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Abstract

This paper presents a discrete-time multirate technique
for the set-point stabilization of nonholonomic systems
in chained form. Global practical exponential stabiliza-
tion of the trivial equilibrium in the continuous-time
system dynamics is achieved, by using multirate piece-
wise inputs and an inter-sampling analysis. As a case
study, we consider the car-like Tobot stabilization prob-
lem. The control system quality is assessed through a
quadratic cost function associated to the multi-sampling
period. Robustness with respect to measurement errors
and switching delays is also investigated.

Keywords: Chained form systems, Discrete-time repre-
sentation, Practical exponential stability, Car-like robot

1 Introduction

Planning and control of nonholonomic mechanical sys-
tems [19] have been widely investigated in the literature,
due to their interesting underlying geometry, and the
consequent nontrivial stabilization problem, first pointed
out by Brockett [3]. Nonstandard approaches have been
then developed ranging from open-loop period control to
time-varying, and discontinuous feedback, see for exam-
ple [11, 4, 5, 18, 1, 20, 8, 13] and references therein.

Despite the rather large existing literature, robustness
issues [2, 7], which are instrumental in practical control
applications of nonholonomic mechanical systems [6],
have not yet been fully treated. In [12] the control design
of chained systems affected by smooth perturbations is
considered. Recently Jiang [10] proposed a state-scaling
and backstepping design to take into account nonlin-
ear time-varying disturbances in chained systems, and a
switching strategy to avoid singularities.

In this paper, we present a discrete-time multirate
control law for the set-point stabilization of nonholo-
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nomic systems in (2,7) chained form, namely

ifl = U (1)
To = U
.'ifi = Tj-1U1 i:3,...,n y

where x = [z1,...,2,)7 € R™ is the state vector, and
u = [u1, u2)? € R? is the control input vector. We
use both tools from discrete-time nonlinear control the-
ory [17, 16] and hybrid systems [14, 15] to synthesize a
multirate digital controller, which ensures global prac-
tical exponential stability of the trivial equilibrium in
the continuous-time system dynamics. The main idea
in the control design is to transform the original system
differential equation in a discrete-time representation,
first derived by Monaco and D. Normand-Cyrot [17],
which is equivalent to the original continuous dynam-
ics at the sampling times. Then a two stage design is
proposed. In particular the control input u; is sampled
at a lower rate with respect to wy, thus producing a
net motion which is time-invariant during the sampling
period. A multi-switching control law is designed for
the input us, which globally exponentially stabilizes the
state variables (zs,...,2%y). The time-invariant nonzero
net motion is guaranteed through a simple discrete-time
gain adjustment strategy and state saturation. Inter-
sampling analysis is performed using an approach pre-
sented in [14]. Moreover, control robustness analysis is
presented in case of small bounded state perturbations.
As a case study, we consider the car-like robot stabiliza-
tion problem:.

The paper is organized as follows. In Sect. 2, the
discrete-time representation is recalled. Sect. 3 presents
the multirate digital control law, stability results, and
the robustness analysis. In Sect. 4 the proposed frame-
work is applied to the car-like stabilization problem.
Robustness with respect to switching delays and per-
formance effects arising from the use of different multi-
sampling periods are investigated. In Sect. 5 the major
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contribution of the paper is summarized and future in-
vestigations are outlined.

2 Discrete-Time Representation
of Chained Form Systems

Consider the (2,n) chained system in Eq. (1). Chosen
a sampling period T' > 0, denote with § = E;—l the
sub-sampling period, where n indicates the dimension
of the state space. We associate to the continuous-time
axis t > 0, t € R, a multi-switching discrete-time se-
quence {tx;},k € N, I € (0,1,...,n — 2), defined as
try = kT 4+ 1. We apply to the (2,n) chained system
in Eq. (1), multirate piecewise constant inputs of the
following form:

u1(t) = ui(teo) te kT, (k+1)T) (2)

u3(tr,0) te kT, kT +6)

us(t) = 4 wylten) t e kT +16, kT + (I +1)6)

