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Finite domain

If we are interested in representing facts on a finite domain that
contains n elements we can use the following theorem:

The formula
@alEn = = XlyeXn n n
/\ X; = xXj ANVx \/xi=x
i=1

i#j=1
istruein 1= <A, !y ifand only if |A'| = n, ie, the cardinality of A is equalto n ie,
A" contains exactly n elemerts.




Finite domain

We show that if | F ¢, then |A!| =n

© If | F, thenthereared,,...,d, EA' st
O | A1 X # X AVX(Vig % = x) [alxi = d), ..., xn = dn]]

© | FALj=1 % # xj [alx = d,...,x0 = dn]]
© From 3 wehavethat forall | <i#j< n,
| =xi # xj [a[xi == di, xj = dj]]

© this implies that di # djfor | <i#j <n.

O since d,,...,d, €EA', we have that |A!| 2 n.

@ from 2wehavel F Vx (Vieyxi = x) [a[xi :=d,..., xn := dn]]
18

ths implies that foranyd € A',
I (V2 xi =) [axi == dy,...,xn = do,x:=d]]

which implies that for somei, | = xi = x[a[xi := di, x = d ]],i.e, di =d
for some | i <n.

@ Since thisis trueforalld €A, then|A| <n.




Finite domain, with names for every element
Unique Name Assumption (UNA)

Is the assumption under which the language contains a name for each
element of the domain, i.e., the language contains the constantcl,...,cn, and
each constant is the name of oneand only one domain element.

The formula
(pA={cI yenCNY =(/\?¢j=1 C; * Cj N VX(V?=1 C; = x))

PA={c| ,..,cx} i also called Unique Name Assumption.

The proof is similar to the one of the previous theorem. Try it by
exercise.
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Finite domain - Grounding

Under the hypothesis of finite domain with a constant name for every
elements, First order formulas can be propositionalized, aka grounded as

follows:
%={c| ..... Cn} F VXW) = (,D(C|) /\ /\ (,D(Cn) (I)
(A
Befepcy = Tx@X) = () N\ ... N olc)
Generalizing:
©A={ci,..cn} F VXLXKP(XI, .., XK) = /\ @(Giy-sCit ) 3)
C[l ..... Clk S
{cl,...cn}
OA={ci,cn} F X1 XP(XT, . XK) \/ @(Giy--,Ci) (4)
= Cil,...,Cik e



Finite predicate extension

The assumption that states that a predicate P is true only for a finite set
of objects for which the language contains a name, can  be formalized by
the following formulas:

UxP(x)=x=aV...Vx=cn)

© The days of the weekare: Monday, Tuesday, . . ., Sunday.
Vx(WeekDay(x) =x= Mon Vx= Tue V...\Vx=Sun) The

o WorkingDays Monday, Tuesday, . . ., Friday:

Vx(WorkingDay(x) = x= Mon Vx= Tue V...V x = Fri)




Infinite domain

Isit possible to write a (set of) formula(s) that are satisfied only by an
interpretation with infinite domain

Theorem
Let @intdom be the formula:

Bnf-dom = \V/X_‘R(X, X) A
VxVyVz(R(xy) AR(y,z) 2 R(xz)) /\
Vx JyR(xy)

Ifl ':(Pinf.dom ﬂ'len | A’ | =0,

Observe that:

o VxVyVz(R(xy) AR({y,z) D R(x,z)) represents the fact that
R is interpreted in a transitive relation

o Vx7R(x, x) represents the fact that R isanti-reflexive
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Infinite domain

o By definition thereisado €A .

Sincel = Vx JyR(x, y), theremustbeadi € A! such that «do,
di> €ER! . For the same reason there mustbead € A! | such

that «di, d» € R! . And so on . . .. This means that there must
be an infinite sequence do, d|, . .. such that «dj, di+1, for every i
o 2 0.

Since | = VxVyVz(R(xy) /\ R(y,z) © R(x,z)), then for all
o i <j, «didp> ER!.
suppose, by contradiction, that |A! |= k for some finite number k .
o This meansthereisani,j with0<i<j<k+ | suchthatd = d.
The fact that «dj,dj> € R! implies that «di,dj> € R!. But this
contradicts the fact that | = Vx=R(x, x).




