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Propositional Resolution

The rule of Propositional Resolution

AVC, -CVB
AV B

The formula AV B is called a resolvent of AV C and BV —C,
denoted Res(AV C, BV =C).

RES

Show that the Resolution rule is logically sound; i.e., that the
conclusion is a logical consequence of the premise

RES inference rules assumes that the formulas are in normal form
(CNF)
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Propositional Resolution

Soundness of Propositional Resolution

AvC, -CVB

AV B
To prove soundness of the RES rule we show that the following
logical consequence holds:

RES

(AVCO)AN(-CVB)EAVEB
i.e., we have to show that, for every interpretation Z,
ifZE=(AVC)A(-CVB), thenZ=AVB
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Propositional Resolution

Soundness of Propositional Resolution

AvC, -CVB

AV B
To prove soundness of the RES rule we show that the following
logical consequence holds:

RES

(AVCO)AN(-CVB)EAVEB
i.e., we have to show that, for every interpretation Z,
ifZE=(AVC)A(-CVB), thenZ=AVB

@ Suppose that Z = (AV C)A(=CV B), then Z |= (AV C) and
I-CV B)
@ This implies that Z = AV C, and therefore that either Z = A
orZEC
o IfTEA thenT=AV B
o If Z = C, then from the fact that Z = =C V B we have that
7 = B. Which implies that 7 = AV B.
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Propositional Resolution

Generality of Propositional Resolution

The propositional resolution inference rule implements a very
general inference pattern, that includes many inference rules of
propositional logics once the formulas are transformed in CNF.

‘ Original form

Rule Name CNF form
Modus Ponens p P24 M
q {a}
Modus tollens 9 Poa {=a} {=p.q}
P {=p}
Chaining EE L {=pva}t {-q,r}
por {=p,r}
Reductio ad absurdum poa P74 {=pV qg’ {}_‘P’ —q}
—-p —p
—q,r
Reasoning by case PV POr qor {g,r} {-a,r}
r {r}
Tertium non datur p_—P {P} {=pr}
L {}
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Propositional Resolution

Completeness of propositinal resolution

@ Using propositional resolution alone (without axiom schemata
or other rules of inference), it is possible to build a theorem
prover that is sound and complete for Propositional Logic.

@ But we have to transform every formula in CNF.

@ The search space using propositional resolution is much
smaller than for Modus Ponens and the Hilbert Axiom
Schemas
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Propositional Resolution

Clausal normal forms - (CNF)

@ A clause is essentially an elementary disjunction L V-V I,
but written as a (possibly empty) set of literals {/,...,/,}.

@ The empty clause {} is a clause containing no literals. and
therefore it is not satisfiable

@ A unit clause is a clause containing only one literal.

@ A clausal form is a (possibly empty) set of clauses, written as
alist: Cy...Cy it represents the conjunction of these clauses.

Every formula in CNF can be re-written in a clausal form, and
therefore every propositional formula is equivalent to one in a
clausal form.

Example (Clausal form)

the clausal form of the CNF-formula (pV =gV =r) A—=p A (g Vr)
is {pa —q, _‘r}v {_‘P}-/ {_'qa r}

Note that the empty clause {} (sometimes denoted by [J) is not
satisfiable (being an empty disjunction)
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Propositional Resolution

Clausal Propositional Resolution rule

The Propositional Resolution rule can be rewritten for clauses:

Ar,...,C... Any {Bi,....=C,... B}

RE
3 (AL, Am Bi,..., By}

@ The clause {A1,...,Am, B1,..., B} is called a resolvent of
the clauses {A1,...,C,...,An} and {Bi1,...,—C,...,By}.

Example (Applications of RES rule)

{p.q,~r}t {—q,-r} {-p,q,—r} {r} {-p} {p}
{p,—r,—r} {=p, q} {}
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Propositional Resolution

The rule of Propositional Resolution

Try to apply the rule RES to the following two set of clauses

{{-p,q},{—q,r}, {p}, {—r}}
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Propositional Resolution

The rule of Propositional Resolution

Try to apply the rule RES to the following two set of clauses

{{-p,q},{—q,r}, {p}, {—r}}

Solution

{=q,r} {-p,q}

\/

{p}  {-p,r}
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Propositional Resolution

Some remarks

{p,q,=r} {—=q,-r} {-p,q,-r} {r} {=p} {p}

{p,~r,—r} {-p, q} {}
@ Note that two clauses can have more than one resolvent, e.g.:
{p.—q}t {-p.q} {=p.at {p,—p}
{—q,q} {=p, P}

However, it is wrong to apply the Propositional Resolution rule for both
pairs of complementary literals simultaneously as follows:

{p,—q} {-p,q}

{

Sometimes, the resolvent can (and should) be simplified, by removing
duplicated literals on the fly:

{Al,...,C,C,...,A,,,}:>{A1,...,C,...,A,,,}.

For instance:
{pmg,ory fgor} o qof P09 {g o)
{p7 “r} {p7 “r7“r}
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Propositional Resolution

Propositional resolution as a refutation system

@ The underlying idea of Propositional Resolution is like the one
of Semantic Tableau: in order to prove the validity of a logical
consequence Ai, ..., A, = B, show that the set of formulas

{A1,...,An,—B} is Unsatisfiable

@ That is done by transforming the formulae A;,..., A, and =B
into a clausal form, and then using repeatedly the
Propositional Resolution rule in attempt to derive the empty
clause {}.

@ Since {} is not satisfiable, its derivation means that
{A1,...,An,—~B} cannot be satisfied together. Then, the
logical consequence A1,..., A, B holds.

@ Alternatively, after finitely many applications of the
Propositional Resolution rule, no new applications of the rule
remain possible. If the empty clause is not derived by then, it
cannot be derived at all, and hence the {A;1,...,A,, B} can

DE d C (] QO ClNEC @) ne 100 d ONnNscduence
Luciano Serafini Mathematical Logics




Propositional Resolution

Problem solving using resolution

@ For direct inference, resolution cannot be used, even when the
goal is a simple clause. for instance is we want to prove derive
p A g form p and g, (i.e., we want to prove that p,g = pAgq
directly, RES inference rule is useless.

