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Many real-world systems exhibit higher-order interactions beyond pairwise links. Such interactions
are modeled by undirected hypergraphs where edges can connect any number of vertices, but without
capturing the directional nature of many real-world interactions. Directed hypergraphs overcome this
limitation by distinguishing source and target sets within each hyperedge, enabling analysis of
directional information flow. Here, we provide a framework to characterize the structural organization
of directed higher-order networks at their microscale. We extract the fingerprint of a directed
hypergraph, capturing the frequency of hyperedges with a certain source and target sizes, and use this
information to compute differences in higher-order connectivity patterns among real-world systems.
Then, we investigate the overlap among sources and targets to reveal recurring sets of co-sending and
co-receiving nodes. We define reciprocity in hypergraphs using exact, strong, and weak definitions to
quantify the extent to which hyperedges are reciprocated. Finally, we extend motif analysis to identify
recurring interaction patterns and extract the building blocks of directed hypergraphs. We validate our

framework on empirical datasets, including Bitcoin transactions, metabolic networks, and citation
data, revealing structural principles behind the organization of real-world systems.

Accurately modeling interactions among entities is crucial to understand the
properties of many complex systems. Traditional network models focus on
pairwise connections between nodes', neglecting the complexities of sys-
tems where multiple units interact simultaneously. Such higher-order
interactions are prevalent in various domains, including social networks’”,
folksonomies®, ecological systems’, chemical reactions® including metabolic
pathways’, and the brain'*"".

Hypergraphs'” provide a framework for explicitly encoding higher-
order interactions, representing them as hyperedges connecting multiple
nodes simultaneously. By preserving group-based interactions, they
improve our ability to understand the structures and dynamics of systems
with many-body interactions'*"*. Recently, a variety of measures have been
introduced or extended to capture the higher-order organization of complex
systems, including centrality''’, community structure' " and motifs’**.
Moreover, new models have allowed to describe systems’ evolution®**, and
highlight the importance of higher-order interactions in shaping emergent
behaviors in diffusion””, synchronization®™, spreading’** and evolu-
tionary dynamics”.

Most research has so far focused on undirected hypergraphs, which fail
to capture the directional nature of many real-world interactions. For
example, in a metabolic reaction, a set of reactants transforms into a set of
products’. Similarly, in a Bitcoin transaction, multiple source wallets may

transfer funds simultaneously to multiple target wallets. To accurately
encode such interactions, models must incorporate directionality into their
representations. In this sense, directed hypergraphs enhance modeling by
distinguishing between source and target sets in each hyperedge®. Tools to
study directed hypergraphs are largely underdeveloped, with notable
exceptions in areas, such as null models™, synchronization”, overlapping
patterns between two hyperedges of limited size™, and some early proposals
to define reciprocity’™*.

In this work, we introduce measures and tools to characterize the
microscale organization of real-world directed hypergraphs. First, we dis-
cuss a decomposition into fundamental interaction types: one-to-one, one-
to-many, many-to-one and many-to-many. We analyze empirical data to
count the occurrences of each interaction type, and use this information as a
signature to compute differences in higher-order connectivity patterns.
Then, for each node, we investigate the overlap among its source and target
sets, to extract recurring groups of co-senders and co-receivers. By exam-
ining this overlap and comparing it against randomized models, we aim to
reveal whether certain systems exhibit a more redundant organization,
where interactions frequently recur among the same groups, or a more
diverse structure with less overlap among participants. Additionally, we
propose new, computationally efficient definitions for reciprocity”' for
directed hypergraphs, namely exact, strong and weak higher-order
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reciprocity, designed to capture different patterns of bi-directionality in
empirical data. Finally, we extend motif analysis* to incorporate the
directionality of interactions, extracting recurring higher-order and directed
subgraphs. Our results suggest the existence of complex mechanisms of
feedback and reinforcement in the information flow among system units,
where pairwise interactions support the action of groups, and vice versa.

