Why estimate parameters?

From observations to a predictive model
We know the form of a distribution p(x | ), but its parameter vector 8 is unknown.

L observed data estimation estlmate substitution E ﬁtted model J
p(x | 9

* The data determine which parameter values are plausible.

* Different estimation principles use the data in different ways.
* The fitted parameters are then used for prediction and decision making.

Central question
Which value, or distribution of values, should we assign to 0 after observing D?

Parameter estimation
Setting
* Data are sampled from a probability distribution p(z, y)
* The form of the probability distribution p is known but its parameters are unknown

* There is a training set D = {(z1,¥1),- - -, (Tm, Ym )} of examples sampled i.i.d. according to p(x, y)

Task
Estimate the unknown parameters of p from training data D.

Note: i.i.d. sampling

* independent: each example is sampled independently from the others

* identically distributed: all examples are sampled from the same distribution

Parameter estimation

Multiclass classification setting

* The training set can be divided into Dy, ..., D. subsets, one for each class (D; = {x,...,X,} contains i.i.d
examples for target class y;)

 For any new example x (not in training set), we compute the posterior probability of the class given the example
and the full training set D:
p(x|yi, D)p(yi| D)
p(x[D)

P(yi|x7 D) =



Parameter estimation

Multiclass classification setting: simplifications

p(x|yi, Di)p(yi| D)
p(x|D)

* we assume x is independent of D; (j # %) given y; and D;

P(yi|xa D) =

* without additional knowledge, p(y;|D) can be computed as the fraction of examples with that class in the dataset

* the normalizing factor p(x|D) can be computed marginalizing p(x|y;, D;)p(y:|D) over possible classes

Note

¢ We must estimate class-dependent parameters 6; for:

p(x|ys, Ds)

Maximum Likelihood vs Bayesian estimation
Maximum likelihood/Maximum a-posteriori estimation
* Assumes parameters 6; have fixed but unknown values

* Values are computed as those maximizing the probability of the observed examples D; (the training set for the
class)

» Obtained values are used to compute probability for new examples:

p(x|yi, Di) ~ p(x(0;)

Maximum Likelihood vs Bayesian estimation
Bayesian estimation
* Assumes parameters 8; are random variables with some known prior distribution
¢ Observing examples turns prior distribution over parameters into a posterior distribution
¢ Predictions for new examples are obtained integrating over all possible values for the parameters:

p(X\’yuDi):/e p(x,0;|yi, D;)d6;
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Maximum likelihood/Maximum a-posteriori estimation
Maximum a-posteriori estimation
6; = argmaxg p(6;|D;, y;) = argmaxg p(D;, y;|0:)p(6:)
* Assumes a prior distribution for the parameters p(6;) is available
Maximum likelihood estimation (most common)
8; = argmaxg p(D;, y;]0;)
* maximizes the likelihood of the parameters with respect to the training samples

* no assumption about prior distributions for parameters

Note

* Each class y; is treated independently: replace y;, D; — D for simplicity

Likelihood as a function of the parameters
* The observed dataset D is fixed.
* The likelihood p(D | 0) is viewed as a function of 6.
¢ Maximum likelihood selects the parameter value at the highest point of this function.
Important distinction
The likelihood is not a probability distribution over € unless it is normalized and combined with a prior.

p(D | 0)
A

parameter value that makes
the observed data most likely

\/
>

Maximum a-posteriori estimation
MAP principle
Oniap = argmaxgp(0 | D)
= argmaxgp(D | 0) p(0).
* The likelihood favors parameters supported by the observations.

* The prior favors parameters considered plausible before seeing the data.



* The posterior combines both sources of information.

A posterior p(6 | D)
likelihood p(D | )

prior p(6)

\4
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Bayesian Parameter Estimation for Classification

p(| D) ply=1|=)

posterior probability
of classifier parameters

posterior predictive

Bayesian prediction

Each parameter value defines a different probabilistic classifier p(y = 1 | x, 0).

Instead of selecting a single parameter estimate, Bayesian estimation averages the predictions of all plausible
classifiers according to their posterior probability:

p(yzllx,D):/p(yzl|x,0)p(0|D)d9.