@ However, resolution is complete when the goal is the empty
clause, (i.e., L) If {¢1,¢2,...¢n} is a finite set of clauses,
then {¢1, ¢2,...¢n} = L iff there is a sequence of resolutions
which may be applied to {¢1, @2, ... ¢n} to yield the empty
clause.

@ Therefore we cannot prove that p, g = p A g directly, but we
have to transform the problem in the form accepted by
Resolution, i.e., in the equivalent form

{p}a {q}a {ﬁpv ﬁq} |: L



Propositional Resolution

Problem solving using resolution

@ To prove p D p in Hilbert system is extremely difficult. In the
resolution system, it is trivial.

@ p D p is equivalent to —p V p.

@ To prove the validity of this formula, convert its negation to
CNF: =(—=p V p) obtaining {p}, {—p}

@ with a single application of RES

{p} {-p}
RES———— 0

@ we obtain the empty clause.
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Propositional Resolution

Propositional resolution - Examples

@ Check whether (=p D q),—rt pV (=g A —r) holds.
@ Check whether p D g,g D r = p D r holds.

@ Show that the following set of clauses is unsatisfiable
{{Av B, _'D}7 {Av B, C, D}’ {_'Bv C}v {_'A}’ {_'C}}
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Propositional Resolution

Problem solving with Propositional Resolution

Six sculptures {C, D, E, F, G, H} are to be exhibited in rooms
{1,2,3} of an art gallery.

Sculptures C and E may not be exhibited in the same room.
Sculptures D and G must be exhibited in the same room.

If sculptures E and F are exhibited in the same room, no
other sculpture may be exhibited in that room.

At least one sculpture must be exhibited in each room, and
no more than three sculptures may be exhibited in any room.

© 00 000

If sculpture D is exhibited in room 1 and sculptures E and F
are exhibited in room 2, which of the following must be true?
@ Sculpture C must be exhibited in room 1.
@ Sculpture H must be exhibited in room 3.
© Sculpture G must be exhibited in room 1.
@ Sculpture H must be exhibited in room 2.
@ Sculptures C and H must be exhibited in the same room.
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Propositional Resolution

Problem solving with Propositional Resolution

Six sculptures {C, D, E, F, G, H} are to be exhibited in rooms
{1,2,3} of an art gallery.

P = {Exhibits(X,n) | X € {C,...,H}, ne {1,2,3}}

/\ Exhibits(X, n) = —Exhibits(X,(n mod 3)+1)A—Exhibits(X,(n mod 3)+2)

Xe{C,...,H}
ne{1,2,3}

@ Sculptures C and E may not be exhibited in the same room.

no formalization = no information

@ Sculptures D and G must be exhibited in the same room.

/\  Exhibits(D, n) = Exhibits(G, n)
ne{1,2,3}
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Propositional Resolution

Problem solving with Propositional Resolution

© |If sculptures E and F are exhibited in the same room, no
other sculpture may be exhibited in that room.

A (Exhibits(ﬁ n) A Exhibits(F, n) O N —Exhibits(X, n)>

ne{1,2,3} Xe{C,...,H\{E,F}

© At least one sculpture must be exhibited in each room

A\ \/  Exhibits(X,n)

ne{1,2,3} Xe{C,...,H}

© no more than three sculptures may be exhibited in any room.

A /\ ( /\ Exhibits(X, n))

ne{1,2,3} Sc{C ----- XeE
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Propositional Resolution

Problem solving with Propositional Resolution

© If sculpture D is exhibited in room 1 and sculptures E and F
are exhibited in room 2, which of the following must be true?

Exhibites(D, 1) A Exhibites(E,?2) N Exhibites(F,3) D ¢

® Sculpture C must be exhibited in room 1. ¢ = Exhibits(C,1)
@ Sculpture H must be exhibited in room 3. ¢ = Exhibits(B,3)
© Sculpture G must be exhibited in room 1. ¢ = Exhibits(G,1)
O Sculpture H must be exhibited in room 2. ¢ = Exhibits(H, 2)
@ Sculptures C and H must be exhibited in the same room.

o= \/n€{1~233} Exhibits(C, n) = Exhibits(H, n)
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Propositional Resolution

Problem solving with Propositional Resolution

CNF A EX”"b"tS(X’")E< —Exhibits(X,(n mod 3) + 2)

Xe{C,...,H}
ne{1,2,3}

—Exhibits(X,(n mod 3) + 1) A ) B

{~Exhibits(X, n), ~Exhibits(X, m)},
{ Exhibits(X, 1), Exhibits(X, 2), Exhibits(X,3)}

X e{C,...,H} }
n#me {1,2,3}

ne{1,2,3}

CNF ( /\ Exhibits(D, n) = Exhibits(G, n)) =

{—Exhibits(D, n), Exhibits(G, n)}
{~Exhibits(G, n), Exhibits(D, n)}

ne{1,2,3}}
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Propositional Resolution

Problem solving with Propositional Resolution

1,2,3 XE{C,...,H
ret ! Xé{Eﬂ

CNF( A (Exhibits(E,n)/\Exhibits(F,n)D A ﬂExhibits(X,n))) =
}

—Exhibits(E, n), ~Exhibits(F, n),
—Exhibits(X, n)

ne{1,2,3}
Xe{C,...,H}\{E,F}}
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Propositional Resolution

Problem solving with Propositional Resolution

CNF( A \ Exhibits(X,n)) =

ne{1,2,3} Xe{C,...,H}

{{Exhibits(X,n) | X € {C,...,H}} | ne€ {1,2,3}} =

{ Exhibits(C, 1), Exhibits(C,2), Exhibits(C,

C,1 C.3)}
{Exhibits(D, 1), Exhibits(D, 2), Exhibits(D, 3

)}

{ Exhibits(H, 1), Exhibits(H, 2), Exhibits(H, 3)}
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Propositional Resolution

Problem solving with Propositional Resolution

CNF N\ A ( A Exhibits(X,n)) =

ne{1,2,3} Sc{C,-»‘-{ XeE

—Exhibits(X1, n), ~Exhibits(Xa, n), | | {X1, Xe, Xs, Xa} C {C,...,H} | _
—Exhibits(Xs, n), ~Exhibits(Xa, n), Xi # Xj for i #j, ne{1,2,3}