Results

Traditional graph models reduce directed group interactions into a collec-
tion of pairwise links, often leading to a loss of important structural infor-
mation about group organization and dynamics. For instance, reducing a
many-to-many interaction, such as SOURCE = {A, B} and TARGET =
{D, E} to a set of directed pairwise links (A — D,A — E,B— Dand B— D)
fails to capture the collective nature of the interaction, including information
about co-senders and co-receivers nodes. Directed hypergraphs preserve
both group-based structure and the associated information flow, allowing
for a more faithful representation of complex interactions. In such a fra-
mework, hyperedge direction is encoded by distinguishing between source
and target node sets, which we consider non-empty and disjoint. More
formally, we work with finite, simple, directed hypergraphs H = (V, E, s, 1)
onnode set V, where each hyperedge e € Eis an ordered pair (s(e), t(e)) with
s(e),t(e) C V, s(e)= T, t(e)# & ands(e) Nt(e) = . This definition
yields four canonical directed hyperedge patterns: one-to-one, where a
single source node connects to a single target; one-to-many, where one
source affects multiple targets; many-to-one, where multiple sources act on a
single target; and many-to-many, the most general case, where multiple
sources act on multiple targets. The analysis of the interplay and overlap
among these building blocks in real-world hypergraphs enables a char-
acterization of their microscale organization. Figure 1 illustrates this tax-
onomy on a toy directed hypergraph.

We analyzed datasets from multiple domains, including QNA (nodes
are users and forum posts are hyperedges), E-MAIL (nodes are users and
emails are hyperedges), BITCOIN (nodes are accounts and financial
transactions are hyperedges), METABOLIC (nodes are genes and metabolic
reactions are hyperedges) and CITATION (nodes are authors and hyper-
edges are paper citations)". Each dataset is encoded as a set-indexed adja-
cency tensor. In particular, we index the distinct source- and target-sets
observed in the data by {SD,}Z=1 and {Tﬁ}lz:l’ respectively, and define the
set-indexed adjacency tensor A € {0, 1}’ by A,z = 1 ifand only if there
exists e € E with S(e) =S, and t(e) = Ty (and Aaﬁ = 0 otherwise).
Whenever A,z = 1, we enforce S, &, Tp# (& and S, N T = .

Detailed descriptions and summary statistics of each dataset are
reported in Supplementary Note 1.

Patterns of directed hyperedges
A natural starting point to characterize directed hypergraphs across
domains is investigating the diversity in their patterns of directed hyper-
edges. For each dataset, we construct a hyperedge signature vectorv, which
captures the distribution of hyperedges based on the sizes of their source and
target sets (see Methods). Such vectors provide a fingerprint for systems
based on their higher-order connectivity patterns at the microscale. Fig-
ure 2a shows the hyperedge signature vectors for each dataset, considering
interactions up to size 6. To emphasize the role of higher-order interactions
in the analysis, we do not consider one-to-one interactions. We find that
one-to-many interactions dominate the E-MAIL dataset, reflecting the
typical structure of email communications. Similarly, in the QNA, many-to-
one interactions are prevalent, as these systems involve multiple individuals
responding to a question by a single user. In contrast, METABOLIC and
CITATION datasets show high abundances in many-to-many relationships
across a variety of source and target set sizes. Finally, BITCOIN dataset
exhibits more varied behavior, with abundant entries for both one-to-many
and many-to-many interactions, indicating different interaction types in the
network.

To further explore structural diversity across different domains, we
compute pairwise rank correlations among hyperedge signature vectors

using weighted Kendall’s 7 and apply hierarchical agglomerative clustering
on their correlation matrix. A correlation value close to 1 indicates similar
hyperedge structures, 0 suggests no relationship, and — 1 indicates the
structures are inversely related. The clustering procedure applied to the
systems’ correlation matrix results in a dendrogram that visually represents
their hierarchical relationships, highlighting the presence of clusters of
directed hypergraphs that share similar connectivity patterns. In Fig. 2b, we
show the correlation matrix and the clustering dendrogram. By examining
the correlation matrix, we observe a strong correlation within systems from
the same domain, indicating highly similar abundance in hyperedge
structures. In contrast, systems from different domains exhibit varying
degrees of correlation. Specifically, E-MAIL and QNA datasets are inversely
correlated, as they display non-overlapping and complementary con-
nectivity patterns: E-MAIL is characterized by one-to-many interactions,
whereas QNA primarily involves many-to-one relationships. The META-
BOLIC and CITATION datasets, which feature many-to-many interac-
tions, are positively correlated and form a distinct cluster. Interestingly, the
BITCOIN datasets also display positive correlations with the METABOLIC
and CITATION cluster due to a high presence of many-to-many interaction
patterns. However, they also exhibit a weaker positive correlation with the
E-MAIL datasets, reflecting the presence of one-to-many interactions in
BITCOIN.

Source and target sets overlap

The degree to which hyperedges share elements provides valuable insights
into redundancy, hierarchical structures, and information flow within the
system. In general, real-world systems exhibit a high degree of overlap,
indicating that recurrent and redundant interactions are a shared feature®.
Moreover, hyperedge overlap has been shown to widely impact the
dynamics of systems with higher-order interactions***".