Uity n—2) tE[KT+in—2)8, kT + (n—1)4)

where the constant values uj{tyo), and u}(tx,.),k €
N, 1 € (0,1,...,n—2) are control parameters to be cho-
sen later. We briefly recall below the derivation of the
state representation of system (1) subject to the control
inputs as in (2). More results on discrete-time repre-
sentation of general nonlinear systems are reported, for
example, in [16] (see also references therein), where such
representation is derived by using Lie exponential series,
or by integrating the Volterra kernels which specify the
input-state behavior of Eq. (1).

Since u; (t) is constant during the sampling period T,
the sub-system given by the dynamics of the state vari-
ables x, = (z2,..., =) € RV yields the following
linear time-invariant system (LTI) in the time interval
[¥T, (k4 1)T) (for simplicity, the dependence on t;; is
dropped):

X, = Ap(u}) %, + brua(t) (3)

where A,(u}) € R~D*("=1) has the following expres-
sion

0 0 0 0 0 0

ur 0 0 0 0 0
A =17 , w0 0o ol @

0 0 ... 0 0 ... uf@ 0

and b, = [1, 0,...,07 € R(=D. The above LTI
continuous-time system is controllable if ] is nonzero.

Notice that the matrix A,(u}) has all the n — 1 eigen-
values equal to 0, and since the matrix columns are lin-
ear independent if ] is nonzero, the matrix kernel has
dimension 1, i.e. dimKerA,(u}) = 1, u} # 0. Inte-
grating the differential equation (1) over the sub-interval
[k,1, thi+1), the following discrete-time representation is
obtained:

Xe(tkisr) = Asxe(ten) + b5 ua(te) (5)
k €N, l€(0,1,....n—2) ,
where
1 0 ... 0 0
70 1 .. 0 0
45 = ep(A, (D) 0) = | "
B R X
=2 (n=3)7 uy 6 1
and
tr, 141
bs = / exp(A,(u}) (bk 41 ~ 7)) bprdr  (6)
th,t
1
u}é?

* (n— (n—1)
a7
Notice that Aj, bs depend only on the parameters u}
and 4. The discrete-time system in Eq. (5), together
with the z; dynamics described by: z1((k + 1)T) =
z1 (KT) + T'wi(kT), are equivalent (at the time instants
{tx.}) to the continuous time system (1) controlled by
the inputs (2). If u} # 0, the discrete-time represen-
tation in Eq. (5) is controllable up to particular val-
ues of §, see [17]. The discrete-time representation
can also be viewed as a family of LTI discrete-time sys-
tems {Si}, k € N, each one defined on the time interval
[kT, (k+ 1)T) and parametrized by «} and 4.

3 Discrete-Time Multirate Stabi-
lization

Consider an element of the system family {Sx}, k € N,
since the the system is linear and time-invariant, the
discrete-time flow is easily computed as

1
Xp (ke i41) = A((;H-l) Xr(t,0) + Z Af;] bs u3 (tk ;)
J=0

(7

Then, at time (k 4+ 1)T, the state variable z, has the
following expression

x,((k+ 1)T)

A x, (kT (8)

+ < AFTY by > wi(kT)
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where we have introduced the controllability matrix <
Ag(n_l),b(s > given by

<AV by > =[A7205 AT b b1 5 (9)

and the control input vector is given by uj(kT) =
(W5 (tk,0)s -, us(thn—2)]T € R™V ie. the collection
of the values of the piecewise signal us(t) of Eq. (2).
The family of LTI discrete-time systems {Sx}, k¥ € N
given in Eq. (8) is decoupled by the following control
law:

wkT) = < AT by >t (u(kT)

APV x, (kT))

where v(kT') € R ! denotes the re-defined control
input, and the controllability matrix is nonsingular if
u} # 0, up to particular values of 6, i.e. the values cor-
responding to the loss of controllability of the system in
Eq. (5) (see [17)).