{~Exhibits(C, 1), ~Exhibits(D, 1), ~Exhibits(E, 1), ~Exhibits(F, 1)}
{~Exhibits(C, 1), ~Exhibits(D, 1), ~Exhibits(E, 1), ~Exhibits(G, 1)}
{—Exhibits(C,1), ~Exhibits(D, 1), ~Exhibits(E, 1), ~Exhibits(H,1)}

{—~Exhibits(E, 1), ~Exhibits(F, 1), ~Exhibits(G, 1), ~Exhibits(H,1)}
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Propositional Resolution

CNF (—(Exhibites(D, 1) A Exhibites(E,2) A Exhibites(F,3) D ¢) =

{{Exhibites(D, 1)}, { Exhibites(E,2)}, { Exhibites(F,3)},{—¢}}
where ¢ is one of the following formulas

Q Exhibits(C,1) NO

@ Exhibits(B,3) NO

© Exhibits(G,1) YES

Q Exhibits(H,2) NO

© We consider the last case separately
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Propositional Resolution

Problem solving with Propositional Resolution

Exhibits(D, 1) = Exhibits(G, 1) assumption (1)
Exhibits(D, 1) A Exhibits(E, 2) A Exhibits(F,2) >
Exhibits(G, 1) goal (2)
~Exhibits(D, 1), Exhibits(G,1)  clausify (1) (3)
Exhibits(D, 1) deny (10)  (4)
—Exhibits(G,1)  deny (10)  (5)
Exhibits(G,1)  RES (3), (4) (6)
L RES (6), (5) (7)
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Propositional Resolution

Problem solving with Propositional Resolution

© Sculptures C and H must be exhibited in the same room.

\/  Exhibits(C, n) = Exhibits(H, n)
ne{1,2,3}

NE Exhibites(D, 1) A Exhibites(E, 2) A Exhibites(F,3) > \\ _
- Veqi,2,3) Exhibits(C, n) = Exhibits(H, n) o

{Exhibites(D, 1)}, { Exhibites(E, 2)}, { Exhibites(F,3)}
{Exhibites(C, 1), Exhibites(H, 1)}, {—Exhibites(C, 1), ~Exhibites(H, 1)},
{Exhibites(C,2), Exhibites(H,2)}, {-Exhibites(C, 2), ~Exhibites(H, 2)},
{Exhibites(C, 3), Exhibites(H, 3)}, {—Exhibites(C, 3), ~Exhibites(H, 3)}
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C,2)

Exhibits(E,2) A Exhibits(F,2) D —~Exhibits(
(H,2)

Exhibits(E,2) A Exhibits(F,2) D —Exhibits(H,
Exhibits(D, I) A Exhibits(E,2) A Exhibits(F,2) D
(Exhibits(C, 1) = Exhibits(H, 1)) v

(Exhibits(C,2) = Exhibits(H,2)) v

(Exhibits(C, 3) = Exhibits(H, 3))

{~Exhibits(E, 2), ~Exhibits(F,2), ~Exhibits(C, 2)
{~Exhibits(E, 2), ~Exhibits(F,2), ~Exhibits(H, 2)
Exhibits(E, 2)

Exhibits(F,?2)

Exhibits(C, 2), Exhibits(H, 2)

~Exhibits(F, 2), ~Exhibits(H, 2)

~Exhibits(H, 2)

~Exhibits(F, 2), ~Exhibits(C, 2)

(C,2)

(H,2)

)

)

—Exhibits
Exhibits

)

)

1

assumption

assumption

goal
clausify (8)
clausify (9)
deny (10)
deny (10)
deny (10)
RES (12), (13)
RES (16), (14)
RES (11), (13)
RES (18), (14)
RES (15), (19)
RES (20), (17)

Propositional Resolution

®)
9
(10)

Luciano Serafini Mathematical Logics



Resolution for First Order Logic Unification

First-order resolution

@ The Propositional Resolution rule in clausal form extended to
first-order logic:
{Al,...,Q(Sl,...,sn),...,Am} {Bl,...,—\Q(Sl,...,sn),...,Bn}
{A1,...,Am, B1,...,Bn}
this rule, however, is not strong enough.
@ example: consider the clause set

{pC)} {=p(F(¥))}}

is not satisfiable, as it corresponds to the unsatisfiable formula

VxVy.(p(x) A =p(f(y)))

@ however, the resolution rule above cannot derive an empty
clause from that clause set, because it cannot unify the two
clauses in order to resolve them.

@ so, we need a stronger resolution rule, i.e., a rule capable to

nderstand that x and f an be instantiated to the same
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Resolution for First Order Logic Unification

Unification

Finding a common instance of two terms.
Intuition in combination with Resolution

friend(x,y) D friend(y, x)
friend(x,y) D knows(x, mother(y))

S = friend(Mary, John)
—knows(John, mother(Mary))
—friend(x,y) V friend(y, x)
cnf(S) = —friend(x,y) V knows(x, mother(y))

friend(Mary, John)
—knows(John, mother(Mary))

Is cnf(S) satisfiable or unsatisfiable?
The key point here is to apply the right substitutions
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Resolution for First Order Logic Unification

Substitutions: A Mathematical Treatment

A substitution is a finite set of replacements

o= [tl/Xl, ey tk/Xk]
where xp, ..., x, are distinct variables and t; # x;.

to represents the result of the substitution o applied to t.

co=c  (non) substitution of constants
x[t1/x1,...ta/xn] = ti if x = x; for some i substitution of variables
x[t1/x1, ... ta/xn] = x if x # x; for all i (non) substitution of variables
f(t,u)o = f(to,uc)  substitution in terms
P(t,u)o = P(to,uc)  ...in literals
{Ly,...,Lp}o={Lyo,...,Lpo} ...in clauses
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Resolution for First Order Logic Unification