In directed hypergraphs, nodes are frequently involved in multiple
hyperedges, either as part of the source or the target set. In order to char-
acterize and quantify this property, for each node, we measure how much its
incident source sets overlap and how much its incident target sets overlap,
and we compare with a null model, reporting source and target z-scores (see
Methods). In other words, we measure the extent to which nodes engage in
interactions with the same set of co-senders or co-receivers. Specifically, an
observed overlap associated with a z-score greater than 2 (i.e., statistically
significant excess overlap) highlights nodes that tend to participate in
structurally redundant interactions where the same groups of nodes fre-
quently co-occur in source or target sets. Conversely, a z-score less than — 2
reflects statistically significant lower overlap than expected, suggesting that
interactions are more diverse, with hyperedges being more distinct and less
likely to share members.

In Fig. 3, we show the distribution of nodes with a given overlap z-score
for source and target sets across domains, along with the fraction of nodes in
each region of the z-score space. The focus is on positive excess overlap, as
statistically significant negative excess overlap is very rare. The CITATION
dataset displays significant overlap for both source and target sets, showing
that (i) an author tends to preferentially work with known collaborators, and
(ii) an author tends to be cited repeatedly alongside similar sets of authors. In
the E-MAIL dataset, the excess overlap can be computed only for the target
sets, as the source sets always have cardinality 1. The overlap is significantly
larger than random, underscoring the hierarchical and broadcast-like nat-
ure of email communication. The BITCOIN dataset generally exhibits
nodes with high excess overlap in both source and target sets. However, the
presence of nodes with excess overlap values lower than zero implies that
certain participants in the network engage in interactions that introduce
more novelty rather than reinforce existing hyperedges. The METABOLIC
dataset follows a similar trend, with half of the nodes displaying significant
excess overlap for either source or target sets or both, suggesting that
metabolic reactions tend to involve recurring sets of substrates and products
and highlighting the modular nature of metabolic networks. QNA data
show a lower excess overlap compared with the other systems, indicating
that forum respondents are less likely to engage repeatedly with the same set
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A one-to-one [\ one-to-many A many-to-one /| many-to-many
Fig. 1 | Schematic of a directed hypergraph. Each interaction encodes a source set of
units acting towards a target set of units. We distinguish four types of directed
higher-order interactions: one-to-one (black), one-to-many (blue), many-to-one

(red), and many-to-many (green).

of co-responders. Since the target sets in this dataset always have cardinality
1, the excess overlap can be computed only for source sets.

Higher-order reciprocity

Reciprocity is a fundamental property of systems with directed interactions,
including social networks®. It traditionally refers to the tendency of the
system’s units to mutually exchange information. In directed graphs, reci-
procity is defined as

I

)

measuring the ratio of the number of bidirectional links (f) to the total
number of links (L). This measure is often normalized as

_r— (") am
Pam =1 (Mt
where r is the observed reciprocity in the network, and (r)x is the average
reciprocity in null model samples*’. It measures the difference between
observed and expected reciprocity by the maximum possible deviation,
bounding pny between — 1 and 1. Positive values indicate more reciprocity
than expected at random, negative values indicate less, and values near zero
suggest consistency with the null model. This normalization allows a more
faithful comparison and ranking of reciprocity across systems with different
scales and density"'. Recognizing its broad importance, recent works have
extended reciprocity to hypergraphs, accounting for the complexity of
having multiple nodes in both the source and target sets of hyperedges.
Among the recent approaches for hypergraph reciprocity, one method
decomposes hyperedges into pairwise links”, losing information about
group interactions. An alternative approach defines a more complex mea-
sure that diverges from the traditional binary definition of reciprocity at the
level of single links*. While this approach can capture different nuances, it is
computationally expensive and less straightforward to interpret, as it pro-
vides a continuous value instead of a simple yes-or-no answer to whether an
interaction is reciprocated.

Here, we introduce three simple and computationally efficient mea-
sures for higher-order reciprocity in directed hypergraphs, capturing dif-
ferent aspects of mutual interactions:

* Exact reciprocity occurs when an interaction represented by a hyper-
edge with a source set h and a target set ¢ is precisely mirrored by
another interaction with the source and target sets reversed. Formally,

two hyperedges e; = (hy, t;) and e, = (h,, t,) are exactly reciprocated if
and only if h; = t, and f; = h,. This is the strictest form of reciprocity.

