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Abstract

We consider soft real-time applications organised as jpipglof tasks using resources of different type (com-
munication, computation, storage). The applications asei@ed to be periodically triggered and the different tasks
communicate by unidirectional buffers. The problem we cepth is how to effectively share the resources so
that some specified Quality of Service (QoS) requiremerdgsnagt. The QoS considered here is tightly related to
the end-to-end temporal behaviour of the application. Tmmensate for time-varying resource requirements, we
advocate a distributed control approach whereby the sdingdoarameters of each task are tuned depending on the
temporal behaviour of the application measured by appatgsensors. The use of real-time scheduling strategies
enables a mathematically safe control design, in which tb& @quirements are translated into formal control
goals, and formal proofs are provided on the ability of thatodler to fulfil these goals. We also offer extensive
simulations that validate the approach for multimedia @gfibns.

I. INTRODUCTION

An increasing number of real-time applications are digteld. The data items are processed by a set of interacting
components (tasks) that use resources of different typmgatation, communication, storage). In order to reduce
the cost and the complexity of the system, designers areeputsiwvards an aggressive sharing of these resources.
The price to pay is a reduced predictability for the executidrapplications whose Quality of Service (Qo0S)
is strongly related to the temporal behaviour. Indeed, tfeduling delays that an application may suffer on the
different resources can significantly change based on thkleaat fluctuations. In this context, the ability to execute
the application respecting its timing constraints headéypends on the scheduling policy and on the choice of the
scheduling parameters. In a distributed context, the prolik even harder since "local" scheduling choices have
to be coordinated to achieve a "global" goal.

Traditional approaches to the design of distributed riea¢tapplications use priority based schedulers. For a
given choice of scheduling priorities, appropriate analyschniques enable a designer to compute upper bounds
on the end-to-end delays incurred by the application anitldéca given real-time system meeth of its deadlines.

For manysoft real-timeapplications such strong guarantees are neither striethded nor useful. It is often the
case that we can trade a moderate occurrence of deadliragiend for a more efficient utilisation of resources.

In this context, classical approaches have been provefeatisk. In particular, the use of fixed or even dynamic
priorities is simply too coarse a tool for controlling the nkimad fluctuations of very dynamic applications. This
limitation has stemmed a strong research activity in thé gasade producing scheduling mechanisms that permit
a fine grained control on the temporal allocation of resoufees., exporting such parameters as the fraction of
resource allocated to each task). Solutions of this typerareasingly available even on general-purpose Operating
Systems (e.g., Linux). In order to show their full potentinbse mechanisms have to be complemented with design
procedures guiding the choice of the local scheduling patars. Very suitable to the soft real-time domain are
probabilistic approaches, which apply performance aimlgs decide “off-line” the allocation of parameters that
allow a system to meet its timing constraints with a givenbptality.

In this paper, we consider very dynamic environments (opstems), in which applications can be started and
terminated at any moment. Moreover resource requiremeatslifiicult to identify in detail and can be strongly
time-varying. Therefore, carrying out a complex stochadisign of the system upon every reconfiguration is
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hardly a viable solution. A better solution to the problens lta be sought in the realm of adaptive algorithms,
able to self-tune the scheduling parameters to accommaklat®oS requirements of the applications and this is
the approach taken in the paper.

a) Problem presentation and solution strategWe consider applications composed of pipelines of tasks,
operating on data items (or tokens) that traverse sequigniiee pipeline. Each task processes tokens by using
resources, which are shared with other tasks and managée loyterlying run-time platform throughr@servation-
basedscheduling mechanism. The scheduler allocates a fractitireatesourcelfandwidth) to the competing tasks,
and allows for dynamic changes of the allocation at run-tive will make two important assumptions: each task
uses a single resource, and tokens entering the first stagereeategeriodically with a bounded jitter. Therefore,
the pipeline is required to sustain a periodic processindatd, producing the result of the chain of computations
with the required level of QoS.

We identify two classes of QoS requirements:

» strong: every token must be processedthin a maximum end-to-end latency; also the output jitter must be
controlled;

« weak: there is anominalspecification for the end-to-end latency and for the jittenvlver, when the system is
overloaded the application is allowed to produce the resitit an additional delay, which has to be bounded.

In both cases, we require that applications never discdeent As an example, a professional interactive video-
conferencing system can be considered as an applicatibnstviing QoS requirements, since the latency from the
acquisition device up to the rendering (remote) device bdsetvery low and predictable. On the other hand, an
IP-TV player is a typical example of application with weak QaSjuirements, since moderately larger latencies
may be compensated for through an appropriate use of budferi

The workload of a task can change considerably over its segueh activations in time. For instance, in a
video-monitoring application the encoding/decoding vioakl can be very low when the scene is still and become
much higher when the scene is subject to sharp changes.

The problem addressed in this papeh@w to decide the fractions of resource allocated to an ajapion tasks
so that it receives a specified QoS guarantee. To this end, wecai® anadaptivescheme, whereby resource
allocation is changed in time to track the time varying reseuequirements of the tasks. The core contribution of
this paper is the design of a distributed QoS control styatewl resource supervisory policy that, operatimcally
on each task and on each resource, attaifobal goal: ensuring the specified QoS guarantees to applicafiauns.
strategy consists of two elements. First, we provide a madltieat modelthat describes the temporal evolution
of an application. This is done definingssate variablethat measures the deviation, for each activation of each
task, from a reference point. Therefore, the QoS requiresneinan application can be formulated as a constraint
on the allowed evolution for the trajectories of the statealdes. Second, we design a non-linear feedback-based
task controller and aresource supervisothat restrains the evolution of the state-space trajexgdri the specified
sets. Third, we show theoretical conditions under which therdinated action of the task controllers and of the
resource supervisors provides the application with QoSagiiees. Such conditions allow for the design of a simple
admission control policy that admits into the system onlysth applications for which the QoS requirements can
be satisfied.

Although the results and the techniques presented in thergagve been developed for linear topologies (for
the sake of simplicity), we believe that extensions to maeegal cases are possible, like for the DAG topologies
discussed in Section VI.

b) Paper outline: After an overview of alternative approaches to the problerSéction Il, we offer a system
level view for our approach in Section Ill, and we show how todelothe QoS control problem in a control
theoretical framework in Section IV. The control design ang filrmal properties it attains are described in detail
in Section V. The effectiveness of the techniques presentédisrpaper is extensively shown on a set of realistic
simulations in Section VII. Finally, some conclusions arendran Section VIII, along with possible directions for
future work.

[l. STATE OF THEART
It is possible to identify different research trends radate our work that we shortly summarise in this section.



a) Application model:An application model tightly related to the one presentethia paper is represented
by synchronous data-flow networks [26]. As shown in [7], syndous data flow networks lend themselves to an
effective code generation process, in which an off-lineeskcite is synthesised that minimises the code length and
the buffer size. The model used in this paper is a very restticase of synchronous data-flow. Indeed, our tasks
are organised in linear topologies, the production and tmsamption rate are forced to be equal (one token) and
we do not aim at an optimised off-line scheduling since ouliaption is inherently distributed and dynamic. In
this sense, our framework is closer to the one presentedveraepapers in the real-time community such as [19].
Interestingly, our scheduling technique allows us to keephieck the length of the buffers by controlling the delays
of the different tasks in the pipeline.

b) Soft real-time schedulingDifferent scheduling algorithms have been proposed to aujppe specific needs
of soft real-time applications. A first important class apgmmates the Generalised Processor Sharing concept of
a fluid flow allocation, in which each application using the resourceksa progress proportional to its weight.
Among the algorithms of this class, we can cite Proportionar&H§36] and Pfair [6].

Similar are the underlying principles of a family of algonil as Resource Reservation schedulers [30]. In this
case it is possible to associate to each task a(gairP) meaning that the task is reserved a budget equal of at least
@ time units everyP. In essence, the task is reserved a fraction of the @PY @/P. This approach has been
successfully applied to the problem of scheduling sevgrag of resources in the resource Kernels project [30]. A
very effective implementation of the Resource Reservatierbased on the use of aperiodic servers [2]. By using a
small enough value foP we can approximate to a reasonable extent and with a cadrollerhead [13] the fluid
flow allocation of the scheduled resources assumed in our Infde Section Ill). Similar approximations can also
be done using a proportional share scheduler by changingeéights and operating on the scheduling parameters.
Therefore, both a resource reservation and a proportiorsakstcheduler could be used as a basic layer for our
adaptive scheme.

c) Design of distributed real-time application$he problem of designing scheduling parameters for didtibu
real-time applications has received a constant attentiohe past few years. Interesting methodologies can be found
in [5], [16] for hard real-time transactions and in [22] fasfisreal-time applications. In all of these cases, the
author come up with a static assignment of the schedulingnpeters. In this paper, we make the point that a
static design can be inefficient (or even impossible) wheri@dfons are time-varying. Therefore, we decompose
end-to-end constraints into locabntrol goalsrather than into static parameters. The local controllezsttaen used
to achieve the control goals operating on the schedulingrpeters.

d) Adaptive QoS controlMany papers in the past few years propose to operate resallomation based
on a constant monitoring of the QoS experienced by the atjwit. The application, in principle, can run almost
unaware of the underlying ongoing adaptation. In [11], théhars propose to adjust the scheduling priorities to
maximise the performance of a set of feedback controlledsevidiise, in the networking community adaptivity is
expected to play an increasingly important role. An exanplgL5], where routing decisions are optimised based
on a monitoring of the experienced QoS.

More similar to the framework considered in this paper are tecent papers [17], [21] based on the Q-RAM
framework [29]. The idea is to associate each task with a ousiidity function relating the resource consumption
to the Qo0S. An on-line optimisation problem is then solved dmpute the optimal assignment of resources. Our
work differs in two main points. First, we restrict to a clagsapplications for which the QoS is solely related to
the latency, whereas in the cost function advocated by theesiof QRAM several dimensions for the QoS can be
considered in the cost function. Therefore, we trade geitbefal accuracy taking into account such aspects as the
interaction of the different tasks composing an applicat®econdly, algorithms based on Q-RAM typically entail
heavy-weight computations whereas our control schemedresga few algebraic operations and is then applicable
on every task activation.