Maximum-likelihood (ML) estimation

Setting (again)
* A training data D = {x1,...,X,} of i.i.d. examples for the target class y is available
¢ We assume the parameter vector 6 has a fixed but unknown value
¢ We estimate such value maximizing its likelihood with respect to the training data:

0" = argmaxgp(D|0) = argmaxg Hp(xj|9)

j=1

 The joint probability over D decomposes into a product as examples are i.i.d (thus independent of each other
given the distribution)



Maximum-likelihood estimation

Maximizing log-likelihood

* It is usually simpler to maximize the logarithm of the likelihood (monotonic):

0" = argmaxgln p(D|0) = argmaxg Z Inp(x,]6)

=1

* Necessary conditions for the maximum can be obtained zeroing the gradient with respect to :

Vo Zlnp(xj|0) =0

=1

* Points zeroing the gradient can be local or global maxima depending on the form of the distribution

Maximume-likelihood estimation

Univariate Gaussian case: unknown 1 and o2

* the log-likelihood is:

1
L= 7?,2(% —u)? — ZIn27n0?
j=1
e The gradient wrt p is:
oL 1 "1
o = 2; *ﬁ(ﬂfj p)(=1) = p ;(:17] — )

Maximume-likelihood estimation

Univariate Gaussian case: unknown 1 and o2

 Setting the gradient to zero gives mean:
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Maximum-likelihood estimation

Univariate Gaussian case: unknown y and o

* the log-likelihood is:
n 1 1
L= —(x; — p)? — =In 270>
5 (
= 20
* The gradient wrt o is:
oL & , 0 1 11
Rt — (s )
dc? ; (@5 =) 902202 22102 "
1 1 1
—1

Maximum-likelihood estimation
Univariate Gaussian case: unknown y and o

* Setting the gradient to zero gives variance
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Maximum-likelihood estimation
Multivariate Gaussian case: unknown p and X

* the log-likelihood is:
n
1 _
> 50— W= — ) - Sl (20
j=1
¢ The maximum-likelihood estimates are:
1 n
n== Z Xj
j=1
e and:
1 n
o= D (x = )% — )t
j=1



Maximum-likelihood estimation

general Gaussian case:
e Maximum likelihood estimates for Gaussian parameters are simply their empirical estimates over the samples:

— Gaussian mean is the sample mean

— Gaussian covariance matrix is the mean of the sample covariances

Bayesian estimation

setting (again)
* Assumes parameters 0; are random variables with some known prior distribution

* Predictions for new examples are obtained integrating over all possible values for the parameters:

p(xlys, D;) = /0 p(x, 0,y:, D,)d6;

i

* probability of x given each class y; is independent of the other classes y;, for simplicity we can again write:
p(xl31. D) = p(xID) = [ p(x.8[D)d0
* where D is a dataset for a certain class y and 0 the parameters of the distribution

Bayesian estimation

setting

p(x|D) = /0p<x,0|7>>d9 - / p(x10)p(8|D)d6

* p(x|0) can be easily computed (we have both form and parameters of distribution, e.g. Gaussian)

* need to estimate the parameter posterior density given the training set:

p(D|6)p(6)
0|D) = —~—— L7
poID) ==
Bayesian estimation
denominator
p(D|0)p(6)
0|D) = AT
peip) ===

* p(D) is a constant independent of @ (i.e. it will not influence final Bayesian decision)

« if final probability (not only decision) is needed we can compute:

p(D) = /epww)p(e)de



Bayesian estimation
Univariate normal case: unknown 1., known o

» Examples are drawn from:
p(lp) ~ N(p,0?)

* The Gaussian mean prior distribution is itself normal:
p(p) ~ N(po, op)

* The Gaussian mean posterior given the dataset is computed as:

p(D|)p(1) &

p(ulD) = == 5 =a [ pa;lm)p(n)

where o = 1/p(D) is independent of

Univariate normal case: unknown /i, known o>
a posteriori parameter density

CHM) (1)

A 1/xj—p 2} 1 1<M—M0>2
D)=« exp |—= (=2 exp |—= [ m——
pu) =] o o5 (5] o p{ (2
o exp |- i(/i*%)2+ p—po\’
2 = o o)
=a"exp |- £—|—1 22 iix-—&—@
p o2tz ) o= 2t g |

N | —

Normal distribution

o= ko [-4 (252)]

Univariate normal case: unknown i, known o2

recovering mean and variance

n 1 2 1 - 1o "no__
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* Solving for y,, and o2 we obtain:
nog _ o? 9 odo?
Bn =\ "5 5 |H —5 T Mo On= "5 5
" nog +02)"" " not + o2 " nod+o?