* Strong reciprocity relaxes the previous requirement and allows source
and target sets to be reversed through a combination of hyperedges,
instead of requiring a direct reversal with a single opposite one. For-
mally, a hyperedge e = (h, t) is strongly reciprocated if there exists a set of
hyperedges {e;, e,, ..., e} such that the union of the target sets of
er, ..., ex is a superset of the source set i, and the union of the source sets
of ey, ..., e is a superset of the target set .

»  Weak reciprocity represents the most relaxed form of reciprocity and
requires only that at least one node from the target set of a hyperedge
appears in the source set of another, and vice versa. Formally, a
hyperedge e = (h, t) is weakly reciprocated if there exists another
hyperedge er = (hs, t/) such that h N t/=@ and t N /=0,

We summarize our definitions of reciprocity for directed hypergraphs
in Fig. 4. More information about the algorithmic aspects of such measures
is available in the Methods section.

After introducing these definitions, a natural first question is which
systems exhibit the highest and lowest levels of reciprocity and how the
ranking of systems based on reciprocity changes across different definitions.
We address this in Fig. 5a, which shows the normalized ratio of reciprocated
hyperedges pan (reciprocity score) for each system across varying notions
of reciprocity. The reciprocity score induces rankings of the systems,
allowing us to observe which systems exhibit stronger tendencies toward
mutual exchange of information. By definition, the score tends to increase
for each system as we move from stricter definitions of reciprocity (exact) to
more relaxed ones (weak). We observe that systems from the same domain
tend to show similar levels of reciprocity across definitions, indicating that
functional similarities within domains may drive comparable reciprocity
patterns. E-MAIL datasets exhibit the highest levels of reciprocity, while
BITCOIN datasets consistently show the lowest. Interestingly, while the
ranking of systems remains largely stable with varying definitions, the
relative distances between the datasets change. For instance, exact recipro-
city mostly characterizes E-MAIL datasets, which are positioned far from
the other datasets, clustering distinctly at the top of the scale. Strong reci-
procity induces three clear clusters of datasets based on their scores: E-MAIL
datasets rank the highest by a large margin, while BITCOIN datasets occupy
the very low end. In the case of weak reciprocity, the datasets begin to
separate along domain lines, spanning the entire spectrum of reciprocity
scores. Notably, we observe a reduction in the distance between E-MAIL
and datasets from metabolic and citation domains, suggesting a con-
vergence in reciprocity levels as the definition becomes more relaxed.
Overall, these patterns highlight how the choice of measure can influence
the perceived level of reciprocity within different systems. By analyzing how
the score evolves across definitions, we gain a more precise understanding of
the extent of mutual exchange within each system, from the high reciprocity
observed in E-MAIL datasets, where high mutual exchange is clear, to the
lower reciprocity in BITCOIN datasets, where reciprocal connections are
minimal across all definitions, and to the metabolic datasets, which emerge
with high reciprocity under weaker definitions.

A related question is how the size of hyperedges influences the levels of
reciprocity. We address this in Fig. 5b, which reports the reciprocity score as
a function of interaction size for the three notions, with deviations inter-
preted relative to the null baseline. For the E-MAIL datasets, pay displays
consistent positive offset for strong and weak reciprocity across all admis-
sible sizes, whereas exact reciprocity exhibits a pronounced signal only at
size 2 and is negligible at larger sizes. This suggests that excess reciprocal
structure relative to the null is present for most interaction sizes, while exact
“mirror" reversals remain largely a dyadic feature. In the METABOLIC
datasets, exact reciprocity remains near zero across sizes, with strong and
weak deviations showing initial negative values for small sizes, followed by a
substantial increase at higher sizes that is more pronounced for the weak
definition. Thus, small-set interactions are under-reciprocated relative to
the null, whereas large-set interactions become increasingly over-
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Fig. 2 | Hyperedge signature of directed hyper- a S1=1 2 3 4 5 b -l Ke“g“” v .

graphs. a We describe each system with a hyperedge — —
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directed hyperedges with source and tail sizes qna math .. }7
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restricted by i + |T|<6. Systems from the same bitcoin 2016

domain share the color. b Dendrogram resulting
from agglomerative clustering applied to the corre-
lation matrix of hyperedge signature vectors for each
dataset. Correlation values are color-coded, with
high positive correlations in red and high negative
correlations in blue.

metabolic iaf1260b
metabolic ijo1366
citation dm

citation software

represented. In the CITATION datasets, exact reciprocity is modestly
positive at small sizes. Strong reciprocity displays a higher, stable excess
across sizes, while weak reciprocity reaches its highest value for the smallest
sets and diminishes with size. Citation reciprocity above the null is thus
dominated by weak reciprocity in small interactions, with strong reciprocity
contributing a more size-invariant offset. For the BITCOIN datasets, scores
for all definitions cluster near zero, with a slight increase from exact to strong
to weak, and minimal size dependence. This points to weak, size-stable
excess reciprocal structure. Finally, the QNA datasets track the BITCOIN
pattern, with modest positive offsets that increase from exact to strong to
weak definitions, and little systematic variation as size increases.