Focusing on soft real-time applications, in [24] the aushase an EDF scheduling algorithm trying to dynamically
adapt the deadline miss ratio. In contrast, our QOS metre,stheduling error, is related to the maximum delay
accumulated with respect to the end-to-end deadline, rdltfa@ on the probability of missing the deadlines. This
allows us to perform a very fine control on the finishing time dfativations of each task, based on a well-founded
dynamical system model.

Very much related to our approach is the notion of real-rakeeduling, proposed in [34], [20], where a controller
is used to regulate the progress rate of each task. The psogitesis defined as the difference between a time-stamp
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associated to a computation and the actual time this coripuita performed at. An interesting generalisation of the
real-rate approach to pipelines of tasks is in [35], wheeesatthors consider a simplified model for the interactions
of the tasks (which does not describe the behaviour of thiesys overload conditions). In our case, we base our
model on a QoS metric (thertual scheduling erro), which is different from the real-rate approach becauss it
referred to the execution of an entire job (rather than topttogress of the task). Moreover, the model is applicable
in all workload conditions. Another related paper is [25haxe the author considers a feedback control scheme to
regulate the utilisation of distributed real-time systei@sir work differs in two respects. First, our purpose is to
control the QoS rather than the utilisation (although orfectfof the presented controller is to track the resource
requirements of the task). Second, the control approactemies in [25] is centralised whereas the one presented
in this paper is distributed.

The main ideas underlying our approach were first introducefB]rand developed in [4], [28]. In these papers,
the authors use a scheduling algorithm (the CBS [2]) basednoaperiodic server, which implements a resource
reservation scheduling policy. The budget associated tb easervation is used as an actuator in an adaptive
scheme. In these papers, the authors restrict to a singlarees whereas in this paper we generalise to pipelines
of tasks. Preliminary results on the design of a task comtrddr strong QoS guarantees have been presented in
[27].

e) Architectures for QoS controMany papers have considered the problem of QoS adaptationdrsoftware
architecture point of view. For instance, the use of adaptdechniques inside general-purpose Operating Systems
is discussed in [31]. Some authors propose instead to persaurce adaptation in a middle-ware layer [38], [14],
[18], [33]. The latter work evolves around the QuO [23] middlare framework, which is particularly noteworthy
for it utilises the capabilities of CORBA to reduce the impaf QoS management on the application code. In
this paper, we do not explicitly deal with software architeal issues, even though the practical feasibility and
effectiveness of our techniques have been shown for theZléresource in the context of the AQUoSA project [1],
[13].

[1l. SYSTEM-LEVEL DESCRIPTION
a) Application model:We consider a finite set of applicatios4() }. Each applicationd®) consists of a
pipeline of n(* tasks A% = gr(lvi),...,r(”“)’i) , which are pairwise connected by uni-directional buffars (
Section VI we discuss possible extensions). For the tasksdept a data-flow model of computation as described
in [26]. The k" token arrives at the input buffer of task’:?) at timea,(j""), for being processed by Job,g g (Kt
instance ofrU:9) that starts at times,(f’ ) and finish at timef,gj’ i), instant in which the token is placed into the

input buffer of the next task in the pipeline,(cj“’i) = f,gj’ ) See Table | for a notation summary.
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Figure 1. Example showing the activation pattern of the jobs and the notation.

A task can be implemented by an infinite loop that cyclicallgd® a token from the input buffer, processes the
token and outputs the result onto the output buffer. Wherirtpet buffer is empty, the task is blocked waiting for
a token to process. This is simply implemented blglecking readoperation. In our model, write operations are
non-blocking, and tokens cannot be lost. As shown next &) upper bounds on the computation delays introduced
by our framework allow us to implement this loss-less and-blmtking semantics by using a limited number of
elements in a FIFO queue.

For notational convenience, we will henceforth omit theuperscript when the discussion refers to a single
application, as shown in the second column of Table I.

Example Figure 1 shows an example of the activation pattern of the foba single application. The bottom line
reports the execution of the first task in the pipeline, whads jare periodically activated. For the second task in
the pipeline (top line), job],EQ) cannot start until job],gl) finishes and produces thé" token. On the contrary,

J,gi)l starts right afterJ,f) finishes becausel,gr)1 has already terminated by that time and the+ 1) token is
already available.

b) Real-time constraints and QoS guarante€®r the purposes of this paper, we will restrict to periodic
applications: the source feeds the tokens into the inpuebuff the first taskr(!) with a regular periodl’, as
shown in the example in Figure 1. Actually, our framework tates a limited jitter on the time instant at which
the k" token enters the pipeline, with respect to tdeal time (k — 1)7. It triggers a chain of computations
that eventually produces its result at tir]ﬁé"), n being the length of the pipeline. We require that this chdin o

computations be terminated within a maximum Iatem:yf,g") < ag) + D.

For applications receivingtrong QoS guaranteeshis bound is invariably respected. For applications ivéog
weak QoS guarantegéaving a latency lower tha® is the nominal work condition; in response to a system
overload, the delay can become larger, but it remains belowpgper bound and when the overload finishes the
nominal condition is restored.

¢) Resources and Schedulingor their execution, applications share a pool of resouftes {R1,...,Rr}
of possibly different kind. Each task’-?) is assumed to perform its operations using a single resbufté (r";"
denotes the set of tasks () that use resourc®,). Every job J,EW) of 709 uses the resource for a Resource
Usage Time (RUT) denoted b;iw) that generally changes for each job. This is the time needatiéjob when
it is allocated the entire resource capacity. For each respuwe assume the availability of a scheduler allowing
one to decide the fractioh’” " devoted to jobJ\").

We allow for changes in the bandwidﬂﬁ”) on a job per job basis and even during the job. To preserve the
properties of the scheduler, though, we require that thellwatth assignments respect the followiaghedulability
condition at any point in timet, the total amount of resource allocated to jobs active aé tinand using the

For resources different from the CPUs, we assume the overall utatignal overhead due to their management by the competing tasks
is bounded and may be accounted for by considering a reduced tdtac@pacity.
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Figure 2. An example scenario of the addressed problem. Sevelalans are organised as pipelines of tasks sharing a pool of resourc
Each resource is managed by a scheduler and by a controller thaesl¢legd scheduling parameters based on QoS measurements.

resource, has to be lower than its capacity. Formally:

VR, € R,Vt 3 b < . (1)
1,7,k : r(i) = p
AP <t < fO 0

The capacityC, < 1 is related to the efficiency of the scheduling algorithm. Rwtance, scheduling solutions
based on the Constant Bandwidth Server (CBS) [2] or on the Piopate Fair (Pfair) [6] scheduling attain full
resource utilisation (i.e., on a single processgr,= 1).

d) The control architecture:The control architecture proposed in this paper is describdéigure 2. Each
application is horizontally represented as a chain of taskere each task is drawn on top of the resource it uses.
For each resource, besides the scheduler, we can find anoadtlisoftware component calletbntrol | er,
whose purpose is threefold: admission test, run-time taskraol, supervision.

When a new application requires admission into the systehas to specify: the period, the maximum latency
D, and the minimum guaranteed bandwidth that each task cangptise application requires for the resource it
uses. As shown below, these levels can be chosen accorditig teequired level of QoS (weak or strong). An
application is admitted into the system if the guaranteendidth its tasks require on each resource does not
invalidate Condition 1. This way, the scheduler is able torageproperly and the negotiated QoS levels can be
dynamically guaranteed to the applications. The lattemclegsults from the application of the control theory we
developed, as detailed in Section V.

If the application is admitted into the system, the contrigiosthms hosted on the different controllers are
configured and the different tasks can be started. The runitsie controller interacts with the scheduler: using
the data collected by the operating system upon each stdrtesmination of a job, it formulates a bandwidth
request for the next job. Finally, based on the bandwidth esguof the different task controllers, the resource
supervisor decides the actual bandwidth allocations thspect Equation (1).



There are several architectural solutions for designingdaimiware that implements this machinery. For instance,
the admission test can be carried out in a centralised or iistaldited way. Moreover, the QoS specification of
the application can be exposed to the application or extgratiached to it by a wrapping middle-ware component
(as shown in [14]). A critical issue is how to notify the startd/or the termination of a job to the framework. We
simply propose that the task explicitly performs some catlshe start and end of each job, in the spirit of the
architecture proposed in [13]. In this paper, we do not makespecific commitment to any architectural option.
Rather, we focus on the description of the QoS control gyasad its formal properties.

IV. FORMULATING THE CONTROL PROBLEM

In order to safely define a control strategy for this systemsfasvn in Section V), we need a dynamic model.
To this end, we use a state-space approach, where eachatipplis associated with a difference equation:

€rt1 = f(€x, ck, br) ()
wheree;, = [e,(cl), e e,i”)]T is a vector of state variables;, = [c;”, e cg"‘)]T is the vector of external (non
controllable) inputsb;, = [b,(:), . b,ﬁ”)]T is the vector of command variables. The symbolefers to thek!”

token entering the pipeline. The non-controllable inputsthe RUTs required when processing the token through
the different stages of the pipeline. The vector of the cominariables consists of the bandwidth values used on
the different resourceR (), R, ..., R(™ for the jobs generated by tHe" token.