Consider the LTI discrete-time system comprising the
#1-dynamics and the system (8) decoupled through (10):

(10)

o ((k+1)T) = xkDT)+Tul(kT)  (11)
x((k+1)T) = v(kI) ,
the following control law is proposed
W) = (0 - Do (k) (12)
v (kT) sat(||x, |, ¢, 4))
v(kT) = Ax.(kT)

where A; € (0,1), the matrix A € R(»=Dx(n=1) i5 con-
vergent, i.e. ||Al] < 1, the saturation thresholds satisfy
@ > ¢ > 0, and the saturation function is defined as

®
I (KT
¢

if (|- (*T)|| > ¢
if [jxr (k)| € (¢, ¢]

otherwise

sat(er(/fT)”@,j)_) =

Fixed the interval L.r* = [7_* » ¥, 7%, 7" € R sufficiently
large, define the threshold € > 0, and the incremental
step d, > 0. Define the scalar quantity

COMR) = I (O ~ Daa(kT)
— o sat(l (T, 3, 90| € R

(13)

the time-varying control parameter v*(kT"), k € N is
chosen according the following predictive updating strat-
egy: v*(0) = 7§ € I, such that C(vg,0) > €, and

To1 if Clyg_y,k) > €

(kT = 7}2—1 8y C(vj_i,k) < E and v;_; £ 4, € ﬁ‘
Ye—1— by C(’Y;_l’k) < €and ’Y;_l + 0y > y*
Vo1 F0y Clvi_p k) <€and 5, — 6y <

(19)
We are now in the position to state the following result.

Lemma 1 Consider the discrete-time system in
Eq. (11) controlled by (12). If the control parameters
T, 6y, € ¢ and ¢ satisfy the condition

2Te 7*—1*)
¢ ) 2 ’

6y € ( (15)

then the origin x = 0 of the closed-loop sys-
tem (11), (12) is globally practically stable, i.e. the
discrete-time x1-dynamics is globally exponentially ul-
timate bounded, and the discrete-time x.-dynamics is
globally exponentially asymptotically stable in the sense
of Lyapunov.

Proof:

As first step, we prove that the following condition
holds
Wi (T > € ke N (16)

Notice that |ui(kT)| is by definition equal to
C(y*(kT), k). For any k, if C{v;_,, k) > &, then v*(kT)
remains unchanged and equal to v;_,. Therefore, in this
case:

lur (KT)| = C(v"(kT), k) = C(vi_1, k) > €

On the contrary, suppose C(y;_;,k) < € the value of
~*(kT) is changed in:

Y (kT) = ve—1 £ 0y

where the sign of the 4, term is chosen according to
the above rule.

By using this parameter update the following inequal-
ity can be written for |ui (kT)|:

lur (KT')| = C(v"*(KT'), k)
(M = 1)z (kT)

(17)

1

7
. ) _

Yicrsat(ixl, B 8) + 2L sat(ll, 3, 6]

5 _
7 satlix.ll, &, )1 = Clyiy, k)|

Y

Condition (15), yields: |% &, sat(||x.||, ¢, )| > 2
Hence [uy (KT)| > |2 8, sat(|x]l, 8, 9))|-C(xi_,,k) >
€.

Since [u}(kT)| > €, k € N, the system (8) is decoupled
through (10) for every k € N. Then the use of the static
state feedback v(kT) = A x,.(kT), where A is convergent,
ensures that the origin x,, = 0 of the discrete-time z,-
dynamics is globally exponentially stable.
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The closed-loop z;-dynamics results:

:cl((k + 1)T) = Mz (kT)

v (kT sat(llx-l, 6,9)

this equation can be viewed as a asymptotically
stable linear system with a bounded perturbation
7*(kT) Sat(l|x’l'||7¢7é)7 in fact 7*(kT) € I’Y* =
[v*, 7], ¥ € N. Hence, the z;-dynamics is Bounded
Input Bounded Output (BIBCO). Moreover, the discrete-
time zi-dynamics is globally exponentially ultimate
bounded, in fact the perturbation converges exponen-
tially to y*(kT) ¢ as k — oo. It follows that z; con-
verges exponentially, at least, to the residual set |z;| <
(1= A~ max([7], [y ¢

(18)

O

To analyze the behavior of the continuous-time
dynamics (1), subject to the piecewise control in-
puts (10), (12), we use hybrid systems theory [14, 15].
The main result of this paper is the following.