These findings suggest that weaker notions of reciprocity are valuable
in providing insights into the overall reciprocity of systems with larger
interactions, capturing a multifaceted view of how reciprocity operates at
different strengths and interaction sizes.

Motif analysis in directed hypergraphs

Motif analysis involves counting the frequency of patterns of interactions in
connected subgraphs of a given number of nodes. This framework was first
introduced by Milo et al.” to extract the fundamental functional units of
complex systems”’. Recently, motif analysis has been extended to undirected
hypergraphs to capture patterns of interactions with arbitrary size®. Here,
we extend such analysis to consider also the direction of the hyperedges
involved in the patterns.

First, it is interesting to study the combinatorics of the patterns of
directed subhypergraphs. There is no simple closed-form formula for
counting the number of possible directed higher-order motifs as a function
of their order , i.e., the number of nodes in the patterns. We can estimate
the number of non-isomorphic connected directed hypergraphs in a way
similar to ref. 20. Given a set of n nodes, the number of possible directed

hyperedgesis3" —2- >} _, (Z) —1=3"—2.2" 4 1. This expression

counts the ways to partition the # nodes into three disjoint sets: source, target
and empty set. We subtract the invalid combinations with empty source or
target sets. Given 7 nodes, we ensure connectivity by selecting a chain of
n — 1 hyperedges and including them in the hypergraph, leaving us with
3" — 22" — n + 2 remaining possible hyperedges. For each remaining
hyperedge, we decide whether to include it or not, resulting in 23"~22"~"+2
total hypergraphs. Since we are interested in non-isomorphic hypergraphs,
we divide this number by n!, the number of ways to label the vertices,

23"—242"—n+2

providing the lower bound “———. If we ignore the constraints of non-
isomorphism and connectivity, we count the number of possible labeled
hypergraphs. Since each of the 3" — 2 - 2" ++ 1 possible hyperedges can either
be included or excluded, the total number of labeled hypergraphs is at most
2¥'=22"+1 Figure 6 shows the upper and lower bounds on the growth of
possible sub-hypergraph patterns as a function of the number of nodes

(order) for both the undirected and directed cases. The estimated number of
patterns grows super-exponentially, even in the undirected case. In the
directed case, the growth is even faster due to the need to consider all
possible subdivisions into source and target sets.

To perform motif analysis on real-world directed hypergraphs, we
propose an exact algorithm to count the frequency of all connected sub-
hypergraph patterns and associate each pattern with a z-score that quantifies
its over- or under-representation relative to our proposed configuration
model (see Methods).

Given the intractability of the problem for large sub-hypergraphs, we
limit our study of empirical data to patterns involving three and four nodes.
Moreover, we focus on patterns that include at least one group interaction.
Because the theoretical pattern space is still very large, while the empirical
signal is sparse and concentrated (see Supplementary Note 3), we restrict
our analysis to the positive tail of the motif z-score distributions (see Sup-
plementary Note 3) to highlight structural differences across datasets. In
particular, Fig. 7 shows the most over-represented patterns of directed
higher-order interactions with three and four nodes across different
domains. Each domain reveals distinct motifs, characterized by different
directed hyperedge types, sizes, densities and patterns of reciprocity. In
terms of hyperedges types, E-MAIL and QNA involve abundant patterns
with only many-to-one and one-to-many interactions. Other datasets dis-
play more diverse patterns, including combinations of one-to-many, many-
to-one, and many-to-many interactions (the latter is possible only in motifs
with four nodes). Traditional one-to-one interactions are commonly part of
abundant patterns in all datasets. The number of interactions in abundant
sub-hypergraphs is small in the BITCOIN, METABOLIC and CITATION
domains, often involving just one or two hyperedges. In contrast, the
E-MAIL and QNA domains tend to be richer in interactions. This obser-
vation is reversed when considering the average size of interactions. The
relation between the number and the average size of interactions aligns with
previous studies on undirected higher-order motifs*’. A common pattern in
many datasets is the coexistence of group interactions alongside lower-order
interactions within the same set of nodes, a phenomenon often referred to as
nestedness™ or simpliciality*. Interestingly, considering the direction of
such interactions reveals that they seem to play a role in increasing the
overall reciprocity of the patterns, suggesting the existence of a feedback
mechanism. This is particularly evident in E-MAIL data. In addition to
reciprocity, the direction of lower-order interactions in abundant patterns
suggests a reinforcing mechanism where subsets of source and target nodes
interact at multiple interaction sizes. These observations are closely con-
nected with the insights discussed in the previous sections about frequent
co-senders and co-receivers nodes and higher-order reciprocity.