Composing Substitutions

Composition of ¢ and 6 written o o @, satisfies for all terms t
t(oc00) = (t)o
If o =[t1/x1,...ta/xn] and 0 = [u1/x1, ... Un/Xp], then
g0 =[t10/x1,...ta0/xn]
Identity substitution
[x/x,t1/x1, ... ta/Xxn] = [t1/X1, ... tn/Xn]
coll=0
Associativity
cgo(fop)=(cobf)op=0c0bo0¢p=
Non commutativity, in general we have that
00 # 0o



Resolution for First Order Logic

Composition of substitutions - example

Flg(x), f(y, ) (x,y)/xllg(a)/x; x/y] =
F(g(f(x, ), fy, f(x,¥)))lg(a)/x,x/y] =
f(g(f(g(a),x)), f(x, f(g(a),x)))

f(g(x), f(y,x))lg(a)/x, x/yllf(x, y)/x
fg(g(a)), f(x,g(a))lf (x,y)/x
fg(g(a)), f(f(x,y):g(a))

]
]
)

Luciano Serafini Mathematical Logics



Unification

Resolution for First Order Logic

Computing the composition of substitutions

The composition of two substitutions 7 = [t1/x1,. .., tx/xx] and o

© Extend the replaced variables of 7 with the variables that are
replaced in o but not in 7 with the identity substitution x/x

@ Apply the substitution simultaneously to all terms [t,. .., tk]
to obtaining the substitution [tio/x1, ..., tko/xk].

© Remove from the result all cases x;/x; , if any.

y)/z] =

)
y)/2l =

)

)

[f(x,¥)/x,x/ylly/x,aly, &

[f(x,y)/x,x/y,z/2]ly/x,aly,&

[f(v,a)/x,y/y,g(y)/z] =
[f(y,a)/x,g(y)/z]
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Resolution for First Order Logic Unification

Unifiers and Most General Unifiers

o is a unifier of terms t and u if to = uo.
For instance

@ the substitution [f(y)/x] unifies the terms x and f(y)
@ the substitution [f(c)/x, c/y, c/z] unifies the terms g(x, f(f(z))) and
g(f(y), f(x))
@ There is no unifier for the pair of terms f(x) and g(y), nor for the pair of
terms f(x) and x.
o is more general than 6 if 8 = ¢ o ¢ for some substitution ¢.
o is a most general unifier for two terms t and v if it a unifier for t
and v and it is more general of all the unifiers of t and wu.
If o unifies t and u then so does ¢ o @ for any 6.
A most general unifier of f(a, x) and f(y, g(z)) is
o =|a/y,g(z)/x]. The common instance is

f(a,x)o = f(a,g(z)) = f(y,8(2))o
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Resolution for First Order Logic Unification

Unifier

Example

The substitution [3/x, g(3)/y] unifies the terms g(g(x)) and g(y).
The common instance is g(g(3)). This is not however the most
general unifier for these two terms. Indeed, these terms have many
other unifiers, including the following:

unifying substitution common instance
[F(u)/x,g(f(u))/y]  &(g(f(u)))
[z/x,8(2)/y] 5(g(2))

[g(x)/y] g(g(x))

[g(x)/y] is also the most general unifier.
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Resolution for First Order Logic Unification

Examples of most general unifier

Notation: x,y,z... are variables, a, b, c,... are constants

f,g,h,... are functions p,q, r,... are predicates.

terms MGU result of the substitution
P b pabo)
e
P ) (o, r(e(b.2) /2] p(Fe(bi2).b)
B lfanzand  p(fy) fay)
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Resolution for First Order Logic Unification

Unification Algorithm: Preparation

We shall formulate a unification algorithm for literals only, but it
can easily be adapted to work with formulas and terms.

Sub expressions Let L be a literal. We refer to formulas and terms
appearing within L as the subexpressions of L. If there is a
subexpression in L starting at position i we call it L() (otherwise
(i) is undefined.

Disagreement pairs. Let L1 and Ly be literals with Ly # L. The
disagreement pair of L; and L, is the pair (Lg'), Lg')) of
subexpressions of L; and L; respectively, where i is the smallest
number such that Lg') # Lg)).

Example The disagreement pair of

is (a, k(x,y))



Resolution for First Order Logic Unification

Robinson’s Unification Algorithm

Imput: a set of literals A
Output: 0 = MGU(A or Undefined!

o=
while |Ac| > 1 do
pick a disagreement pair p in Ac¢’
if no variable in p then
return ‘not unifiable’;
else
let p = (x, t) with x being a variable;
if x occurs in t then
return ‘not unifiable’;
else 0 := oo [t/x];
return o
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Resolution for First Order Logic Unification

Substitution

Let o = [a/x,f(b)/y,c/z] and 0 = [f(f(a))/v,x/z,&(y)/X]

@ compute cof and foo

@ For every of the following formulz, compute (i) ¢o; (ii) @0,
(iii) ¢o o 0; and (iv) ¢pf o o
o o= p(X’y’Z)
Q ¢ = p(h(v)) Vv —q(z,x)
(3] ¢ = q(X727 V) v ﬁq(g(y),x, f(f(a)))

@ are o and 6 and their compositions idempotent?

Definition
A function f : X — X on a set X is idempotent if and only if

F(x) = F(F())

An example of |dempotent function are round(-) : R — R, that

m
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Resolution for First Order Logic Unification

Unification

Exercize

For every Ci, G, and o, decide whether (i) o is a unifier of C; and
(,; and (ii) o is the MGU of C; and G,

C1 C2

P(a, f(y),z) Q(x, f(f(v)), b) [a/x, f(b)/y, b/Z]

Q(x, h(a, 2),f(x)) | Qg(g(v)),y,f(w)) | [g(g(v))/x,h(a,2)/y,x/w]

Q(x, h(a,2), f(x)) | Qle(g(v)),y,f(w)) | [g(&(v))/x, h(a,2)/y,g(g(v))/w]
R(f(x), &(y)) R(z,&(v)) [a/x,f(a)/z,v/y]

4
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Resolution for First Order Logic Unification

Unification

Exercize

Consider the signature ¥ = (a, b, f(-,-), g(-,-), P(+,-,-)) Use the
algorithm from the previous lecture to decide whether the following
clauses are unifiable.