Proposition 1 Consider the
chained system (1), subject to the piecewise control
inputs (10), (12), then the origin x = 0 of the
closed-loop system is globally practically stable, i.e. the
continuous-time z1-dynamics is globally exponentially
ultimate bounded, and the continuous-time z,-dynamics
is globally uniformly ezponentzally asymptotically stable
in the sense of Lyapunov.

continuous-time (2,m)

Proof:

We consider the continuous-time z,-dynamics in the
time interval [kT, (k + 1)T), k € N. Fixed t €
[T, (k+1)T), there exists [ € (0,...,n — 2), such that
te [tk,f’ tyi+1)> and the flow of x, results:

xp(t) = exp(Ar(ul) (¢ — kT)) x,.(kT) (19)
i-1 th,st1
+ 0y / exp(Ar (ul) (t — 7)) bpdr ub(tr.s)

s=0 Y1th,s
¢
+ /t exp(A,(uy) (¢t — 7)) brdrus(t,7)

The control law uj(kT), & € N can be rewrit-
ten as: u2(kT) = C(uf(ki ))xr(lcT), Clui(kT)) =
[Co(us (KT)), ..., Crnea(ui (KT)T € RP=Dx{r=1) "where
Cl(u(kTH)T € §R” 1 1=0,...,n—2 are the rows of the
matrix C(ui(kT)), which has the following expression

Cu(kT)) = < AFY by >-

477Y)

1 (A (20)

It follows that
X (t) = {exp(A,

+z/

t
i / exp(Ay () (¢ = 7)) brckr €7 () b (AT)
= D(uf,t) e, (kT)

where we have indicated with D(u],t) the matrix:

D(Uu t) = exp(A4, (u]) (t — k7))

l

(uf) (t - KT)) (21)

th,s41

exp(A,(u}) (t — 7)) bpdr C7 (u} (KT))

(22)

/ T exp(An (uf) (t — 7)) bydr CT (1 (kT))

th,s

t
¥ / exp(A,(uf) (¢ — 7)) bydr CF (3 (KT))
tk,?

Since u}(kT), k € N is bounded, and t € [kT, (k +
1)T) is also bounded, then the norm of the matrix
D(ut,t), t > 0 is bounded, and it does not depend on
the initial time to = 0. From the relation ||x,.(¢)|| =
1D (us, t) %, (RT)|| < [|D(ui, )| [Ix-(KT)||, and Lemma 1,
the origin of the continuous-time z,-dynamics is globally
uniformly exponentially asymptotically stable.

A similar argumentation shows that, since the
continuous-time z;-dynamics results:

|21 (8)] = |21 (RT) + ui (KT) (¢ — KT)| < |z (kT)| + w1 T

and, being z(kT), wui(kT) exponentially ultimate
bounded from Lemma 1, also z(t), t > 0 is exponen-
tially ultimate bounded.

]

Remark 1 Consider the (2,n) chained form system in
Eq. (1), it has been shown in [8] (see also references
therein) that, by using a nonlinear dynamic feedback con-
trol law, the chained form can be transformed in a linear
system provided that uy(t) # 0, t > 0. In our case, the
condition u1(t) # 0, t > 0 is satisfied by imposing a
piecewise form to this signal and by using the predictive
strategy in Eq. (14).