Discussion
Hypergraphs extend traditional network representations by allowing
hyperedges to connect multiple nodes simultaneously, enabling the
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Fig. 3 | Overlap across domains. a Distribution of Node count
node counts within the joint z-score space of source a lQo 10! 102
and target overlap, representing how much nodes ° —
deviate from null model expectations in both E gna email bitcoin metabolic citation
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Fig. 4 | Reciprocity measures for directed hyper-
graphs. a Example of a directed hyperedge. b All
possible ways in which this hyperedge can be reci-
procated according to our definitions. Exact reci- A B
procity: a single hyperedge with source and target
sets swapped, represented by reversing the arrow
between the same node sets. Strong reciprocity:
multiple hyperedges collectively reverse the inter- D
action, possibly involving external nodes. Weak

reciprocity: at least one node in the target set reci-

procates with one node in the source set, illustrated

as a pairwise link with reversed direction. In all

panels, shaded areas group nodes involved in each

interaction; colors encode the interaction pattern

(green many-to-many, red many-to-one, black one-

to-one); arrows encode direction from source to

target. Gray disks denote nodes in the original

hyperedge, and external nodes that appear only in

reciprocal interactions are white with a dashed

border.

Original interaction

Exact reciprocity Strong reciprocity Weak reciprocity
A (B A B A
/ W N
A A
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encoding of group interactions ubiquitous in many relational systems.
Directed hypergraphs further enhance our modeling abilities by accounting
for directionality in group interactions, distinguishing between source and
target sets for each hyperedge. This versatile framework can accurately
model a range of diverse real-world systems and interactions, including
financial transactions, email exchanges, and metabolic reactions.

In this work, we proposed new measures and tools to analyze the
structural organization of directed hypergraphs at their microscale. First, we
analyzed hyperedge signature vectors to identify the abundance of each
hyperedge structure across datasets and identified classes of systems sharing
similar higher-order connectivity patterns. Second, we analyzed the excess
overlap among source and target sets for each node in each system. The
resulting distributions suggest that different domains may follow distinct
organizational principles, ranging from redundant to more diverse inter-
action patterns. Then, we introduced three distinct types of higher-order
reciprocity measures: exact, strong, and weak reciprocity. Each definition
offers a different perspective on how group interactions can be reciprocated,
ranging from strict to more relaxed forms of reciprocal influence, and can be
computed efficiently, making it suitable also for the analysis of very large

systems. We showed that all systems exhibit reciprocity in broad terms,
though different domains are associated with specific patterns and sensi-
tivity to specific reciprocity measures. Lastly, we extended the notion of
motifs to directed hypergraphs, capturing recurring patterns of directed
interactions. Motif analysis revealed frequent microscale structures and
highlighted common organizational principles playing a role in the function
and behavior of systems, such as the existence of reinforcing or feedback
mechanisms among dyadic and non-dyadic interactions in groups.

Taken together, by considering the nuances related to the directionality
of interactions in directed hypergraphs, our research provides a framework
to understand higher-order connectivity in directed complex systems,
opening up a wide range of potential applications in diverse fields, such as
social network analysis, biology, and finance. For instance, the study of
multi-party financial transactions as directed higher-order structures may
capture more complex patterns of fraudulent activity than traditional graph-
based models”. Similarly, directed hypergraphs may enhance the accuracy
of existing frameworks in identifying and predicting important genes based
on genomic expression relations”. As scalability is a pressing issue in
hypergraph algorithms, future work may explore more advanced
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Fig. 5 | Higher-order reciprocity in real-world
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techniques for detecting motifs in large-scale directed hypergraphs. These
include sampling methods already proposed for undirected higher-order
motifs’ or the use of parallel algorithms, which may achieve significant
speed-ups beyond the implementation of our current Python library,
thereby enabling analysis of motifs larger than four nodes. Another inter-
esting venue for further studies is related to the study of reciprocity in time-

evolving hypergraphs, since it can affect mechanisms of group formation*’
and inform the efficient seeding of information™”. All in all, our work
reveals new structural principles behind the organization of real-world
systems, shedding light on the complex interplay between structural pat-
terns and functionality in directed complex systems.