QO {P(f(x,a),8(y,y),2), P(f(g(a, b), 2),x,a)}
Q {P(x,x,2),P(f(a,a),y,y)}

Q {P(x,f(y,2),b), P(g(a,y), f(z,8(a x)), b)}
O {P(a,y,U), P(x,f(x,U),g(z, b))}
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Resolution for First Order Logic Unification

Unification of P(f(x,a),g(y,y),z), P(f(g(a,b),z),x, a)
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Resolution for First Order Logic Unification

Unification of P(f(x,a),g(y,y),z), P(f(g(a,b),z),x, a)
o {P(f(x,a).&(y,y), 2), P(f(g(a, b), Z), x,a)}
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Resolution for First Order Logic Unification

Unification of P(f(x,a),g(y,y),z), P(f(g(a,b),z),x, a)
o {P(f(x,a).&(y,y), 2), P(f(g(a, b), Z), x,a)}
o o =[g(a b)/x]
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Resolution for First Order Logic

Unification of P(f(x,a),g(y,y),z), P(f(g(a,b),z),x, a)

o {P(f(x,a),&(y,y),2), P(f(g(a, b),Z),x,a)}

o o =[g(a,b)/X]

® {'D(f(xv a),g(y,y),Z),P(f(g(a, b),Z),X, a)}U:
{P(f(g(a,b),a),g(y.y). 2), P(f(g(a, b), z), g(a, b), a)}.
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Resolution for First Order Logic

Unification of P(f(x,a),g(y,y),z),
o {P(f(x,
o o =[g(a b)/x]

o {P(f(x,
{P(f(g(a, b),a
o {P(f(g(a,

P(f(g(a, b),z),x,a)
a),g(y,y), Z), P(f(g(a b),Z),x,a)}

(s(a,
,z), P(f(g(a,

P
,2), P(f(g(a,

b),Z),x,a)}o =
b),z),g(a, b),a)}.
b), z),g(a, b),a)}.

a),gly,y),Z), P(f
&(y,y), 2
)

)
b),a),g(y,y

Luciano Serafini
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Unification of P(f(x,a),g(y,y),z), P(f(g(a,b),z),x, a)
o {P(f(x,a).&(y,y), 2), P(f(g(a, b), Z), x,a)}
o o = [g(a, b)/x]
o {P(f(x,a),g(y,y), Z) P(f(g(a; b),Z),x,a)}to =

{P(f(g(a,b),3). &(y.
o {P(f(g(a,b), ), g(y,
o o = [g(a,b)/x, /2]

P(f(g(a, b),2),8(a; b), a)}.
,2), P(f(g(a, b), 2), 8(a, b), a)}.
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Unification of P(f(x,a),g(y,y),z), P(f(g(a,b),z),x, a)
o {P(f(x,a).&(y,y), 2), P(f(g(a, b), Z), x,a)}
o o = [g(a, b)/x]
o {P(f(x,a),g(y,y), Z) P(f(g(a; b),Z),x,a)}to =

{P(f(g(a, b),a),8(y,
o {P(f(g(a,b),a), g(y,
e 0 =|[g(a,b)/x,a/z]
o {P(f(g(a;b),a),&(y,y), 2), P(f(&(

{P(f(g(a,b).a).g(y.y),a), P(f(s(

P(f(g(a, b),2),8(a; b), a)}.
,2), P(f(g(a, b), 2), 8(a, b), a)}.

2,b),a),g(a, b), a)}
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Unification of P(f(x,a),g(y,y),z), P(f(g(a,b),z),x, a)
o {P(f(x,a).&(y,y), 2), P(f(g(a, b), Z), x,a)}
o o =[g(a b)/x]
o {P(f(x,a),8(y,y), Z2), P(f(g(a b), Z), x,a)}o =

{P(f(g (a b),a),&(y,y), z), P(f(g(a, b), z), g(a, b),a)}.
o {P(f(g(a,b),a),8(y,y),2), P(f(g(a, b),z),&(a, b), a)}.
e 0 =|[g(a,b)/x,a/z]

o {P(f(g(a,b),a).&(y,y), z), P(f(g(a,b),2),8(a, b),a)}o

{P(f(g(a, b),a),g(y,y),a), P(f(g(a, b),a),g(a, b),a)}
° {P(f(g(a, b),a),g(y,y),a),P(f(g(a, b),a),g a, b),a}
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Unification of P(f(x,a),g(y,y),z), P(f(g(a,b),z),x, a)
o {P(f(x,a).&(y,y), 2), P(f(g(a, b), Z), x,a)}
o o = [g(a, b)/x]
o {P(f(x,a),g(y,y), Z) P(f(g(a; b),Z),x,a)}to =

{P(f(g(a,b),a),8(y,
o {P(f(g(a, b),a), g(y,
o 0 =[g(a b)/x,a/z]
o {P(f(g(a,b),a),8(y,y) 2), P

{P(f(g(a,b),a),&(y,y),a), P
o {P(f(g(a, b),a),&(y,y),a), P
o 0 =[g(a,b)/x,a/z,a/y]

P(f(g(a, b),2),8(a; b), a)}.
,2), P(f(g(a, b), 2), 8(a, b), a)}.

(g(a,b),2),g(a, b),a)}o =
(g(a,b),a),g(a, b),a)}
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Unification of P(f(x,a),g(y,y),z), P(f(g(a,b),z),x, a)
o {P(f(x,a).&(y,y), 2), P(f(g(a, b), Z), x,a)}
o o = [g(a, b)/x]
o {P(f(x,a),g(y,y), Z) P(f(g(a; b),Z),x,a)}to =

{P(f(g(a,b),a),8(y,
o {P(f(g(a, b),a), g(y,
e 0 =|[g(a,b)/x,a/z]
o {P(f(g(a,b),a),8(y,y) 2), P
[P(F(g(,b),2).g(y.¥). 2), P
o {P(f(g(a, b),a),&(y,y),a), P
o 0 =[g(a,b)/x,a/z,a/y]
o {P(f(g(a,b),a),&(y,y),a), P(f(g(a, b), a),g(a, b),a) o =
{P(f(g(a,b),a),&(a, a), a), P(f(g(a, b), a), g(a, b), a) }

P(f(g(a, b),2),8(a; b), a)}.
,2), P(f(g(a, b), 2), 8(a, b), a)}.