In order to substantiate this model, we need to: 1) identipitable vector of the state variables for the system,
2) formulate the control goals by translating the QoS spextiios into a desired equilibrium condition for the
state-space trajectories, 3) identify the state tramsitimction f, which analytically describes how the command
variables affect the evolution of the system. Control desighounts to designing a control law that operates on
the input variabled; to keep the system in the desired equilibrium and restone dlase of perturbations.

a) The state variablesin order to quantify the temporal evolution of a task, we adtice for each job a
temporal referencet,(j). Because of the periodic activation of the pipeline, we @srsperiodically spaced out
temporal referencesf,j) = (k+ j — 1)T. Now, we define thescheduling erroras a state variable that quantifies
the distance of the job termination from the temporal refeee

Eg, i) a IEJ} ) _ 400 (3)

The arrival times of the tokens at the first stage of the plpdmaeassumed to be equal to an ideal tifhe- 1)7T,
plus a jitter&, (which is0 for perfectly periodic amvals)ak 2 (k—1)T +&,. Contrary tOE,(c , & is not actually
part of the system state. In fact, it is an exogenous termrabpg on the evolution of the surrounding environment.

b) Dynamic model:The evolution of a single pipelined application can be désdriby a discrete event model.
Consider thek*" token produced by the data source, which determines thegubst activation of thé!” job for
all the tasks in the pipelind(l), ce J,i"). The pipeline state can be described by a vector of variag)leshere

each component is the scheduling ereﬁ? that the ;' element of the pipeline experiences when it processes
T
the token:e;, = e,(gl), e e,ﬁ")} . Due to the “fluid flow” allocation model of the scheduler, andguasing for

simplicity a constant bandwidtb\,(j) throughout the execution of the job the time instaﬁt) in which J,Ej) will

write its output into the output buffer is simply given b&%]) = s,(j) + 2 m Since thek! job of 7(9) can start

only after both the(k — 1)** job of (/) and thek!" jOb of 70~ have been completed (performing their write
operations into the buffers), we can erig = maar:{f,C 1 f,j b } (for the first stages,(c) = maz{f (1)1,% 1.
The resulting evolution model for the state of each taSk is described by the following recursive equations:
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where, for notational convenience, we introduced s$hart error a,ij) = s,(cj) - t,(jzl as the difference between

the start time ofJ,EJ) and the temporal referen@%@l. The function above substantiates with a precise and well-
founded expression the general model described in Equazipnvhich we will use in the sequel whenever we
need a compact expression for the state evolution. As a quaesee of this formulation, the set in which each
state variable ranges ieé]) >infy & — jT.

The model is easily generalisable to the case in which thevaatid allocated to a task can be changed during

a job. For instance, if job],gj) executes forc,(j)1 units of time with bandwidtrbg)l, for c,(j)Q units of time with

bandwidthb,(j)Q, ..., for c,(j)s units of time with bandwidtrbg)s, with >7%_, c,(j)f = c,(j), then its scheduling error

is computed as:

O _ ) N~y 0, o
=0l +) gy ~T=ol 4y T
f=1%k,f k

where we introduced thequivalent bandwidtﬁ,(j) as the weighted harmonic average of the used bandwidthszalue
b 2 i) S ey /5.

c) Control goals: In typical real-time distributed applications the endetud deadlineD is decomposed into
partial deadlines for the different tasks of the pipelinee Thoice of these deadlines is orthogonal to the problem
considered in this paper. In our setting, the choice of tredliges for each task simply corresponds to a set point
€= [E(l), E(Q)‘, e é(”)], for the state variables. Ib > nT', a convenient choice for the deadlines are the temporal
referencesd,(j) = t,(j). In this case the set point for the state variable is singb¢ 0. Maintaining the state in
a neighbourhood of the set point allows us to combine theetspf the end to end latency constraint with an
efficient utilisation of resources (finishing the job too easly.t. its deadline corresponds to a waste of resources).

For a given set point, an ideal feedback law is a relatipn= u (e;) such thate = f(€, cx, u (€;)). However,
this goal cannot realistically be achieved for two reasd)swe do not have am priori knowledge ofcl(j), at
the time each bandwidth,(j) is decided; 2) the limitation of the resources restricts plssible choices of the
scheduling parameters. A _

We cope with the first problem by introducing a variability g&d?,g]) for eachcfj) variable, which is dynamically
provided by an external component, thiedictor. We will denote byP;, a vector of intervals such thaf) € P,gj).
Hence, the control value is decided on the basis of the custateand of the expected variability range fa,.

In control theoretical terms we have an “unknown-but-badiddisturbance term.

Concerning the resource limitation, we assume that theragit can rely on a minimum guaranteed bandwidth

Bg) on each resourc®,.,) (that may at most equal the resource capac€lity,), for a given application. Also,

Bop = [B(Ol), e Bg‘)r will denote the vector of these minimum bandwidths. As dethin Section V-E, these
assumptions can be enforced by an appropriate admissidrotpolicy.

Because of the uncertainty in the prediction and of the mesolimitation, our desired equilibrium is stretched
from the set poing to a (small) set containing it, whose size is related to tghttiess of the prediction. This is
illustrated through the conceptual trajectories depiategigure 3: for applications receiving strong QoS guarasitee
we require that the state trajectories (marked as (a)) bayalveontained in a sdt (the inner rectangle); for
applications receiving weak QoS guarantees, the statetaajes (marked as (b)) are allowed to leave the equilibriu
set, but they have to be bounded in a larger enclosing setofiter rectangle). Also, we allow an application
originally accepted with a weak QoS guarantee to be swittbedstrong guarantee if the workload of the system
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Figure 3. Example trajectories. (a) Application with strong QoS guarattieestate is constrained in a neighbourhood of the origin. (b)
Application with weak QoS guarantee. (c) Transition from weak to stron§ Quarantee.

decreases (e.g., due to the termination of an applicatiorthis case we need the ability to drive the system state
from the larger set into the inner one (trajectory marked@ys

We can express formally these concepts, adapting from [8];

Definition 1: L is robustly invariant froml for the closed loop system ¥ky, if €, € I thene, € L Vk > k.

If L =1, then we simply say thdk is a robustly invariant set (RIS).

Definition 2: Given a natural numbeH the setl is robustly H-stepsattractive from L if Vko, if €, € L then
e, € LVEk e [k}o—i— 1, ko + H — 1] andekU+H el
The definitions translate the different type of QoS guarariteéesduced at the beginning of the section (see Figure 3)
in terms of closed loop stability properties. Namely, theiseariance ofl describes the desired behaviour of an
application with strong QoS guarantee, while the invaaotL from I corresponds to the weak QoS guarantee.
Finally, the attractivity ofl from L is needed to allow transition from weak to strong guarantée.qualify these
properties by the adjective “robust”, because they are raolst despite all possible variations of inside Py.

d) Design parametersGiven our notion of stability, the specification of the cohigoals corresponds to the
specification of the setbandL and of the number of stepd.

As far as the geometry of and L is concerned, we will restrict to hyper-rectangles so tlhat $cheduling
error of each stage of the pipeline is constrained in anvatel £ [—e(®), EO] x ... x [—e™, E™)], where
D e [—eW, W], andL £ [V, LW] x ... x [-1M, LM], with —() < —el) < pO < 1O,

To understand the convenience of this geometry, considapplication with strong QoS guarantee and set point
€ = 0, and choose the s#tso that,Vj, ¢) = ¢ > 0 and EU) = E > 0. By choosing the extremal poitf, we can
decide the maximum delay that each stage of the pipeline ufer,swhich is obviously related to the acceptable
QoS level.

The extremal point is associated to resource consumption: a large value foeans that the task has received
too much bandwidth leading to an early completion. Also theasure of the segmefte, E] has an important
significance. Indeed, by choosing a small segment we can eethe output jitter of the application. More
importantly, the extremal points of the interval can alsorbkated to the amount of memory required for the
buffers, as shown in the following:

Theorem 1:Consider a pipeline consisting aftasksr(!), ..., (") and assume that the jitter in the production
of the first token is always smaller than the periggd| < 7'/2,Vk. The following statements hold true: 1) If
V3, Vk, e,(j) < E > 0, then the number of tokens at t}i# buffer of the pipeline is upper bounded b | +j +1,

and the bound is tight (in the sense that there are cases ahwhs attained). II) Ifvy, Vk, —e < egj) < E, (with
e > 0 and E > 0) then the number of tokens at th#& stage of the pipeline is upper bounded WJ + 2.

Proof: See Appendix. [ ]
This result is interesting in many respects. The first inforaraii carries is that if we are able to contain the
scheduling error of the different stages below a boilthdhen we are able to use a finite number of buffers (for
which the theorem provides a tight bound) preserving the@enttes of our model of computation (which is based
on non-blocking writes). The second important fact is thiatye are also able to impose a lower bound on the
scheduling error then, even with a moderate length of thelipip, we can have substantial memory savings as
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Figure 4. The control scheme adopted in this paper. We zoom in one dasiolter to show its internal structure.

compared to the case in which only the upper-boithis imposed.

V. CONTROL DESIGN
A. Generalities

The system described in this paper is comprised of differeftivare applications that evolve independently and
asynchronously from each other. Moreover, the differesikgaof a single application are loosely synchronised due
to the use of intermediate buffers. Therefore, the diffecemponents of the state vector are measured at different
times (in the state vectas;, index k refers to a token and not to a time instant). These considertiictate
a decentralised control scheme, as shown in Figure 4: essghurce controllerconsists of asupervisorand of a
collection oftask controllers A

Control decisions are taken at tistart time of a new job](J) according to the following scheme: 1) the task
controller acquires the start tlméj and the RUchC )1 of the previous job, 2) the predictor uaécé to update its

state and produce the rangé” = [h(]) ,ij)} in which c,(C) is expected to fall, 3) the task controller applies the
control algorithm computing a range of acceptable bandwﬁ}g”) = [B(L”)(a,(j), P,E ), Bl(q)(a,(f), ,g ))} for J,S ),

this request remainactive until the end of the job; 4) the supervisor assigns a bantﬂw\ﬁﬁf to J,gj) and possibly
changes the bandwidth allocated to the other tasks resgectndition (1) and ensuring that a minimum bandwidth
B(OJ) is grantedwheneverrequested. Our scheme is decentralised since resourcevisgpe do not communicate
with each other, and so task controllers do (the only compaiian is between the task controllers operating on a
resource and the supervisor that manages it). As shown despite this loose interaction between the components,
their actions fulfils system-wide control goals.

