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Introduction
q We want to model situations like this one:

1. “Fausto is always happy” circumstances”
2. “Fausto is happy under certain 

q In PL/ClassL we could have: HappyFausto

q In modal logic we have: 
1. □ HappyFausto

2. ◊ HappyFausto

As we will see, this is captured through the notion of “possible words” and 
of “accessibility relation”
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Syntax
q We extend PL with two logical modal operators: 

□ (box) and ◊ (diamond)

□P : “Box P” or “necessarily P” or “P is necessary true”
◊P : “Diamond P” or “possibly P” or “P is possible”

Note that we define □P = ¬◊¬P, i.e. □ is a primitive symbol

q The grammar is extended as follows:

<Atomic Formula> ::= A | B | ... | P | Q | ... | ⊥ | ⊤ | 
<wff> ::= <Atomic Formula> | ¬<wff> | <wff>∧ <wff> | <wff>∨ <wff> |

<wff> ® <wff> | <wff> « <wff> | □ <wff> | ◊ <wff>
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Syntax
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Syntax
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Semantics
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Semantics
q Consider the following situation:

q M = <W, R, I>
W = {1,  2, 3, 4}
R = {<1, 2>, <1, 3>, <1, 4>, <3, 2>, <4, 2>}

I(BeingHappy) =  {2}      I(BeingSad) = {1}      I(BeingNormal) = {3, 4}
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Satisfiability of modal formulas
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Truth is relative to a world, so we define that relation of ⊨ between a world in 
a model and a formula (NOTE: wRw’ can be read as “w’ is accessible from w 
via R”)

M, w ⊨ p iff w ∈ I(p)
M, w ⊨ φ∧ ψ iff M, w ⊨ φ and M, w ⊨ ψ
M, w ⊨ φ∨ ψ iff M, w ⊨ φ or M, w ⊨ ψ
M, w ⊨ φ⊃ ψ iff M, w ⊨ φ ⇒ implies M, w ⊨ ψ
M, w ⊨ φ ≡ ψ iff M, w ⊨ φ iff M, w ⊨ ψ
M, w ⊨ ¬φ iff not M, w ⊨ φ
M, w ⊨ □φ iff for all w / s.t. wRw /, M, w / ⊨ φ
M, w ⊨ ◊φ iff there is a w / s.t. wRw / and M, w / ⊨ φ

φ is globally satisfied in a model M, in symbols, M ⊨ φ if

M, w  ⊨ φ for all w ∈ W



Satisfiability examples
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Satisfiability examples
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Satisfiability examples
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Semantics: Kripke Model
q Consider the following situation:

q M = <W, R, I>
W = {1,  2, 3, 4}
R = {<1, 2>, <1, 3>, <1, 4>, <3, 2>, <4, 2>}

I(BeingHappy) =  {2}      I(BeingSad) = {1}      I(BeingNeutral) = {3, 4}

M, 2 ⊨ BeingHappy      M, 2 ⊨ ¬BeingSad
M, 4 ⊨□BeingHappy    M, 1 ⊨ ◊BeingHappy M, 1 ⊨ ¬◊BeingSad 
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Satisfiability
q Consider the following situation:

q M = <W, R, I>
W = {1,  2, 3, 4}
R = {<1, 2>, <2, 2>, <3, 2>, <4, 2>}

I(BeingHappy) =  {2}      I(BeingSad) = {1}      I(BeingNormal) = {3, 4}
Does □BeingHappy is (globally) satisifable?

M, w ⊨□BeingHappy for all w ∈W, therefore □BeingHappy is satisfiable 
in M.

13

1 2 3

4

BeingHappy

BeingSad

BeingNormal

BeingNormal



Expressing properties structure
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Expressing properties structure
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Expressing properties structure
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Expressing properties structure
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Expressing properties structure
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A formula φ is valid in a world w of a frame F, in symbols
F, w ⊨ φ iff

M, w ⊨ φ for all I with M = ‹F, I › 

A formula φ is valid in a frame F, in symbols F ⊨ φ iff

F, w ⊨ φ for all w ∈ W

If C is a class of frames, then a formula φ is valid in the class of frames C, in 
symbols ⊨C   φ iff

F ⊨ φ for all F∈ C

A formula φ is valid, in symbols ⊨ φ iff

F ⊨ φ for all models frames F

Validity relation on frames



Validity
q Prove that P: □A ® ◊A is valid

q In all models M = <W, R, I>, 

(1) □A means that for every w∈W such that wRw’ then M, w’ ⊨A

(2) ◊A means that for some w∈W such that wRw’ then M, w’ ⊨A

It is clear that if (1) then (2) in the example 
(as we will see this is valid in serial frames)
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Kinds of frames
q Given the frame F = <W, R>, the relation R is said to be:

q Serial iff for every w ∈W, there exists w’∈W s.t. wRw’
q Reflexive iff for every w ∈W, wRw 
q Symmetric iff for every w, w’∈W, if wRw’ then w’Rw
q Transitive iff for every w, w’, w’’∈W, if wRw’ and w’Rw’’

then wRw’’

q We call a frame <W, R> serial, reflexive, symmetric or transitive 
according to the properties of the relation R
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Kinds of frames
q Serial: for every w ∈W, there exists w’∈W s.t. wRw’

q Reflexive: for every w ∈W, wRw

q Symmetric: for every w, w’∈W, if wRw’ then w’Rw

q Transitive: for every w, w’, w’’∈W, if wRw’ and w’Rw’’ then wRw’’
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Modal logic exercise 
Given the Kripke model M = <W, R, I> with:
W = {1, 2, 3}        R = {<1, 2>, <2, 1>, <1, 3>, <3, 3>}        I(A) = {1, 2} and I(B) = 
{2, 3}

qSay whether the frame <W, R> is serial, reflexive, symmetric or transitive.
q It is serial.

qIs M, 1 ⊨ ◊(A Ù B)? Provide a proof for your response.
q Yes, because A Ù B is true in 2 and 2 is accessible from 1.

qIs □A satisfiable in M? Provide a proof for your response.
q We should have that M, w ⊨□A for all worlds w. This means that for all worlds w 

there is a w’ such that wRw’ and M, w’ ⊨A.
q For w = 1 we have 1R3 and M, 3 ⊨ ¬A. Therefore the response is NO.

23