(g(av b)’ Z)a g(av b)v a)}o- =
(g(a, b),a),g(a, b), a)}
(f(g(a, b),a),&(a, b),a)}
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Unification of P(f(x,a),g(y,y),z), P(f(g(a,b),z),x, a)
o {P(f(x,a).&(y,y), 2), P(f(g(a, b), Z), x,a)}
o o = [g(a, b)/x]
o {P(f(x,a),g(y,y), Z) P(f(g(a; b),Z),x,a)}to =

{P(f(g(a,b),a),8(y,
o {P(f(g(a, b),a), g(y,
o 0 =[g(a b)/x,a/z]
o {P(f(g(a,b),a),8(y,y) 2), P
[P(F(g(,b),2).g(y.¥). 2), P
o {P(f(g(a, b),a),&(y,y),a), P
o 0 =[g(a,b)/x,a/z,a/y]
o {P(f(g(a,b),a),&(y,y),a), P(f(g(a, b), a),g(a, b),a) o =
{P(f(g(a,b),a),&(a, a), a),
o {P(f(g(a,b

P(f(g(a, b),2),8(a; b), a)}.
,2), P(f(g(a, b), 2), 8(a, b), a)}.

(g(a,b),2),g(a, b),a)}o =
(g(a,b),a),g(a, b),a)}




Unification of P(f(x,a),g(y,y),z), P(f(g(a,b),z),x, a)
o {P(f(x,a).&(y,y), 2), P(f(g(a, b), Z), x,a)}
o o = [g(a, b)/x]
o {P(f(x,a),g(y,y), Z) P(f(g(a; b),Z),x,a)}to =

{P(f(g(a,b),a),8(y,
o {P(fg(o.5) 2 gr.y
o o = lg(a b)/x 2/2]
o (P(7(g(,b), 2),8(y,y),2), P
[P(F(g(,b),2).g(y.¥). 2), P
o {P(f(g(a, b),a),&(y,y),a), P
o 0 =[g(a,b)/x,a/z,a/y]
o {P(f(g(2,b),2). 8(y.¥), 3), P(F(&(2, b), 2, &(2, b), &)} =
{P(f(g(a,b),a),&(a, a), a), P(f(g(a, b), a), g(a, b), a) }
o {P(f(g(a, b),a), g(a,a),a), P(f(g(a, b),a),g(a, b),a)}

@ a and b are two constants and they are not unificable. So the

P(f(g(a, b),2),8(a; b), a)}.
,2), P(f(g(a, b), 2), 8(a, b), a)}.

(g(av b)’ Z)a g(av b)v a)}o- =
(g(a, b),a),g(a, b), a)}
(f(g(a, b),a),&(a, b),a)}
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Unification of {P(x,x,z), P(f(a,a),y,y)}

o {P(x,x,2), P(f(a,a),y,y)}
e 0 =[f(a,a)/x]

o {P(x,x,z),P(f(a,a),y,y)}o =
{P(f(a,a),f(a,a),z), P(f(a,a),y,y)}
o {P(f(a,a),f(a,a),z),P(f(a,a),y,y)}

o {P(f(a, ) f(a ,a),Z) P(f(a,a),y,y)}o =
{P(f(a,a),f(a,a),z),P(f(a,a),f(a,a),f(a,a))}
o {P(f(a,a),f(a,a),z),P(f(a,a),f(a,a),f(a,a))}
/2]

e o =[f(a,a)/x,f(a,a)/y,f a,a)7

o {P(f(a,a),f(a,a),z),P(f(a,a),f(a,a),f(a,a))}o =
{P(f(a,a),f(a,a),f(a,a)), P(f(a, a),f(a,a),f(a,a))}

@ the two terms are equal, so the initial terms are unifiable with
the mgu equal to o = [f(a,a)/x, f(a,a)/y, f(a,a)/z]
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Unification

Resolution for First Order Logic

Unification

Exercize

Find, when possible, the MGU of the following pairs of clauses.

Q {q(a),q(b)}

Q {q(a,x),q(a,a)}
O {q(a;x,f(x)),q(a,y,y,)}
Q {q(x,y,2),q(u, h(v,v),u)}
p(x1, g(x1), X2, h(x1, x2), X3, k(x1, X2, X3)),
e { p(y1, y2, e(y2), y3, f(y2, ¥3), ya) }
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Resolution for First Order Logic Unification

Theorem-Proving Example

(IyVxR(x,y)) D (Vx3yR(x,y))

Negate —((IyVxR(x,y)) D (Vx3IyR(x,y)))
NNF 3yVxR(x,y), 3IxVy-R(x,y)
Skolemize R(x,b), —R(a,y)
Unify MGU(R(x,b), R(a,y)) = [a/x,b/y]
Contrad.: We have the contradiction R(b, a), =R(b, a), so the
formula is valid
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Resolution for First Order Logic Unification

Theorem-Proving Example

(Vx3yR(x,y)) D (FyVxR(x,y))

Negate —((Vx3yR(x,y)) D (IyVxR(x,y)))
NNF Vx3yR(x,y), Vy3dx=R(x,y)
Skolemize R(x,f(x)), —R(g(y),y)
Unify MGU(R(x,f(x)), R(g(y),y)) = Undefined

Contrad.: We do not have the contradiction, so the formula is
not valid.
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Resolution for First Order Logic Unification

Resolution for first order logic

The resolution rule for Propositional logic is

{/1,...,/,,,[)} {_'p7 InJrl?"'alm}
(b ]
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Resolution for First Order Logic Unification

The binary resolution rule

In first order logic each /; and p are formulas of the form
P(t1,...,ty) or =P(t1,...,tn).