In the sequel we will primarily focus on the design of the tasktrollers, whilst we will only show a simple
supervisor design, reserving an evaluation of alterngpiessibilities for future work. Likewise, the prediction
techniques for the time series of RUTs is mostly out of the saoipthis work. For the sake of completeness we
will provide a short description of the algorithms we usedsiction VII-c.

B. The task controllers

The first point to address for the design of the task controfienaw to produce a range of bandwidth values
Z/Ilgj) = [B(L])(a,(j), P,g])), Bg) (a,(j), P,i]))], such that choosing the bandwidth inside this range, roiouatiance
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of I is achieved. Since it does not make sense for a task conttolenoose a bandwidth greater than the capacity
Cyu, we introduce a saturation constraiﬁg) < B](\],), with B](\J,) < Cro-

To simplify the statement of the theorems and their proofs,make some assumptions. The first one is that
the setl is an hypercube, i.e., the target variability range for tbleesluling error of all tasks in the pipeline is a
common interval—e, E]. The second assumption is that- £ < T', which is perfectly reasonable as we want
to constrain the scheduling error into a small set. Finallg, agsume that the activation jitter is also constrained
within the interval[—e, E]. These assumptions simplify the statements of the theoretosvkand their proofs.
Under these assumptions, a controller achieves robustiamez if and only if it chooses the bandwidth in the

range [B(Lj), Bg)] :

H}EJ) - H)Ej)
) T+E¥ £7) if —e< Ul(qj) <T+F— ij)
bi = BY () Hy
I, if o) >T+E—- 28
hy () hy) ©
40) T i —e<o)) <T—e— 5
: ()
" B]({,) if o,Ef) >T —e— ;’;'j)
This is shown in the following:
Lemma 1:
[) A control algorithm attaining robust invariance b= [—e, E]™ with e + F < T exists if and only if:
1 —
e+ E>T < O‘) : (7)
«
; ; ()
with o £ minj—i ., {infk {ag)}} , a,(j) £ sz).
II) Any such algorithm must assign bandwidth values in thegeadefined by Equation (6) with
, N 16
G) - supp HyW  H )
N = T T ) ’ » T (8)
This range is non-empty under conditions in Equation (7).
Proof: See appendix. [ ]

Lemma 1 provides conditions for the correctness of the taskralter behaviour when it operates in isolation and
all its bandwidth requests can be granted. When task ctersare used in combination with resource supervisors,
different QoS guarantees are be provided depending on theugieed bandW|dthB(Z) [B(O1 23 ...,B(O”“> Z')].

In particular, in Theorem 2 and in Theorem 3 we will provide adovound for the components of vectBl(
to provide respectively strong and weak QoS guaranteegewvitiilTheorem 4 we will show how to switch among
them.

C. Global QoS guarantees

The following result clarifies how the task controller and tbpexvisor, if configured with appropriate parameters,
may interact achieving the robust invariance of alset[—e, E]".

Theorem 2:Consider an application controlled by the set of task cdlet® defined by Equatlon (6), acting
under the action of resource supervisors granting a setmfmim guaranteed bandwidths {)B } Then, robust
invariance ofl £ [—e, E|" is attained iff, in addition to Conditions (7) and (8), théldaing holds:

7(5)

HT ,j=1,...,n. (9)
Proof: This result is a rather straightforward implication of Lemmarteed, any bandwidth assignment in the

range identified by Equation (6) guarantees robust invariafdeIn order to guarantee that the supervisor always

allows f(or such an assignment, the minimum bandwidth QUaamB(O”) needs to be greater than the saturation

value B

BY >

]\J,) identified in the Lemma, which leads straight to Condition (9). [ ]
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Remark 1:Condition (6) identifies a family of stabilising control lawEhe supervisor can choose one element
of this family according to different trade-offs. For inste, the vaIudS( 7 is the most resource demanding choice
but it also tolerates small errors in the estlmatlonH;f preserving the upper bound &f for ¢ On the other
hand, the valueB(L’) is the choice that most likely tolerates small errors in tegneation ofh,(C preserving the
lower bound of—e for e,(;), keeping the allocation of bandwidth at the bare minimum ireguto achieve the
desired QoS goals. The middle pomt of the range represered tgade-off between robustness against imprecise
estimation of both:(J) bounds andB(J

Remark 2:1t is easy to show that robust invariancelois preserved also if the supervisor changes the value of
the bandwidth during the job execution, as long as its valways belongs to th B(J) B(J) range identified by
Condition (6). This is a straightforward consequence of thi#on of equivalent bandwidth intfroduced in Section IV-
b. The same remark also applies to the results presented.below
If the minimum bandwidth guaranteed to a task by the supenisslower than prescribed by Condition (9), then
robust invariance cannot be guaranteed any more, sinceotitition of the theorem is necessary. However, robust
invariance ofLL from I may still be preserved, as shown in the following:

Theorem 3:Consider an application controlled by the set of task cdietr®defined by Equatlon (6), acting under
the action of resource supervisors granting a set of mininguaranteed bandwidths ¢f3 1) }. If, in addition to
Conditions (7) and (8), the following ones are met for angetel/:

‘ (4) ~(7)
B(o”zsup’“M%" 0 AL o1, (10)

then Robust Invariance di £ [—e, LW] x ... x [—e, LM] from I £ [—e, E]" is ensured, witht") £ E +
Jj(M —1)T.

Proof: See Appendix. [ ]
Based on this result, a weak QoS guarantee can be providée ifntnimum guaranteed bandwidths exceed the
upper bounds of the average resource requirements over mgniawvie horizon)M . The maximum deviation from
I is proportional toM and to the pipeline length.

D. Transitions between guarantee types

The transition from strong to weak guarantees takes placeresu#t of the supervisor decreasing the minimum
guaranteed bandwidth from the values required in Theorem thdoone required in Theorem 3. In this case,
the continuity between the two levels of guarantees deffinaa the very definition ofL.-invariance. The reverse
transition, from weak to strong guarantees, is far lessals/i The next states sufficient conditions under which
the setl is robustly attractive from an outer skt assuming that at some point in time the available bandwidth
switches from the value required in Theorem 3 to the one reduir Theorem 2. _

Theorem 4:Let the assumptions of Theorem 2 hold true for the vector of antaed vaIuesB(J), assume

~(3)
02 M (T max; Bm) > 0, and Ietc(” denote the supremal of the moving averages]\@fconsecutlvec(])

O
sampIeSC(’) £ supy, i S cklh Then,I = [—e, E]" is m-steps attractive fronk = [—e, L|", with L > F and
sz[ L — F —T + max; %) /0+n-‘ .
Proof: See Appendix. ° |

The key point of the theorem above is that, starting from aduleg error greater tha#, if we only assume that
the guaranteed bandwidTBg) is set as required in Theorem 2, then the scheduling error cainorease but it

is not guaranteed to decrease. This situation occurs in tst\wase scenario in which the RUTs are all set equal
to c(J) H,ff) = HU). In contrast, the condition identified in the theorem ab(¥e- 0) ensures that over a time
horlzonM the average availability of bandwidth strictly exceeds tbguirements, thus guaranteeing a reduction
of the scheduling error of an amount lower boundedhiself. Thanks to this property, this last theorem is able
to identify the number of steps: required to move back intd, that clearly increases with the gdp— E (i.e.,

the distance to cover), with the length of the time horizdnand with the length of the pipeline. On the contrary,
increasingd accelerates the convergence.
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E. Resource supervisors

In order to provide QoS guarantees to an application, easburee supervisor has to be able to guarantee a
minimum bandwidth whenever a task requires it. The stratagpgsed here is based on the combination of a
negotiation phasend of arun-time policy In the negotiation phase, repeated every time a new afiplcanters
or exits the system, the supervisor decides whether ancapiplh can be admitted to the system and with what
guarantee type. The run-time policy decides how to share @aneiidth among conflicting requests.

Negotiation phase Consider the set of applicatiogs= {A®*), A ... AL} already running into the system,

along with the vectors of bandwidths guaranteed to t B]%? } = { [Bg’i), s B(O”m’i)} }'_1 L A new

applicationA(“+1) may be accepted into the system only if the vectoBg“), chosen according to Theorem 2
if strong guarantees are required, or to Theorem 3 if only wgakrantees are required, satisfies the following
admission test N

VR, € R, > By <C,.

i€{1,2,...,L+1},5er™;?

We can also admit applications with no QoS guarantee atetlirfg Bg) = 0), for which the performance depends
on the system workload and on the ability of the feedback tbamm the bandwidth unused by the guaranteed
applications.

The information on the minimum guaranteed bandwidth requlig each application can derive from prior
executions or from trial benchmarking runs. The decisionhantype of guarantee that each application can receive
can be static, or dynamic. In the latter case, for applicatiaccepted with weak guarantees, it is possible to raise
their guarantee as long as the workload of the system peiinits

Run-time supervision policy
Assume, for the sake of simplicity, that at most one task ohepplication can use a resoufge and letG, be the
set of indices associated to applications that use it. Wilight abuse of notation, we can say that the controller as-
sociated to each tasi&r’ D in A® usingR, requires at time a bandwidth in the rang (Li) (1), B}? (t)| and is guar-

anteed a minimum bandW|dtB( ) The supervisor has to guarantee4t) at least)” (t) £ min {Bg), B(Li) (t)} .

min

Let the residual bandwidth, () be defined a$,(t) = C\. — >, mm( ). The bandwidth assigned to each task

is thenb® () 2 b (1) + min{Bg)( ) — b (1), = (1(2?7)(’;; )b<(7)) ())b,.(t) . Therefore, each task receives a

min

bandwidth of at Ieasb(i) a(t). In absence of overload}_,; ; (B (‘)( t) — b(J) L(t)) < C,), each task is granted
the entire extra requeﬁ(”( t) — ) (¢ (t), while, in case of overload_, ; (B BY )( t) — b9 (¢ (t)) > C,), the extra

mwn min

requests{lﬁ‘H (t) — 30 (t)} of all tasks are simply scaled down according to the avalabsidual bandwidth on

min

the resourceé,(t). In any case, the bandwidth received by the task is in the r{a@% , H) (t)} .