* where fi,, is the sample mean:

1 n
fn =2
j=1



Univariate normal case: unknown 1, known o2

Interpreting the posterior

nog - o? 9 odc?
==L )t ———p0 0= —m—s
nog + o2 nog + o2 " nog+o?

* The mean is a linear combination of the prior (1¢) and sample means (/i,,)
* The more training examples (n) are seen, the more sample mean (unless o2 = 0) dominates over prior mean.

¢ The more training examples (n) are seen, the more variance decreases making the distribution sharply peaked

over its mean:
. 0802 . o2
lim — = Iim — =0
n—o00 Noy =+ 02 n—soo N

Univariate normal case: unknown /., known o2

Mean posterior distribution varying sample size
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Univariate normal case: unknown £, known o
Computing the class conditional density

p(2]D) = / p(]w)p(u|D)du

1 l(xfu)? 1 1(pun)2
= [ —exp|—= (—F —exp |—= [ — d
/ 2o p{ 2 o V2o P13 On "

~ N(pin, 0> +0})

Note (proof omitted)
* the probability of = given the dataset for the class is a Gaussian with:

— mean equal to the posterior mean

— variance equal to the sum of the known variance (%) and an additional variance (02) due to the uncertainty
on the mean



Multivariate normal case: unknown p, known X

Generalization of univariate case

* p(x|p) ~ N(p, %)
s p(p) ~ N(pg, Zo)

s p(p|D) ~ N (5 20)

* p(x|D) ~ N(py, X+ %)

Sufficient statistics
Definition

* Any function on a set of samples D is a statistic
* A statistic s = ¢(D) is sufficient for some parameters 0 if:

P(Dls,0) = P(D]s)

« If 6 is a random variable, a sufficient statistic contains all relevant information D has for estimating it:

p(D|6,s)p(6]s)

POPS) = Dl

= p(0]s)

Use

* A sufficient statistic allows to compress a sample D into (possibly few) values

» Sample mean and covariance are sufficient statistics for true mean and covariance of the Gaussian distribution

Conjugate priors

Definition
* Given a likelihood function p(x|6)
* Given a prior distribution p(6)

* p(0) is a conjugate prior for p(x|0) if the posterior distribution p(8|z) is in the same family as the prior p(f)

Examples
Likelihood Parameters Conjugate prior
Binomial p (probability) Beta
Multinomial p (probability vector) Dirichlet
Normal 1 (mean) Normal
Multivariate normal  p; (mean vector) Normal

10



Bernoulli distribution

Setting
* Boolean event: x = 1 for success, x = 0 for failure (e.g. tossing a coin)
 Parameters: § = probability of success (e.g. head)

* Probability mass function
P(z]0) = 6°(1 —6)'*

* Beta conjugate prior:

P0) = P(O|lay, o) =

Bernoulli distribution
Maximum likelihood estimation: example

» Dataset D = {H,H,T,T,T,H, H} of N realizations (e.g. head/tail coin toss results)

¢ Likelihood function:
p(DI)=60-0-1-0)-(1—-6)-(1—-6)-0-0=06"1—-0)

e Maximum likelihood parameter:

Elnp(’D|6‘) =0 = 2hln@—l—tln(l—ﬁ) =0

00 00
1 1
hg =114 ="
h(1—0) =t0
h
0= h+t

¢ h,t are the sufficient statistics

Bernoulli distribution
Bayesian estimation: example

* Parameter posterior is proportional to:
P(0|D) « P(D|A)P(0) x 8" (1 — §)t9>n—1(1 — g)>~ !
* i.e. the posterior has a beta distribution with parameters h + ay,, t + o

P(0]D) oc g Fon=t(1 — g)iteet
* The prediction for a new event is the expected value of the posterior beta:

P(:c|D):/P(:c\G)P(@ﬂD)d&:/9P(9|D)d9

h+ ay

=Eromlf = e o
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Bernoulli distribution

Interpreting priors
* Our prior knowledge is encoded as a number o = oy, + o of imaginary experiments
e we assume «y, times we observed heads
e «is called equivalent sample size

* o — 0 reduces estimation to the classical ML approach (frequentist)

Multinomial distribution

Setting
* Categorical event with 7 states x € {z!,..., 2"} (e.g. tossing a six-faced dice)
* One-hot encoding z(z) = [21(2), ..., z,(z)] with z(z) = 1 if z = 2", 0 otherwise.
* Parameters: 8 = [y, ..., 0,] probability of each state

* Probability mass function

P(zl0) = [ o7+
k=1

¢ Dirichlet conjugate prior:

Multinomial distribution
Maximum likelihood estimation: example

* Dataset D of N realizations (e.g. results of tossing a dice)

¢ Likelihood function:

N r r
p(ol6) = [ [T e = [T o

j=1k=1 k=1
e Maximum likelihood parameter:
Ny

o=

e Ny,..., N, are the sufficient statistics

12



Multinomial distribution
Bayesian estimation: example

» Parameter posterior is proportional to:

P(0|D) < P(D|0)P(0) < [] o565+
k=1

* i.e. the posterior has a Dirichlet distribution with parameters Ny + ax, k= 1,...,7:

P(0|D) x H gy ton—t
k=1

* The prediction for a new event is the expected value of the posterior Dirichlet:

Ni + ag
P(zx|D) = /9kP(9|D)d9 =Epgp)l0h] = Nta
Take-home messages
Three related viewpoints
MLE Choose parameters that make the observed data most
likely.
MAP Combine the likelihood with a prior and choose the pos-
terior mode.
Bayesian Retain the full posterior and integrate parameter uncer-

tainty when predicting.

APPENDIX

Appendix
Additional reference material

Maximum-likelihood estimation

Multivariate Gaussian case: proof (mean)

* The gradient with respect to the mean is:

n 1 _ 1
VHZ —i(xj —p)'SN (% — p) — 5111 (2m)?z| =
j=1

Note

EXTAX = ATx+ Ax
ox

2Ax  for symmetric A
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Maximum-likelihood estimation

Multivariate Gaussian case: proof (mean)

* Setting the gradient to zero gives:

j=1
D> (xj—p)=%0=0
j=1

S SR
j=1 j=1

Maximum-likelihood estimation

Multivariate Gaussian case: proof (covariance)

* The gradient with respect to the covariance is:

_ 1
57y — 1) — 5o (2m) %] =

w\}—*

a n
afZ
o . "0 p
Z:E s (X]—u)—O—;ﬁln(Qﬂ') |

Maximum-likelihood estimation

Multivariate Gaussian case: proof (covariance)

Note
Use matrix derivative rule:

9
0B
Where A = (x; — p)t, B=X"1,C = (x; — p) and tr(ABC) = ABC as ABC is a scalar.

tr(ABC) = CA
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Maximum-likelihood estimation

Multivariate Gaussian case: proof (covariance)

1

0 per 0
a5l eI = o

ox

517 o (2m) 2]

1 _ o0 _ _ _
W|E| 1(27T)d5|2|:\2| 1|Z|E t=xt

Note
Use matrix derivative rule:

0
—|A| = |A]AT?

Maximum-likelihood estimation

Multivariate Gaussian case: proof (covariance)

* Combining and putting equal to zero:

2 (=)' 27 (x5 — ) ZIn (2m)4|3|
INRS S~
-3 do—xi—wx -S4y B
j=1 j=1

Maximum-likelihood estimation

Multivariate Gaussian case: proof (covariance)

DT =Y (k- w)x — )
j=1 j=1
D R e DIC R
j=1 j=1
2= (x5 —p)(x; —p)
j=1 j=1
nE =) (xj—p)(x;—p)
j=1
1< .
= > (= m)(x; - p)
j=1

15



Bayesian estimation

Gamma distribution
* Defined in the interval [0, co]

* Parameters: o > 0 (shape) 8 > 0 (rate)
* Probability density function: B

plz;a,B) = mﬂﬁa_le_ﬁz

08
1

04 0.6

Gamma Probabity Dansity

02
1

0 2 4 6 3

Note
Used to model the prior distribution of the precision (inverse variance, i.e. A\ = 1/0?).