Methods
Hyperedge signature vector construction
For each dataset, we construct a hyperedge signature vectorv, where each
element represents the count of hyperedges with a specific combination of
source set size s and target set size ¢ in the hypergraph. The vector v captures
the distribution of hyperedges based on the sizes of their source and target
sets, providing a profile of the hypergraph structure.

Formally, we define the vector v as follows:

V= (V1,27 s Vik-1Y210 9 Vak—20 0o VK—I,I)

where K represents the maximum hyperedge size considered, and each vy,
counts the number of hyperedges with a specific source size h and target
size t.

Microcanonical set-swap configuration model for directed
hypergraphs

We generate randomized counterparts of directed hypergraphs using a
microcanonical set-swap configuration model. This approach is similar to
the one proposed by Preti et al.*’, and more recently by Kraakman et al.™.
More broadly, our null model fits within the family of configuration- and
entropy-based random hypergraph ensembles that preserve degree and
edge-size sequences” ™, which have been used in applications, such as
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extracting statistically validated higher-order interactions™ and motifs™. In
our framework, each directed hyperedge e € E is specified by two disjoint
node sets: a source set s(¢) C V and a target set #e) C V, with
s(e)N t(e) = . The microcanonical ensemble comprises all simple
directed hypergraphs that match the observed node out-/in-degree
sequences (counts of appearances in s( - ) and #( - ), respectively) and
preserve every hyperedge’s cardinalities |s(e)| and |t(e)|. We forbid dupli-
cated hyperedges.

Starting from the observed H, we repeatedly attempt set-swaps on one
side at a time. In a source-side attempt, we select two distinct hyperedges
e; # ¢; uniformly and sample u € s(e;) and v € s(e;). We propose

f(e) = ((e) \ (hU ), $(e) = (s(e) \ ) fu,
leaving t(e;) and (e;) unchanged. The move is accepted only if it respects set
semantics on the chosen side (no duplicates), preserves within-edge
disjointness (s(e) N t(e) = J ), and does not create a duplicate (s/(e), t(e)).
Target-side attempts are defined symmetrically. Accepted swaps conserve
each node’s in/out degree and all |s(e)|, |t(e)|. Rejected proposals leave the
state unchanged.

Hyperedge overlap

For each node, we quantify its hyperedge overlap separately for its partici-
pation in target sets (in-hyperedges) and source sets (out-hyperedges). For
in-hyperedge overlap, we consider all hyperedges e for which the node is in
the target set (e). Let £;, be the collection of these hyperedges. We define the
in-hyperedge overlap as

_ Zeegm |t(6)|
" |gin ||Uee£'m t(e)| ’

where |t(e)| denotes the number of nodes in the target set of hyperedge e.

Similarly, for out-hyperedge overlap, we consider only hyperedges e in
which the node is a source (i.e., belongs to s(e)). Let £, denote this col-
lection, and define

out

Zeggum |S(E)|

Oy = 517 4——
o |Eout| |Uee£mn5(e)| '

with |s(e)| being the size of the source set of hyperedge e. These metrics yield
a value of 1 when all corresponding hyperedges share an identical set of

nodes (i.e., maximal overlap), and decrease as the sets become more diverse.

To assess statistical significance, we compare the observed overlaps to
those computed on an ensemble of randomized networks that preserve key
structural properties (e.g., node degrees and hyperedge sizes). For each node
i, we compute a z-score that standardizes the observed overlap relative to the
null ensemble:

O{)bs _ (O;’and>

1

zo(l) = —r—.
? \/ Var (Ofd)

We compute this for both Ogources 2nd Ogargers:

Algorithms for measuring reciprocity in directed hypergraphs
Below, we outline our proposed algorithms for efficiently measuring reci-
procity in directed hypergraphs.

* Exact reciprocity. Each hyperedge e = (s, ) is stored in a hash-based
dictionary, and for each hyperedge, we search for a reverse hyperedge
e/ = (t,s). Since each lookup takes constant time, the overall
complexity is O(m), where m is the number of hyperedges.

 Strong reciprocity. For each hyperedge e = (s, ), we maintain a
reachability dictionary that tracks which nodes in the target set t can
reach other nodes via multiple hyperedges. We then check whether the
source set s is fully covered by the accumulated reachable nodes from
the target set ¢. This involves iterating over each hyperedge, for each
target node, accumulating the reachable nodes and then checking if the
source set is a subset of this accumulated set. Computing the union of
reachable nodes is O(s - t), where s is the maximum size of source sets
and ¢ is the maximum size of target sets. This operation is repeated for
all hyperedges, leading to a total complexity of O(m - s - 1).