F. Scalability

The approach that we propose is inherently scalable forrdiftereasons. First, in our decentralised approach,
each controller focuses on the evolution of a single taslksatation. Therefore, its complexity is not affected by
the number of stages in the pipeline. The computational Idadtask controller is very low, most of its complexity
actually residing in the predictor. As discussed in the $athon section, it is possible to obtain very good results
even with predictors requiring no more than a few algebraierations. Second, the resource supervisors are
distributed and, in their run-time evolutions, they onlynswler the requests of the tasks running on a specific
node. As discussed for a single resource in [12], effectiygesvision algorithms can be implemented with constant
complexity with respect to the number of tasks.

VI. EXTENSIONS OF THE APPROACH

The assumptions made in Section V-B on the choice of the irefvee?), EU)] do not invalidate the applica-
bility of the approach to more general cases, but make thensent of the theorems and their proofs much easier
to read.
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Figure 5. Examples of tree topology (a), DAG topology with balanced (o) anbalanced (b) concurrent branches.

As far as the model of the application is concerned, the te¢hht we found on the pipelines, can be generalised
to other types of topologies. First of all, consider a treeotogy, directed from the root to the leaves. The root
receives the input token with a periodicify; and each father, upon the termination of a job, forwards @kert to
all of its children. Each path from the root to a leaf can be gitwf as a pipeline associated to a maximum latency
constraint. The model in Equation (4) is still applicable. hdex for our control strategy to be applicable as well,
we have to be able to choose a partial deadline, for each wdskh is compatible with the end-to-end latency of
all the paths traversing the task. This way, we can conslgtehbose a target sét-e, E| for the scheduling error
of each task and apply the control strategy presented atadorg( with the analysis in Theorems 2, 3 and 4). In
the example in Figure 5.(a), if the latency frafhto N2 is greater thar27’, the latency fromR to N4 is greater
than 37 and the one fromR to N5 is greater thanlT’, we can choose a set point for the scheduling error equal
to 0 for all tasks and a common target sete, E] for all.

Similar generalisations can be done for some Direct Acycliap@ (DAG) topologies with split and join points
(see Figure 5.(b), Figure 5.(c)). In this case the semantic gflia point is the same as for the tree topology. The
semantics of a join point is that the task can be started ifhathming jobs have produced their result. Therefore,
our model may be extended by adapting the definition of the-stae of a task in Equation (5), to account for
the fact that a task joining multiple branches has to waittfier completion of the:‘" activation of all of them.

Concerning the algorithms for QoS control, if the concurienanches generated from a split point have all equal
length, then our results are easily generalisable. Foartst, in the example in Figure 5.(b), we can choose the
same partial deadlines for tasksl and N2 and the same target set for the scheduling errors of both.n\Vile
length of the concurrent branches is not balanced, the glsegion is not immediate. For instance, in Figure 5.(c),
N2 and N3 need to execute at the same timing/é$, thus their partial deadlines need to be shorter. This case
would need a generalisation of our methodology for dealintp wasks with different deadlines and target sets.
This is outside of the scope of this paper.

VIl. SIMULATION RESULTS

a) Simulation environment and model validationle simulated a mix of multimedia applications, consisting
of video decoders and MIDI sound synthesisers. The simulatfdhe video decoder has been made by modelling
the video-path of an MPEG2 decoder as a two-stages pipeliadirgt one acquires frames from the disk or from
the network and consumes a negligible amount of CPU and tlendemne decodes them through CPU-intensive
computations, drawing the decoded frames on the screen.ndiiel is a simplification of real applications such
as thef f pl ay video player. The MIDI sound synthesiser has been modelleal tam-stages pipeline, where the
first stage acquires MIDI events and builds the correspongaumnd frames, while the second stage records them
on the disk, or sends them through the network to the playblagice. This second stage was characterised by a
fixed frame size, so there was no need to actually attach aatientto it, therefore its performance is not shown
in the experiments reported below.

A very interesting aspect of the simulated workloads is thiesgantial fluctuation of the resource usage times,
due to the use of compression for the video decoder, and ofriabl@ number of active voices for the MIDI
synthesiser.

In order to perform the simulation, we constructed a digeetent simulator that replicates the evolution of the
model described in Section IV, alongside of the control dectiire described in Section V.
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The adherence of such model with the behaviour of a real RatfemBased scheduler was validated, considering
the CPU reservations as implemented within the AQuoSA arctite for the Linux kernel. We considered a periodic
task with a period ofi0ms and with a pseudo-random execution time ranging betwieess, and 25% of the
period. First, we executetld00 jobs of the task at real-time priority, collecting the seoge of execution times
{cr}. Then, we executed the same sequence of jobs using the Rese®ased scheduler, with a CPU allocation
randomly chosen betwedr2.5% and25%, with a fixed time granularity (i.e., server period) &f1s. The average
difference between the values of the scheduling error agpuated through the model in Equation (4) and the ones
measured in the experiment was th&8% of the average computation time, with a standard deviatiod.%.

This difference can be reduced by reducing the granularitthefreservation. However, this approach cannot be
pushed too far because the introduced overhead is invgreghprtional to this quantity (see [13] for more details).

Similar validations exist in literature for other resourdesr example, in [37] the authors present a disk scheduler,
implemented in the FreeBSD OS, approximating a fluid allocatiothe disk. Under appropriate assumptions on
the size of the read data chunks, the model of Equation (4) reagpblied.

b) Experiments set-upFor the video decoder, we assumed that the first stage readsathes from a disk
with a guaranteed rate of 10Mb/s. This value is remarkablyetatiian typical rates achieved in modern Operating
Systems using best effort schedulers, because the prowsiamdividual temporal guarantees to QoS sensitive
applications affects adversely the global throughput .[3#le RUTs of a job have been computed by simply
multiplying the frame size by the transfer rate. The secoadesis the MPEG decoder that consumes CPU cycles.
In this case, the RUTs used in the simulator were chosen equbktones measured on a real execution of the
ff pl ay playe? for the video decoder and tHfd ui dsynt h softwaré for the MIDI synthesis.

For the MPEG player, the task period was dictated by the peitgdof the selected videos” = 40ms,
corresponding to 25 frames per second. For both tasks wéfisdeg desired RIS of—e, E] = [—e(V), EM] =
[—e®@, E@)] = [-9ms, 9ms|. Therefore, the RIS size i$5% of the task period, which is perfectly acceptable
for this kind of application. For the different experimentge considered four applicationd™®, ... A®  with
the first three being video decoders associated to differielgovstreams, while4¥) being a sound synthesiser
playing a MIDI file. The relevant parameters of the applicati@re summarised in Table Ill. In particular, we
report the average RUFE|[c], the maximum moving average of 3 sampigsand the maximum samplaax c,
all normalised w.r.t. the application periods, setitons for the video decoders aridms for the sound synthesiser.

c) The predictor: The selection of a predictor for the application considerethis paper is conditioned by
conflicting requirements. On one hand, our theory is basecherassumption oéxact prediction (i.e.,c,(j’z) €
P,gm) = [h,(j’l), H,EJ’Z)] with probability one). This requirement would induce “latgezes of the intervalP,iJ’Z).

On the other hand, the minimum attainable size of the RISl&a to the infimum of the ratio " /i (see
Theorem 2). Therefore, to improve the performance of our odatr we needaggressivepredictions with small
sizes forP,g“). Moreover, the computation overhead due to the QoS contexdisito be negligible with respect to
the computation requirements of the controlled applicatio

Under these premises, complex structures like the one mexbén [10], are hardly acceptable. In contrast,
we used a very simple predictor, composed of two blocks: tist filock produces the prediction of a sample
(decorrelating the time series), and the second block naista range around the predicted point, whose size is
related to the observed accuracy of the point predictiom aveoving time horizon.

The prediction of the next sample in time series based on pasples is a very broad topic [9]. The simplest
predictor we can imagine is a moving average. However, theidered MPEG data set was composed of a sequence
of Group of Pictures (GOPs) of fixed length. Therefore, sampldbénsame relative position within consecutive
GOPs are highly correlated to each other. To account for flégstewe used a set of interleaved and independent
moving averages. In the experiments shown below, we wilbtkethis predictor a3/ M A — H — L, whereH is
the number of considered moving averages &nd the length of each moving average. This can be implemented
by using H circular buffers ofL. elements.

The auto-correlation structure may be fully exploited byngsa FIR filter, whose coefficients (taps) drained
to minimise the square error. In order to keep the predicteerhead sufficiently low, we did not use on-line
adaptation of the FIR coefficients. Instead, we made an dff-tiptimisation of the taps by using a training set

2More information at the URL: http://www.ffmpeg.org.
3More information at the URL: http://www.fluidsynth.org.
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Table Il
COMPARISON OF THE PERFORMANCE OF DIFFERENT ALLOCATION SCHEES ON THE FIRST(A) AND SECOND (B) PIPELINE STAGE

| Experiment || p® [ E[] | maxel” | EpV1| | Experiment || p® | E[?] | maxe?® | ERpY] |
Fix. 1+30% 21.66% | 135.5% | 301.2% | 14.58% Fix. 1+30% 26.52% | 153.9% | 320.3% | 13.40%

Fix. n+50% 24.02% | -18.79% | 58.6% | 16.83% Fix. n+50% 21.62% | -12.60% | 47.5% | 15.47%

Fix. u+70% 20.20% | -33.28% | 26.9% | 19.07% Fix. u+70% 11.56% | -30.63% | 3.10% | 17.53%

[ Pl0.10-0.25 | 27.9% | 5.7/5% | 2061% | 11.17%] | _ PI-0.10-0.25 || 40.0% | 9.29% | 173.0% | 5.28% |
AS 100% | -0.033% | <1.50% | 11.56% AS 100% | -0.037% | <1.50% | 10.71%
FIR-12/24-87.5 94.93% | -3.92% 30.4% | 12.10% FIR-12/24-87.5 95.68% | -2.01% 26.6% | 11.32%
MMA-12-3/24-87.5] 90.67% | -4.19% 17.1% | 12.03% MMA-12-3/24-87.5] 99.51% | -4.77% <1.8% | 11.21%

(A) (B)

composed of a few movies with characteristics similar to dhes used for the final experiment. We will denote
this predictor as*'I R — L, where L is the number of taps. The on-line execution of the filter in ttdse requires
2L — 1 algebraic operations (scalar product between the coefficiegctor and the sliding samples vector) plus
the insertion and extraction operations from the circulaffds. Depending on the value df, the complexity may
become considerably higher than in the case of MMA.