Bayesian estimation

Univariate normal case: unknown z and \ = 1/0?

16




» Examples are drawn from:
p(|p, A) ~ N(p, 1/2)

* The Prior of mean and precision is the NormalGamma distribution:

p(p, A) = p(u[A\)p(N\) = (uluo, )Ga(/\\ao,ﬁo)

= NG(uJIuovffo»aoﬂo)

Univariate normal case: unknown ;. and A = 1/02
a posteriori parameter density

p(xj|p,A) p(p|N)
= 1/2 A (roA)Y/? KoA
D) = — z; — p)?| YN T o | 02
)= 3 11 0 | =5 o = | S oxp [0 o)
ff’a A exp(=B0)
p(N)
o AXOT 27 exp(—BoA) A% exp — [Z — ko(p — Mo)2]

a posteriori parameter density is still NormalGamma
p(,uv A|,Z)) = NG(/,L, )‘|,un7 Ry On, B’n)

Univariate normal case: unknown ; and A\ = 1/02
a posteriori parameter density is still NormalGamma

p(,u, /\|D) = NG(Ma )‘|an Ry On, Bn)

where

:HOMO""nﬂn
" k0+n
Kn =ko+n
an =ap+n/2
8, = Jr}i(x'*A )2+/€On(ﬂn_ﬂo)2
" EREDW. 7 Hn 2(ko +n)
Jj=1

Univariate normal case: unknown p and A = 1/02
Interpreting the posterior

* Posterior mean is weighted average of prior (1) and sample (y1,,) means, weighted by «o and n respectively

_ Koo + nlan
" ko+n

17



* Posterior «,, is increased by the number of samples n

Kn =ko+n

* Posterior o, is increased by half the number of samples n

o =g +n/2

Univariate normal case: unknown ; and A = 1/
Interpreting the posterior

* Posterior sum of squares (3,,) is sum of prior sum of squares () and sample sum of squares % 2?21 (2 — fin)?
and a term due to the discrepancy between the sample mean and the prior mean.

n

_ 1 e Ron(fin — po)?
Bn = Bo + 5;(% fin)” + Tk 1)

Univariate normal case: unknown ;. and \ = 1/

Computing the posterior predictive

palD) = [ [ ol Mol A D)
o
_ P(z,D) Bn(kn +1)
= PD) = toa, ($|Mn7m>
Bn(Kn

e Itis a T-distribution with mean p,, and precision +1) (proof omitted)

ank
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Bayesian estimation

Wishart distribution

* Defined over d x d positive semi-definite matrix

e Parameters: v > d — 1 (degree of freedom) 7" > 0 (d X d scale matrix)

Probability density function:

1 v—d—1
2

X;v,T) = X
p( Vs ) 2Vd/2|T|V/2Fd(V/2)| |

1
exp —itr(T_lX)

« B[X] =T
o Var[Xy;] = v(T;i® + T ;)

Note
Used to model the prior distribution of the precision matrix (inverse covariance matrix, i.e. A = X ~1). T is the
prior covariance
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Bayesian estimation

Multivariate normal case: unknown g and >

» Examples are drawn from:
p(|p, A) ~ N(p, A7)

* The Prior of mean and precision is the NormalWishart distribution:

Pk, A) = p(p|A)p(A) = N(plpg, (koA) ™ ) Wi(Alv, T)

Multivariate normal case: unknown g and X

a posteriori parameter density

p(ll'a A|D) = N(ﬂ|ﬂn(H7LA)71)Wi(A|Vm Tn)

where
_ Koko + nfin
" ko +n

n KN,

T,=T+ z;(-ri — fin) (i — fin)" + s n(#o — i) (pt0 — fin)"
1=

Up =V+n Kn =K+nN

Computing the posterior predictive
Tn(kn +1)
D)=+t _ L S

p(l’l ) vp—d+1 (CU,Um Hn(Vn —d+ 1))
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