When two opposite literals of the form P(ty,...,t,) and

P(u1, ..., un) occur in the clauses C; and G, respectively, we have
to find a way to partially instantiate them, by a substitution o, in

such a way the resolution rule can be applied, to to Cio and o,

i.e., such that P(ty,...,ty)0 = P(u1,...,up)o.
{/1, .. (tl, R t,,)}{ﬁP(ul, ce u,,), Int1y oy /m}
{h,...Im}o

where o is the MGU(P(ty,...,tn), P(ui,..., un)).
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Resolution for First Order Logic Unification

The factoring rule

TN S ST S
T

If ho=---=l,0

Prove Vx3y—(P(y, x) = -P(y,y))

Clausal form {-P(y,a), =P(y,y)}, {P(y,y), P(y,a)}
Factoring yields {—P(a,a)}, {P(a,a)}

By resolution rule we obtain the empty clauses [
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Resolution for First Order Logic

A Non-Trivial Proof

Ix[P D Q(x)] A Ix[Q(x) D P] D Ix[P = Q(x)]

Clauses are {P,-Q(b)}, {P,Q(x)}, {—=P,-Q(x)}, {=P,Q(a)}
Apply resolution

{=P,Q(a)} {=-P,-Q()} {P,QK)}  {P,—Q(b)}

N4 N\,

{=P}

~.

{
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Unification

Resolution for First Order Logic

Example

Assumptions:
@ Vx(P(x) D P(f(x)))
® x,¥(Q(a,) A R(y,x) > P(x))
@ VzR(b, g(a, z))
@ Q(a,b)

Goal = P(f(g(a,¢)))

Luciano Serafini Mathematical Logics



Unification

Resolution for First Order Logic

Example

Assumptions:
@ Vx(P(x) D P(f(x)))
® Vx,y(Q(a,y) A R(y,x) D P(x))
@ VzR(b, g(a, z))
@ Q(a,b)

Goal = P(f(g(a,¢)))
@ clausify the assumptions

—P(x), P(f(x))

_‘Q(av )., ﬁR(y,X), 'D(X)
R(b, g(a, 2))

Q(a,b)

P @ =
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Unification

Resolution for First Order Logic

Example

Assumptions:
@ Vx(P(x) D P(f(x)))
o V(@) 1 Rly.) > P

@ VzR(b, g(a, z))

1. —=P(x), P(f(x))
° Q(ab) 2. =Q(a,y), =R(y,x), P(x)
Goal = P(f(g(a,c))) 3. R(b,g(a,z))
clausi e assumptions 4. Q(ab)
O clausify the assumpt 5. ~P((a(s,)

@ negate and clausify the goal
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Unification

Resolution for First Order Logic

Example

Assumptions:
@ Vx(P(x) D P(f(x)))
o V(@) 1 Rly.) > P

@ VzR(b, g(a, z))

1. —=P(x), P(f(x))
° Qb 2. =Q(a.y),=R(y,x), P(x)
Goal = P(f(g(a,c))) 3. R(b,g(a,z))
clausi e assumptions 4. Q(a b)
O clausify the assumpt 5. ~P(f(g(s, <)

@ negate and clausify the goal
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Unification

Resolution for First Order Logic

Example

Assumptions:
@ Vx(P(x) D P(f(x)))
o V(@) 1 Rly.) > P

@ VzR(b, g(a, z))

L. =P(x), P(f(x))
® Q(ab) 2. =Q(a,y),~R(y,x), P(x)
Goal = P(f(g(a,c))) 3. R(b,g(a,2))
clausi e assumptions 4. Q(a b)
O clausify the assumpt 5. ~P(f(g(s, <)

@ negate and clausify the goal
© mgu(Q(a,y), Q(a, b)) = [y/b]
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Unification

Resolution for First Order Logic

Example

Assumptions:
@ Vx(P(x) D P(f(x)))
o V(@) 1 Rly.) > P

@ VzR(b, g(a, z))

L. —P(x), P(f(x))
° Q(ab) 2. =Q(a,y). ~R(y.x). P(x)
Goal = P(f(g(a,c))) 3. R(b,g(a,z))
clausi e assumptions 4. Q(a b)
g oy e 5. ~P(r(g(a,)))
negate and clausify the goal 6. —R(b,x), P(x)

© mgu(Q(a,y), Q(a, b)) = [y/b]
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Unification

Resolution for First Order Logic

Example

Assumptions:
@ Vx(P(x) D P(f(x)))

o Vi y(Qla.) A Ry ) > ()

@ VzR(b, g(a, z))

1. ~P(x), P(F(x))
® Q(ab) 2. =Q(ay),~R(y,x), P(x)
Goal = P(f(g(a,c))) 3. R(b,g(a,2))
clausi e assumptions 4. Q(a b)
O clausify the assumpt 5 ~P(a(.)
6.

@ negate and clausify the goal —R(b, x), P(x)
© mgu(Q(a,y), Q(a, b)) = [y/b]

© mgu(R(b,g(a,2)), R(b,x)) = [x/e(a,2)]
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Unification

Resolution for First Order Logic

Example

Assumptions:
@ Vx(P(x) D P(f(x)))

o Vi y(Qla.) A Ry ) > ()

@ VzR(b, g(a, z))
1. =P(x), P(f(x))
° Qab) 2. =Q(a,), ~R(y,x), P(x)
Goal = P(f(g(a,c))) 3. R(b,g(a,z))
clausi e assumptions 4. Q(a,b)
O clausfy the assumpt 5. ~P(r(g(a.<))
@ negate and clausify the goal 6. —R(b,x), P(x)
© mgu(Q(a,y), Q(a, b)) = [v/b] 7. P(g(a 2))
O mgu(R(b, g(a, 2)), R(b,x)) = [x/g(a,2)]
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Resolution for First Order Logic

Example

Assumptions:
@ Vx(P(x) D P(f(x)))

o Vi y(Qla.) A Ry ) > ()

@ VzR(b, g(a, z))
1. =P(x),P(f(x))
° Qab) 2. =Q(a,), ~R(y,x), P(x)
Goal = P(f(g(a,c))) 3. R(b,g(a,z))
clausi e assumptions 4. Q(a,b)
O clausfy the assumpt 5. ~P(r(g(a.<))
@ negate and clausify the goal 6. —R(b,x), P(x)
© mgu(Q(a,y), Q(a, b)) = [v/b] 7. P(g(a 2))
O mgu(R(b, g(a, 2)), R(b,x)) = [x/g(a,2)]

© mgu(P(x), P(g(a, 2)) = [x/g(a, )]
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Resolution for First Order Logic

Example

Assumptions:
@ Vx(P(x) D P(f(x)))

o Vi y(Qla.) A Ry ) > ()

@ VzR(b, g(a, z))
1. —=P(x), P(f(x))

° Qb 2. =Q(a,y), =R(y,x), P(x)

Goal = P(f(g(a,c))) 3. R(b,g(a,z))
clausi e assumptions 4. Q(a b)

O clausify the assumpt 5 ~P(a(.)