Clearly, the best performance can be obtained when usingdicpoes that exploit a deep knowledge of the
application. One of such examples was recently propose82hfpr MPEG decoding. The prediction is not based
on the history, but is produced through a quick parse of tamé. We implemented this application-specific predictor
(labelled as AS), and used the produced prediction tracesrre ©f our simulations. We obtained precision and
overhead figures similar to the ones of [32]. In particular,geé an excellent accuracy (we measured a maximum
relative error below 15%), paying the price of a non-negligicomputation time for the predictor (5% of the
decoding time).

For the sound synthesis, a very effective predictor is treetbat exploits the advance knowledge on the number
of active voices that have to be synthesised at each soumz freo as to adapt accordingly the resource allocation
right before starting to synthesise each frame. In factunexperiments we measured a cross-correlation between
the number of active voices and the frame synthesis timdsehithan98%.

Concerning the resource usage times on the disk, in addidme M/ M A and F'I R predictors described above,
we assumed availability of an application-specific predithat has an exact knowledge of the frame size at the
very start of the frame load operation, e.g., reading it idiaely from the very first bytes of the frame header.
However, also in this case we assumed a relative varialofityearly 15% for the loading time, because, even with
algorithms providing guarantees, the disk throughput meyb& uncontrolled fluctuations due to the pattern of
requests coming from other applications.

The second predictor block considers a moving windougbast errors done by the sample predictor. The range
is then obtained by computing the upper and lowgrercentiles, wher&V andx are configurable parameters. This
technique, which may be implemented very efficiently for fixatles of the parameters, eliminates possible outliers.
In the presented experiments, we will append to the preditdone a /N — z” suffix to denote the parameters
used for the range computation, e.§,M A — 12 — 3/24 — 87.5.

d) Single application with strong QoS guarantedst this paragraph we report the result of a batch of
experiments for a single application with strong QoS gui@es Our purpose is to expose the performance of
the task controllers, ruling out possible interferencesnfrthe supervisor. The average RUTs for the considered
application are reported in the second column of Table pp(&ation A?2).

In order to have a baseline for assessing the performanceroéantrol schemes, we performed a first set of
experiments with fixed bandwidth, with values ranging froigtdly above (+30%) up to considerably above (+70%)
the mean value of the resource requirements. The resultshavensin the top rows of Table Il, where the (A)
side refers to the first stage and the (B) side to the secondTdmeefirst data column (labelled a§)) reports the
experimental probability of the scheduling error beinghiitthe target RIS, which can be used as a performance
metrics. The probability attained with fixed allocation sclesnwvere consistently below 27%, meaning that for most
of the times the application received too little bandwidMs. we can see in the™ column of the table, with a
fixed allocation equal to 1.3 times the average requiremeatget high values for the average scheduling error.
Therefore, the system had transient behaviours with signifidaviations from the target RIS. Indeed, the maximum
error experienced by the system was more than three timgsettied ¢"¢ column). To understand this point, we
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report an excerpt (600 frames) of the temporal evolution lnctv the resource usage times are significantly above
the average value (Figure 6.(a)). In this case a fixed allataifol.3 the average requirements was not sufficient
to accommodate the temporary requirements and the schgderdior reached very high values (as shown in the
first curve of Figures 6.(b) and 6.(c)). The large fluctuation m soheduling error corresponds to a highly varying
latency, which is certainly a very annoying effect for thewun the other hand, when we increased the allocated
bandwidth, we got large (in absolute value) and negativedaimg error. This is shown in th2"¢ and 3"¢ data
row of Table I, where e.g., a fixed over-allocation of the 50€hiaves an average scheduling error of -18.79% on
the first stage and of -12.6% on the second one. The effect islaiswated by the experimental PDF in Figure 7,
which exhibits a compression to the left when we increasebtredwidth reducing the probability of staying in
the target RIS. In practical terms, this corresponds to aef@stise of the resources and to a reduced utilisation
of the system.

The evaluation of the adaptive schemes was made considéffimgpdt predictors. First, we used th&5 predictor,

where the predicted range has been built around the prddiaraple by considering the maximum relative deviation
of 15% achieved by the value predictor over a set of sample tracas.rébulted in a predicted range that always
contained the resource usage time of the next job. In this thayconditions required by Theorem 2 were perfectly
fulfilled. As far as the width of the range is concerned, thisdictor attained a value far(?) = inf}, a,(f) >0.7.
The size of the RIS was consistent with the valuesydf and «(?), according to the statements in Theorem 2.
Therefore, the experimental probability of having the sciied error inside the RIS was exactly 1. Furthermore,
the maximum and the average error is suggestive of an ewnlofithe scheduling error tightly constrained around
the null value.

We evaluated the robustness of the scheme with respectasiooal violations of the assumptions of the theorem.
To this end, we applied general purpose predictors: for itheovdecoders)/ M A — 12 —3/24 — 87.5, consisting of
12 independent averages of 3 samples each (the stream had &®¥ of 12 elements), and/ R — 12/24 — 87.5.
Moreover, the size of the RIS corresponds to a value ef 69% that does not account for some isolated spikes
of the ay, sequences (less than 5% of the predicted ranges had, aa hy/Hj ratio below such value on the
considered traces).

The performance of the control algorithm with the two differgoredictors is shown in the last two rows of
Table Il. The probability of staying in the RIS remains wellbab 90% notwithstanding the occasional failures in
the prediction, and the maximum error is always beBWo. It is interesting to look at how the scheduling error
is distributed inside the RIS (see Figure 7). The PDF is mosthcentrated around the null value and the tails are
very short. It is remarkable that this significant improvetmeith respect to static allocation is obtained with an
average bandwidth request very close to the average reagmts of the application.

The improvement achieved by the adaptive scheme on the tain@arlution is shown, in the same segments
of 600 samples considered above, in the second curve of Bigufe) and 6.(c), where it is possible to see how
the adaptation quickly reacts to the temporary incremerithefresource usage times. In a small number of steps
the scheduling error is reduced to a value close to 0, whi¢hdsRIS centre.

Finally, we compared the performance achieved by our teclenigith the one achieved through a switching
proportional-integral controller, where each controlueais computed as a linear combination of the value output
at the previous step and the scheduling error of the last dlve {a detailed discussion may be found in [4]). We
tuned the poles of the controller as = 0.10 andz2 = 0.25 (thus we label it a1 — 0.10 — 0.25). As highlighted
in the corresponding row of Table II, this controller keepe taverage scheduling error very closeOtgbelow
10% in absolute value), with a somewhat limited deviation, whieould be impossible with a static allocation. As
shown in Figure 7, the performance of this controller resgitise poor when compared to the one achieved by the
control strategy proposed in this paper, which has a sinsibanputational complexity.

e) QoS Supervisor and multiple applicationsfe also simulated the concurrent run of all the three apjitioa
AWM A and A®) | in order to gauge the effects of the interaction betweendaskollers and resource supervisors.
In this case, it was impossible to provide strong QoS guaemnto all applications, since the sum of the worst-case
bandwidth requirements on the first resource wa$4@f78%, exceeding the maximum resource capacity0f).
Therefore, we chose to provide strong QoS guarantees onlyetdirst application, and weak QoS guarantees to
the second and third ones. As a result, based on Theorem 3¢hikduding error&,(f’z) and ef’g) are allowed to
roam within an interval set upper bounded by= E + 47 = 169ms. With this choice of QoS guarantees, the sum
of guaranteed bandwidths a8&.18% for R, and78.87% for R, both below the total capacities (see Table I, in
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(a): segments of temporal traces for the RUTSs. (b) and¢beduling error obtained with a fixed bandwidth 30% greater than
the average RUT, and with an invariant-based controller with a MMA-12-8/25 predictor, for the first (b) and second (c) stages.

which the guaranteed bandwidths assigned to the applicatice shown in boldface).
In the simulation, we used our control scheme with bothAlsepredictors and thé' I R—0.7/24—87.5 predictors

introduced in the previous subsection. The results of thaulsition are reported in Table IV. When controlling

with the AS predictors (top half of the table), the performamnf the applications with strong guaranteds!) and
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Figure 7. Scheduling error experimental PDF on the second pipeline, stétfp different bandwidth allocation strategies.