Remark 2 The result given by the above proposition en-
sures that the equilibrium x, = 0 is uniformly asymptot-
ically stable. From a known result from nonlinear sys-
tems theory, see for example [9], this kind of stability im-
plies stability under persistent disturbances (i.e. robust-
ness) acting as additive perturbation terms on the sys-
tem wvector field. Moreover, the scalar continuous-time
z1-dynamics remains exponentially ultimate bounded if
a bounded disturbance acts as an additive term on the
bounded perturbation v*(kT) sat(|x,||, &, ¢).
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Figure 1: Computation delays on the command variables
switchings.

4 A case study

The proposed technique has been applied to a case study
consisting of a car-like robot. The kinematic model is
nonholonomic and can be described by the following set
of state variables: q = [z, y, 8, ¢]7 € R? x.52, where
S? denotes the unit sphere. 2 and y are the Cartesian
coordinates of the rear axle, 6 is the angle between the
x axis and the robot axle and ¢ is the steering angle.

If the robot has rear-wheel driving, the kinematic
model turns out to be:

& cos B cos ¢ 0

) siné ¢ 0

‘z = sulﬁs ¢ v + 0 V2, (23)
g 7

é 0 1

where v; is the driving velocity referred to the front
wheel and vy is the steering velocity, and the control
input vector is denoted as v = [v1, ve]T € R

The system can be put in (2,4) chained form [8]. In
the rest of this section, we will present simulation re-
sults for a robot having I = 1m. The considered point
stabilization problem is defined as follows. The robot
starts from an initial configuration z(0) = 0, y(0) =
=5, 8(0) = 0, #(0) = 0, and the desired configura-
tion is the origin of the state space. The controller pa-
rameters have been chosen as follows: T = 7, \; =
03,A=0613 ¢ =e=0005¢=1, §, =14, 7 =15,
and 7* = —15. Such a choice for the parameters satisfies
the condition (15).

The control robustness has been verified considering
two types of disturbances (see also Remark 2). The first
problem is the measurement noise on the sensor read-

ings. To simulate its effects, we used four noise sources

producing stationary and normal processes, having zero
mean and 10~¢ standard deviation. Such processes have

been sampled with a Zero Order Hold (ZOH) at a fre-
quency of 1Khz. As far as the problem of the com-
putation delays is concerned, we modeled the control
system implementation assuming two distinct compu-
tation activities (threads): 71 and 72. The 7; thread
is activated at the beginning of every period 30; it
does the following actions:compute uj(tx0); compute
ul(teo), uh(te,1), us(ty,2) and store them into interme-
diate memory buffers; store uj into a memory location
whence it will be taken for continuously computing v;
and vz, until the next sampling period; trigger the exe-
cution of three instances for 75 thread; the first of them
is to be executed at the end of 77’s execution, the second
and the third of them are to be executed at time ¢ ; and
tro-

The i-th instance of the 72 thread just reads the value
u}(tr,;) and stores it into a memory location which is
continuously read in order to compute vo. The 7; and
T2 threads have uniformly distributed random execution
times, d; and d, respectively. The d; variable has been
assumed to be in the [0.02ms 5ms] range, while dy’s
range has been assumed to be [0.001ms 0.1ms]. We re-
mark that such ranges are quite realistic with respect to
modern computer architectures. The temporal behavior
of the two threads is summarized in Fig. 1. The simu-
lation results considered in this section are reported in
Figures 2, and 3.

5 Conclusions

In this paper, a novel approach for the set-point stabi-
lization of nonholonomic systems in chained form has
been presented. The multirate digital stabilizer uses
a simple gain adjustment strategy to ensure a nonzero
time-invariant net motion. Global practical exponential
stabilization of the trivial equilibrium in the continuous-
time system dynamics is achieved, by using piecewise
inputs and an inter-sampling analysis. As future work,
we are considering, both theoretically and numerically,
the stability and performance effects of activation fre-
quencies, and’ scheduling policy in nonlinear multirate
digital control systems.
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