* Weak reciprocity. First, we construct a dictionary to store all directed
node pairs between the source and target sets of each hyperedge. Then,
for each hyperedge, we check whether any of its target nodes are linked
back to the source nodes via reverse connections in the dictionary. The
computational complexity is dominated by the first operation, which is
O(m - s - t), where s is the maximum size of the source sets and ¢ is the
maximum size of the target sets across all hyperedges.

In practice, executing these algorithms on the real-world datasets used
in our experiments requires only a few minutes for all datasets combined,
demonstrating the computational efficiency of the proposed methods.
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Algorithms for motif analysis in directed hypergraphs

In order to design efficient algorithms for mining directed higher-order
motifs, we extend prior ideas developed for the same problem in undirected
hypergraphs®'. Our algorithms are efficient enough to count motifs of size 3
and 4 in datasets of reasonable size (comparable to those used in our
experiments). However, scaling to larger datasets and motifs of larger size
would require more sophisticated approaches, such as sampling
algorithms5 ! which we leave for future work. Further details on the
execution times of the algorithms for mining motifs of orders 3 and 4 can be
found in Supplementary Notes 2.

The algorithm for mining motifs (involving at least one group inter-
action) of order 3 begins by iterating through each hyperedge in the
hypergraph that contains exactly three vertices. For each such hyperedge, it
identifies all possible subsets of vertices and checks whether one or more
subsets form valid directed hyperedges in the hypergraph. Valid subsets,
along with the original hyperedge, define the motif structure involving those
three vertices. To ensure consistency in motif identification, the algorithm
generates a canonical form of the motif by lexicographical ordering its
vertices and edges, which can be computed by sorting the n! possible rela-
bels. This canonical representation allows motifs with the same structural
pattern to be compared and counted, even if they differ in their vertex labels.
Each canonical form of motifs is stored in a frequency hash map. If the motif
has not been encountered before, it is added to the map; if it has, its fre-
quency count is incremented. In the end, the algorithm outputs a dis-
tribution of the various motif structures of order 3. This algorithm operates
in linear time with respect to the number of hyperedges of order 3. Speci-
fically, its computational complexity is O(m3), where m; is the number of
hyperedges involving exactly three vertices. Each motif construction and
comparison is performed in constant time due to the fixed size of the motifs.
For more details, refer to the pseudocode in Supplementary Note 2. The
algorithm for mining motifs of order 4 follows a similar approach. First, it
iterates over all hyperedges of size 4, counting the motifs involving exactly
these 4 nodes. Unlike the previous algorithm, it then iterates over all
hyperedges of size 3, performing an additional neighborhood exploration
step to identify the fourth node involved in the motif. Each neighboring
node is considered during this process. Once the 4 nodes are identified, the
algorithm constructs the motif as before. The pseudocode for this algorithm
is provided in Supplementary Note 2.

Statistical significance of motifs

To distinguish meaningful, non-random interaction patterns from those
that may occur by chance, we use a configuration model as a null model to
evaluate the statistical significance of the interaction patterns after com-
puting their frequency in our directed hypergraphs. The configuration
model generates randomized versions of the original hypergraph while
preserving key properties, such as the in-degree and out-degree sequences,
as well as the source and target sizes of the hyperedges™. By comparing the
observed frequencies with those found in the randomized networks, we can
identify significantly over-represented motifs.

In particular, each motif i is associated with a standardized score zy,(i),
which quantifies how many standard deviations the observed frequency of
the motif differs from its expected value under the configuration model’**.
A larger absolute value of z),(i) indicates a stronger statistical deviation from
the null expectation, meaning the motif is significantly over- or under-
represented compared to random networks. The score is defined as:

Ngbs _ < Nr.and>
(i) = M
Var (Nim“d)

Here, N9 denotes the observed frequency of motif i in the empirical
hypergraph, and (N?™) and Var (Nf*™) are the mean and variance of
motif i’s frequency across random hypergraphs generated by the config-
uration model. Following ref. 47, we generate 100 random samples from the

configuration model for each hypergraph to estimate the mean and variance
of the motif frequencies.

Data availability
Data® is publicly available and also easily accessible through HGX®.

Code availability
The tools for the analysis of directed hypergraphs presented in this work are
available as part of Hypergraphx (HGX)®.
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