Table 1l
PARAMETERS FOR THE MULTFAPPLICATION SCENARIQ. FOR EACH TASK, ALL PARAMETER VALUES ARE EXPRESSED RELATIVELY TO
THE PERIOD.

y [ AT [ AP T A9 [ AW | Tot. |
| T [ 40ms [ 40ms [ 40ms [ 10ms [ - ‘
E[¢V] | 8.18% | 11.14% | 4.46% - 23.78%
&V ] 22.91% | 26.55% | 16.33% - 65.79%
max ¢ | 44.30% | 58.33% | 40.15% | - 142.78%
E[¢”] | 10.82% | 10.30% | 12.16% | 3.70% | 36.98%
&P | 17.20% | 17.46% | 849% | 14.42% | 57.57%
max ¢y | 27.88% | 30.74% | 22.60% | 25.04% | 106.26%
Table IV
RESULTS OF THE SIMULATION FOR THE MULTFAPPLICATION SCENARIOQ, IN THE CASES OFAS (TOP HALF) AND FIR (BOTTOM HALF)
PREDICTORS

Q) &) 1@ e
QoS guarantee strong weak weak strong
Prob{e” € [-e,E]} | 100% | 99.92%| 99.77% | -
max ¢ <1.50% | <2.50% | <1.50% | -
Prob{c”) € [-e,E]} | 100% | 100% | 100% | 100%
max ¢ <1.50% | <1.50% | <1.50% | <1.50%
Prob{e\”) € [—e, E]} | 91.07%] 89.61% | 90.91% | -
max e’ 50.8% | 303.1% | 578.0% | -
E[al"] 83.40% | 83.60% | 85.40% -
Prob{e?) € [—e, E]} | 95.83% | 98.20% | 93.00% | 98.03%
max €. 29.5% | 213.8% | 344.0% | 31.19%
E[a?)] 79.77% | 80.56% | 84.61% | 83.36%

AW | is not affected by the presence of the other applicationkérsystem
of keeping the scheduling error within the RIS is 1, and th&imam scheduling error is below.5% of the task
period. On the other hand, the two applications that werergoanly weak guarantees exhibit a lower performance.
With respect to the results reported in the Table 1l of sutised/Il-d, in which the application was run in isolation,
we have a slightly lower probability of staying in the RIS andegradation also in the maximum error. Both effects
are quite moderate (e.g., the maximum scheduling errorirentgelow3% of the period), because heavy overload

conditions are not frequent.

. Therefore, the experimental probability

Switching to a different scenario in which a FIR predictor (bot half of the table) is used, the average
performance measurements are not heavily degraded. Itide@dobability of remaining inside the RIS is decreased
by an amount close td0% (for the first stage) and to 5% for the second one. More intieigstre the effects on
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the maximum error. In this case, we can see that the deviatidtie applications with strong QoS guarantees are
below 51% for the first stage and below 30% for the second sggzh deviations are due to the wrong predictions
that invalidate the assumptions of Theorem 2 but are sensibgller than the ones undergone by applications with
weak QoS guarantees. The maximum error remained below thedbestablished in Theorem 3 even in presence
of wrong predictions.
As a concluding remark, not only do the experiments preskint¢his section validate the theory of this paper,

but they also display a very good degree of robustness of riigoped scheme with respect to unmodeled effects
or of partial knowledge of the parameters of the application

VIIl. CONCLUSIONS AND FUTURE WORK

In this paper, we have shown the application of a feedbackraiter to the problem of dynamic allocation of
resources to time-sensitive applications consisting pélmes of tasks.

The use of a scheduling mechanism that approximates a fluitignairtg of the resources enables the definition
of a precise dynamic model for the system. This is used to desfgedback controller that provides QoS guarantees
on the closed loop system performance.

There are many important open issues, which will motivatertutresearch efforts. A first obvious direction is
the implementation of the framework in a real architecturethe context of the AQUOSA project, we already
implemented adaptive resource management techniquekddCPU. The extension to other types of resources is
currently under way. Another line of research regards tlseurce supervisors. In this paper we have considered a
very simple scheme, but the task level adaptation techaigiewn in the paper can very well be adapted to different
and more general techniques. Another direction we planvestigate is the possible integration between a resource
level and an application level feedback. Finally, the extamtso more general topologies than pipelines, briefly
introduced in Section VI, is also to be seen as a natural extend the framework. We believe that the modelling
effort and the results provided in this paper can offer a daumderpinning for these future developments.
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APPENDIX
SUPPLEMENTAL MATERIAL
A. Proof of Theorem 1

Proof [Theorem 1]:
[CLAIM 1] Consider a pipeline composed ¢ftasks. The tokens that entered the pipeline in a generic time
interval [0,¢] are those ones associated to jobié) with arrival time less than or equal to: a,(:) < t, e,

(k—1)T+¢& <t < k< L J + 2. In the same interval, the tokens that already exited thelippe
are at least those ones associated to johsf the last taskj for which the temporal referen%” plus the
maximum delayF, is less than or equal to (assumel > jT + E for the sake of S|mpI|C|ty)t D4R <t,ie.,

(j + k: ~-1)T+E <t < k< |[=E]|-j+ 1 Introducing the symbols: £ =£ — |.=2£]| € [0,1], and
y2 L [iJ [0, 1], for the maximum numbeN J)( t) of tokens still in the pipeline, comprising the one possibly
belng computed at th¢" stage, we haveNW () < | L] +2— |ZE | +j-1=E+j+y—z<EZ+j+1. The

claim follows considering tha(?)(¢) € N.

In order to show that the bound is tight consider a possibkr@ion where the first incoming tokens are
executed very quickly (in a time lower than an arbitrarilyadhreal numberd) by all the tasks in the pipeline,
except thej one, in WhICh they finish with the maximum allowed dela‘)f ) +E={+k—1)T+E.In
this situation, at tlmq‘ = jT + E, the number of tokens in the pipeline from the first to i buffer is given
exactly byj + [£].

[CLAIM 2] Consider a generic task') in the pipeline withj > 2. At a generic time instant under the
hypotheses of the theorem, the tokens that have been idsettethe j** input buffer are the ones processed by
one of the completed jobs of task’ ). These jobs are contained in the set of the jbtsich thatt(j_l) e <t.
Recalling that(] D= = (j+k—2)T, this setis given by{k € Ns.t.k < &~ +£+2—j},i.e.{k € Ns.t.k < |G|+
2—7}. Similarly, the set of tokens that, at timehave not yet been output, are at most those for whicht £ > t.
This set is given by{k € Ns.t. k > ZEF +1— 5}, which is equal to the setk € Ns.t. k > | £ | +2—j}. Overall,
the set of tokens that can be in t}ffé buffer task at time (including the one which is possibly being processed), is
given by{k € Ns.t. ['=£|+2—j < k < |55 |+2—}. Focusing for the sake of simplicity to the case E+;T,
the cardinality of the set is upper bounded B¢ | — | £ |. If we introduce the quantities = the — | L2e| € [0, 1]
andz £ =£ — |I2E| €0, 1], the cardinality is upper-bounded By — w — £ + 2 < ¢2£ 4 1. Considering
that it is restricted to be a natural number, we come up wimupper-bounc{#J + 1.

Focusing on the first stage= 1, the tokens already arrived at timere, as said above, those oriefor which
k < |#] + 1, which are included in the seftts.t. k < |%-¢| + 2 — j}. Hence, we can apply the same reasoning
shown above and obtain a conservative estimation of the auwhtokens in the buffer.

The case < E + 571 may be handled in a similar way. [ |

B. Proof of Lemma 1

To prove the Lemma, we need some preliminary results.

As a first step, we offer necessary and sufficient conditiongdbust invariance ovea single stepand fora
single stage. ‘

Lemma 2:Let Z denote the interval-e, E] (with e + F < T)) and consider the joti,gj) of task (7).

1) There exists a bandwidth assignment guaranteeingeiﬂaez A VO’,(Cj) €1, VC,(f) € P,gj) = {h,(j), H,gj)} , if

1— a(k)

and only ife4+ E > T e )
2) The bandwidth aSS|gnments guaranteeing these propargesniquely identified by the range defined in

Equation (6) |fB #

Proof: Consider jObJ( 7 of task 7). In view of Equation (4), we can haveéj) €[—e, E)iff T—e— a,ij) <

b(]) <T+E- ( /) Sincee + E < T and we are interested in values cqj’j) < I, it is possible to re-write this
<j)

<j) ; ; ;
condition asm <V < T AS ¢t is not known, and it may take any value in the rage’, 7],
the only possibility “for the controIIer not to violate laguation is the choice of a bandwidth value belonglng to
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. ) ; )
the intersection of all the ranges corresponding to anyiplessalue ofc(” e. % < b,(j) < 7 by Gy
g €e—0y

Such a choice exists i# + a(])E > (1-— a,(j))(T — oV )) The latter condition must hold for any possible value

of the start tlmea,i) we are interested in. So, the flrst claim is proved by obser\magd is allowed to take

values in the rangé-e, E]. The proof of the second claim is obtained for alby observing that, in the interval
a,Ef) € [—e, E], the variability range forb(’) identified above is identical to the one in Equation (G)Blfﬁ,) does

(7)
not saturate the lower bound of the range, i. er\f} > %, where the most restrictive condition happens

when a,g ) —E. u
As a second step, the following provides sufficient condgiéor ensuring robust invarianaeer a single-stefor
the entire pipeline

Lemma 3:Suppose the system state for {fie- 1) token is in the invariant set,_; € I. Then, any bandwidth
assignment in the control range defined in Equation (6) gueeaj, € 1 Vc, € Py if the following conditions

hold: .
{6+E >4T(1 (?) )

H(])
max;e(1.n} {Bm } <T

wherea!’) £ minjcr; {041(5)} :

Proof: Proof is obtained by proving the following stateméi’ﬁ) by induction on the stagesof the pipeline
(spatial induction):
e,(j)l eIvlie{l,...,j}

e+E2T(1 f;;?) for j=1,2,n
H(l)

maxje{1..j} {B“) } <T

b,(f) € u,g”w e{l,...,5}

Vie{l,....j}, v e PP Vet

S](gj) : =

For the base inductive cage= 1, note that hypothesis in the left-hand sidesﬁ) and the system model in
Equation (4) imply thab,(gl) € T = [—e, E], hence the statement fgr= 1 of Lemma 2 may be applied, proving
the truth of statemenf,(gl)

For a generigj > 2, supposeS,il) holds for anyl € {1..5 — 1}, and suppose the assumptions&é‘f) hold. The
inductive hypothesis ensures that, applying the proposetta law to stageg1,...,j — 1}, ensure&,gj_l) S
This fact, along with the system model in Equation (4), guwamhab,g) € 7. Therefore, the statement fgr> 2
of Lemma 2 proves the truth cﬂ’lij).

Finally, the Lemma proof follows by observing that its stateimeorresponds tG,ﬁ"), with n equal to the number
of stages of the pipeline. ]
We are now in condition to offer the proof of Lemma 1.

