
assumption of a legal environment for M, and implies that no such run r?
should exists in M.. All runs leading to an incompatible state in M, thus
contain at least one transition where input events are expected to happen.
By definition, the simplest environment will not output the expected inputs,
thereby blocking M, from going to any incompatible state as soon as possible.