@ negate and clausify the goal 6. —R(b,x), P(x)

© mgu(Q(a,y), Q(a, b)) = [y/b] 7. P(g(a, 2))

© meu(R(b.g(a.2)). R(b.x)) = [x/g(a.2)] 8. Plf(e(22))

Q mgu(P(x), P(g(a, 2)) = [x/g(a, 2)]
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Resolution for First Order Logic

Example

Assumptions:

@ Vx(P(x) D P(f(x)))

@ Vx,y(Q(a,y) A
@ VzR(b, g(a, z))
@ Q(a,b)

Goal = P(f(g(a,¢)))

R(y,x) 2 P(x))

@ clausify the assumptions

@ negate and clausify the goal
© mgu(Q(a,y), Q(a, b)) = [y/b]

Q mgu

Q mgu(P(f(g(a,

(R(b, g(a,2)), R(b,x)) =
Q mgu(P(x), P(g(a, 2)) = [x/g(a, 2)]
( z))), P(f(g(a, ©)))) =

Luciano Serafini

[x/g(a, 2)]

Inference

o N

=P(x), P(f(x))

_‘Q(37 y)a _'R(y7 X)? P(X)
R(b,g(a; 2))

Q(a, b)

—P(f(g(a,c)))

= R(b, x), P(x)

P(g(a, 2))

P(f(g(a,z)))

[z/¢]

Mathematical Logics




Resolution for First Order Logic

Example

Assumptions:
@ Vx(P(x) D P(f(x)))

o Vi y(Qla.) A Ry ) > ()

@ VzR(b, g(a, z))
1. =P(x), P(f(x))

° Q) 2. ~Q(a,y).~R(y.x), P(x)

Goal = P(f(g(a,c))) 3. R(b,g(a,z))
clausi e assumptions 4. Q(a,b)

O clausfy the assumpt 5. ~P(f(g(a.))

@ negate and clausify the goal 6. —R(b,x), P(x)

© mgu(Q(a,y), Q(a, b)) = [y/b] 7. P(g(a 2))

Q meu(R(b.g(a,2)),R(b.X) = Ix/g(a2) & PUEE2)

O mgu(P(x), P(g(a, z)) = [x/g(a, 2)]

O mgu(P(f(g(a 2))), P(f(g(a; c)))) = [z/c]

Luciano Serafini Mathematical Logics



Resolution for First Order Logic Unification

Equality

In theory, it's enough to add the equality axioms:
@ The reflexive, symmetric and transitive laws
{x=xt, {x#y,y=xi {x#y,y#z,x=2z}.
@ Substitution laws like

{x1#y1,. s Xn Z Yoo F(Xx1, ..., xn) = f(y1,...,yn)} for each
f with arity equal to n

@ Substitution laws like

{x1 # y1, - X0 # Yo, 2P(x1, ..., X0), P(y1,...,yn)} for
each P with arity equal to n

In practice, we need something special: the paramodulation rule

(P(t),hyo ) {u=Vlhs1s.., I}
P(V), by Im}o

provides that to = uo
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Unification

Resolution for First Order Logic

Resolution

Exercize

Find the possible resolvents of the following pairs of clauses.

C D
=p(x) V q(x, b) p(a) v q(a, b)
~q(a, f(a))

p(x,y,u) V =p(y,z,v) V =p(x, v, w) V p(u,z,w) | p(g(x,y),x,y)
p(v,z,v) V p(w, z,w) p(w, h(x, x), w)

J

|

(
ﬂp§X) v q(x, x)
(
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Resolution for First Order Logic Unification

Resolution

Exercize

Find the possible resolvents of the following pairs of clauses.
C D
—p(x) V q(x, b) p(a) v q(a, b)
—p(x) V q(x, x) —q(a, f(a))
—p(x,y,u) V =p(y,z,v) V =p(x,v,w) V p(u,z,w) | p(g(x,y),x,y)
=p(v,z,v)V p(w, z, w) p(w, h(x, x), w)

(Solution

C D

PV a(% B) PAVaEh /A
—=p(x) V q(x, x) —q(a, f(a)) NO
"p(X y,u ) "p(yvzz V)V"p(X7V7 W)Vp(uvz7 W) p(g(X/7.y,)7Xl7y/)
—p(x,y,u) vV =p(y,z,v) V =p(x,v,w) V p(u,z,w) | p(g(x’,y"),x",y")
—p(x,y,u) vV =p(y, z,v) V op(x, v, w) V p(u,z,w) | p(g(x’,y"),x",y")
—|p(V,Z, V)Vp(Wysz) p(WI,h(X/,X/LWI)
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Resolution for First Order Logic Unification

resolution

Exercize

Apply resolution (with refutation) to prove that the following
formula

¢5 m(5’ f(77 f(5’ f(l’ O))))

is a consequence of the set

(bl _'m(X7 0)

o2 —i(x,y,z)V m(x,z)

o3 —m(x,z)V =i(v,z,y)V m(x,y)
(;54 i(X7y7 f(va))
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Resolution for First Order Logic Unification

resolution

Solution
=m(x,y) V =i(z,y,u) Vm(x,u) - i(xy, f(x,y))
-m(5, f(7,f(5,f(1,0)))) —-m(x,y)V m(x,f(z,y))

\\\\ //G;’Xﬂ) —i(x,y,2) vV m(x,z
\ /

—m(5, £(5, £(1,0))) o
m(x, f(x,y
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