Proof [Lemma 1]:

[CLAIM 1] First, we focus on sufficiency, which may be proved by choosingabitrary value fork, and

proving the following statemenf (k) inductively for anyk > kq (temporalinduction):

Y
max; {maxhe]ko K 5@ } <T

)
S(k) : e+E2T( (]’;0")]’22 =

Ao,k

Vh €lko, k]by € Uy

Vh E]k‘o,k] Ve € P, ep €1

Wherea,(i)k = mMing ek, k] agj), andlf is the vector of control ranges defined in Equation (6).
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Consider the base inductive case= ko + 1. The left hand side of statemefitk) corresponds to the hypotheses
of Lemma 3. Therefore, we can conclude thate 1.

For a generid, assumeS(k—1) holds. Then, under the conditions of the left-hand sid8 @f— 1), the proposed
control law leads ta_; € I. This condition, along with the left-hand side of statem#gft), allows us to apply
Lemma 3, proving the truth of (k).

For the induction principleS(k) is true forany k > kg, hence the sufficiency claim is proved.

Concerning necessity, in Definition 1 robust invariance tneed to hold for eaclky. Therefore, i)f we consider
(1 € .
only a smgle evolution step of the state vector frégto ko + 1, Lemma 2 requires—> < B](\}), H}O < B](\?) and
()

e+ E>T (aﬁ‘“ as necessary conditions to guarantee thQat, € I. Therefore, by considering any possible

value for kg, We “obtain that all of these conditions (at varyihg) must hold true, leading to the claim proof.

[CLAIM 2] The claim proof may be obtained by observing that the proposettol law produces a non-empty
bandwidth value for a gives andk pair iff conditions of Lemma 2 hold for that particular pairdlues. Now, the
claim requires that the proposed control law produce a moptg value for each possiblg and & values, which
happens iff conditions of Lemma 2 for each possipkend & values hold true. The intersection of these conditions
may be written as:

o
€+E>T5qu(l G ) J=2

sup,‘Hk) () .
e, B < BY j>1

Now, the theorem claim is obtained by observing that thetfunclea is strictly decreasing in the range€]0, 1],
a(J) _1—inf, a(J)

thUSSUPk m Gy u

mfk Qy

C. Proof of Theorem 3

First, we need the following preliminary result:

Lemma 4:Consider a generic stageof an application pipeline controlled by the set of task caoligrs defined
by Equatlon (6), acting under the action of resource supervigranting a set of minimum guaranteed bandwidths
of {BY}. Let E™ > E(=D > > EM > 0 be a set of reals such thaff) < EW. Assume that! ™" <
LU= Wk > ko (if j > 1) with L(J'*l) < EU) and that, for some integeV/, B(J) > c(]) = Supg iy ZZ:%FI %,
thenel) < LOWE > ko, with L) 2 EG) 4 (M — 1)T.,

Proof: The first step is to show that if at a given stepthe scheduling error starts from a value below the
EY) bound(e; G ) < EU)), then 1) it will return below the same bound within a time horizf M steps (i.e. there
exists a numbeh € [1, M] such thatefj)HL < EW) 2) during the time horizon of\/ steps, the scheduling error

cannot grow beyond.\?). A ‘

To prove the first fact, consider that, if for anye [1, M| Bg) > B(L]), then, by construction, the controller will
choose a bandwidth sA(]) p < EU) and the fact is verified. Therefore we can focus on the case inhahi the
controller receives a bandW|dth greater than or equaEBgﬂ but strictly lower thanB(Lj , 2) e n > EW for all
hell,M—1]. ‘ '

The latter condition also implies, for= 1, that ¢!/’ > 0, while for j > 1, that e\’ > LU-D > e(J .

ko+h—1 ko+h—1 ko+h
by hypothesis. Therefore, from the evolution model, we héat the j'* stage evolves without * ‘interferences”

from the stage/ — 1 due to the max in Equation (4). Hence, its state afiteisteps is upper-bounded by:

. , M ()
P = R+ B wir
h=1 Yh
)
< E(J)+ ’“0() — MT
h=1 Oj

IA
=
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(‘)
(where the last passage is due to the lemma premls@(ﬁnthat may be written a3 3" | g’(j; < MT).
To prove the second fact, consider that the maximum possifieduling error is upper- bounded by:

ko+h (])

—hT
€ko +, WAX { Z 2

Ay . l<:0+1B

whose maximum value, under the lemma premises, is attamt iworst-case scenario in whicj;’(i])+1 = Bg)MT

and c,(j) =0fork=ko+2,...,ky+ M. Therefore, this maximum value is upper-bounded®y) + MT — T.
The proof is ended considering all possible initial stéps [ ]
Now, we are in condition to offer a sketch of the proof of Theorg.
Proof Sketch[Theorem 3]J:As long as we choosé(]) < By, we havee(]) > ¢ =— e;” > —e. Under the

premises of the theorem this is always a feasible choiceefibie we can focus on the upper bounde§1a only.

The theorem proof is obtained by (spatial) induction on tHefang statement:

S(j):if vi<j BY > &V thene?) < E+ j(M — )Tk > ko.

Concerning the base induction cage- 1, Lemma 4 applies directly W|ttE(1) = F >0, leading toS(1).

Forj > 1, the inductive assumptiofi(j — 1) provides an upper-bound f@fj ,j D <E+({G-1)(M-1T.
Such value may be used &87) = LU= in the application of Lemma 4, Ieadlng to the truth $;).

By induction, we may conclude th&t(n) is true, what is equivalent to the theorem claim. ]

D. Proof of Theorem 4.

To show the Theorem, we will use two preliminary Lemmas regaydhe properties of the control range in
Equation (6) when it is used with the minimum bandwidth gutgad in Theorem 2. The first Lemma describes
some elementary properties of the controller when the sdimederror isoutsideof the robust invariant set

Lemma 5:Let conditions of Theorem 2 hold, and 18]” be the value of\” where BY) (c\), PY)) intersects

BY : Y éT+

1) if 6 > FY then —e < e,(j) <ol

2) if —e < a(? < F(’), thene( ) ¢ [—e, E).
Proof: Descends from the assumptions of Theorem 2 and from the oetistr of the control range in
Equation (6). [ ]

The second Lemma shows how the control law reduces the boundsich the scheduling error lies at each step.
Lemma 6:Consider a generié, and assume/j e,(jo) € [—e, L] with L > E, and that the assumptions of
Theorem 4 hold. Then:

1) the scheduling error is contained in the following set:
Vj, VN € [(j — 1)M, m]

El(c](;)-i—N € [_6, maX{Ev L — (L%J —J+ 1)9}] ’ Y

2) Vi, YN €1, (j - )M — 1]\ € [e, L].

Proof: Let FY) be defined as in Lemma 5. We prove the claim by induction on tlgestaf the pipeline. In
the first stagea,(fiN = max{0, e,(ft)JFN_l}. In view of the first property in Lemma 5 and of the evolution of the
system in Equation (4)51(:)“\, > —e is easily verified by induction oiV. As far as the upper bound is concerned,
we observe that, if for ang € [ko, ko+n] e,(C) < F( ) , then the claim is obtained as an immediate result of the
second claim in Lemma 5. On the contrary, assuming that fok all[ko, ko + V] 6}&1) > F,él), then we can use
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the minimum guaranteed Va|LléS) as a lower bound of the bandwidth assigned by the superviserefore:

N (D)
1 > h=1 Choth
sy Sty + =gt = NT
By
L3 ]M ()
(1) h=1  keth | N
=€, + —B(Ol) \‘MJ MT+
ZhN N A4 c/(i‘i)-‘rh N
R HIEL e
By

L3 ]M (1)
C
<) p Zhmt Swn | N
ko B(l)
O

N
<L-—|—|0
<t~ 3o

where the step before the last one is obtained observing dinat to the assumption QB(OJ), any term (J)) is
negative. This ends the proof of the property for the first stage

For j > 2, let us assume the lemma holds true for stagel. As a,i) = max{¢; G- 1), ek 1} and by inductive
hypothes,lse,(c -1 > —e, We havea,(j) > —e. Hence, in view of Lemma 5, we haw% > —e. As far as the upper
bound is concerned, faV < (j —2)M, as well as forN < (j — 1)M, the inductive hypothesis ensuréﬁfN < L.
This leads to the second lemma claim through an easy proof dyciion applying the first claim of Lemma 5.
Also, for N > (j — 1)M, the inductive hypothesis ensurq%H% <max{E, L—(|3] —j+2)0}. Now, if for
any k € [ko, ko + N e;) becomes lower than such value, then the property would bty easified for j. So we
focus on the case in which this does not happen thus thequegtage does not “interfere” with the evolution of
the stagej, because the upper bound fdj is always lower tham,(C )1 Therefore, forN > (j — 1) M, an upper
bound fore,(%)JrN is built as follows:

N (j )

() () Cko+h
o : 6k0+(j_1)M+h (XI;M 1 B(j) -
=(j—1)M+
o) SO
o+
< Gorgonu T DL o T

h=(j—1)M+1 By

_QZJ —j+1> MT

~(4)
(4) N . Cym
< L (3] ()
O
<

o= (|2 -+1)e

where the upper bound fm( 7 _qy, IS a direct consequence of the second lemma claim we alre@dgg B
Now we can give the proof ‘of the Theorem. '

Proof [Theorem 4]: As an immediate consequence of Lemma 6, we have that for aggﬁihe,gi) € [—e, L]
then e,(j) € [—e, L]Vk € [ko + 1, ko + m — 1] . Therefore, we have to prove tha ’7) € [—e, E], which in view

of Lemma 5, is true ifa(j)

(
By = Max {eg J;?)I, e,(jO)er 1} F,gjzrm =T+E - H’CO“” . This condition is verified

B(J)

o L-E-T+-1
it: L~ ([2] —j+1)0<T+E— L2 which is verified for allj € [1,n] if sz(e”Jrn). o



